VECTOR & COMPLEX

CALCULUS

A TEXTBOOK FOR STUDENTS
OF THE PHYSICAL SCIENCES

FABIAN
WALEFFE



OXFORD

UNIVERSITY PRESS
Great Clarendon Street, Oxford, 0X2 6DP,
United Kingdom
Oxford University Press is a department of the University of Oxford.
It furthers the University’s objective of excellence in research, scholarship,
and education by publishing worldwide. Oxford is a registered trade mark of
Oxford University Press in the UK and in certain other countries
© Fabian Waleffe 2025
The moral rights of the author have been asserted
All rights reserved. No part of this publication may be reproduced, stored in
aretrieval system, or transmitted, in any form or by any means, without the
prior permission in writing of Oxford University Press, or as expressly permitted
by law, by licence or under terms agreed with the appropriate reprographics
rights organization. Enquiries concerning reproduction outside the scope of the
above should be sent to the Rights Department, Oxford University Press, at the

address above


https://academic.oup.com/book/58653
https://academic.oup.com/search-results?f_Authors=Fabian%20Waleffe
https://doi.org/10.1093/oso/9780198927839.001.0001
https://doi.org/10.1093/oso/9780198927839.002.0003
https://academic.oup.com/search-results?page=1&tax=AcademicSubjects/SCI02272
https://academic.oup.com/oxford-scholarship-online
javascript:;

You must not circulate this work in any other form

and you must impose this same condition on any acquirer
Published in the United States of America by Oxford University Press
198 Madison Avenue, New York, NY 10016, United States of America
British Library Cataloguing in Publication Data

Data available

Library of Congress Control Number: 2024939148

ISBN 9780198927839

ISBN 9780198927822 (pbk.)

DOI: 10.1093/0s0/9780198927839.001.0001

Printed and bound by

CPI Group (UK) Ltd, Croydon, CRO 4YY

Links to third party websites are provided by Oxford in good faith and

for information only. Oxford disclaims any responsibility for the materials

contained in any third party website referenced in this work. L,



To the memory of my parents, Roger Waleffe and Louise Godefroid.

Born in Liége and Esneuz in Belgium a few years before World War

I, their formal schooling was limited, but they valued education, and
encouraged and supported our studies.



Preface

This is a textbook about vector calculus and fundamentals of complex
calculus. Vector calculus concepts and techniques are not too cum-
bersome, not too abstract, but just right for electromagnetism and
Maxwell’s equations, as well as mechanics, fluid dynamics and the differ-
ential geometry of curves and surfaces. This textbook aims to bridge the
gap between the mathematics covered in standard multivariable calcu-
lus courses and the vector and complex calculus needed for intermediate
and advanced undergraduate courses in the mathematical, physical and
engineering sciences.

I have taught many courses that require vector calculus and a dash
of complex calculus. Courses such as fluid dynamics, aerodynamics,
continuum mechanics, elasticity, flight dynamics, advanced dynamics
and hydrodynamic stability and turbulence, for example. Teaching those
courses made it clear that the concepts and methods of vector calculus
are fundamental, yet fall through the educational cracks. The standard
multi-variable calculus courses do not, and cannot, go much beyond ‘xyz
calculus’ and students do not absorb the more geometric, vector and
curvilinear concepts of vector calculus. Applied mathematics, engineer-
ing and physics students repeatedly ‘review’ key results and formulas
in various courses that do not have time to properly introduce, derive
and justify those results. Mathematics students jump from elementary
calculus to vector analysis in R", largely skipping cross products, and
applications in 3D space. Both groups of students are likely to have been
accelerated through precalculus in order to race through ‘zyz calculus’.

Students of this textbook will have been exposed to multi-variable cal-
culus and learned about partial derivatives and iterated integrals. They
will have heard about gradient and divergence and might remember that
those involve partial derivatives with respect to x and y and z. They may
have heard about the divergence and Stokes theorems, but perhaps late
in the semester and those did not show up on the final exam. They will
have one of the textbooks such as those of Thomas and Finney (Calcu-
lus and Analytic Geometry), or James Stewart (Calculus). Besides those
and many other widely used textbooks, I would recommend the books
by Marsden and Tromba ( Vector Calculus), Paul Matthews ( Vector Cal-
culus), Hartley Rogers (Multivariable Calculus with vectors), or George
Simmons (Calculus with Analytic Geometry) as resources for prerequi-
site material and their emphasis on geometrical aspects of calculus. I
recommend another book by George Simmons, Precalculus mathematics
in a nutshell. That small book provides a nice review of (euclidean)
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geometry, algebra and trigonometry that remain fundamental. Hartley
Rogers” Multivariable Calculus with Vectors also reviews the geometry of
two- and three-dimensional euclidean spaces, E? and E?, and emphasizes
a geometric approach similar to this textbook.

There is some overlap with the textbooks mentioned above since we
start by reviewing vector algebra and geometry, but we go further and
cover material discussed in more advanced textbooks that may be titled
Vector Analysis, Tensor Analysis, Complexr Analysis, and Differential
Geometry. Although the original vector calculus textbook by E.B. Wil-
son, based on lectures by J.W. Gibbs, was titled Vector Analysis, the
word analysis is now used to denote the field of mathematics focused
on the finer details of convergence, limits, differentiation and integra-
tion of functions taken in a broad sense. That material will be found in
other books, such as Walter Rudin’s Principles of Mathematical Anal-
ysis. Here, we discuss vector and complex calculus, and encourage stu-
dents to think of df as a small time increment, dr as a small displace-
ment, and [ as a sum of very many of such very small elements, as done
by the original developers of calculus and still used effectively through-
out applied mathematics, engineering and physics.

Vector, index and matrix notations are discussed and used through-
out the book since each have their own merits and limitations and all
three are used interchangeably in applications. A student should learn
to use the most appropriate notation for a particular problem, not be
limited to one way of expressing concepts. Good notation facilitates
understanding and problem-solving. Many exercises are provided and
aim at helping students to develop problem-solving skills and an ability
to process information, analyze data, set up a problem and derive a so-
lution. Many useful and interesting results are derived in the exercises
and the final answers are often given explicitly, so they can be used in
other problems later on, or because of their intrinsic interest.

Parts of the material in this textbook have been taught for many
semesters at the University of Wisconsin-Madison in a sophomore-level
class aimed at applied mathematics, engineering and physics students.
UW-Madison students will have completed multi-variable calculus as
well as a course on differential equations and linear algebra prior to
taking that class.

The book is divided into three parts: (I) Vector Algebra and Ge-
ometry, (II) Vector Calculus, and (III) Complex Calculus. The first
few chapters introduce the main concepts of vector algebra for two and
three-dimensional euclidean spaces, paying particular attention to geo-
metrical and physical applications of dot and cross products. A good
understanding of the geometric properties of the dot and cross prod-
ucts is essential for applications, and many examples are provided in the
text and the exercises. Cartesian index notation is introduced and used
in the discussion of determinants, change of cartesian basis and matrix
algebra. Euler angles and rotation matrices are discussed in Chap. 8.

The second part of the book, Vector Calculus, includes core material
on kinematics, dynamics, curves, surfaces and fields. More advanced



topics such as index notation for general coordinates (Ricci calculus),
differential geometry of surfaces, and curvilinear coordinates are treated
in separate chapters 14 and 15. Chapter 16 on fields discusses gradi-
ent, curl and divergence in general coordinates as this provides deeper
insights into the concepts, but that core chapter is written to enable an
instructor to limit the presentation to orthogonal coordinates, or even
to the standard cartesian, cylindrical and spherical coordinates. This is
what has generally been done in our one-semester undergraduate version
of the course where we typically skip chapter 14 (curves on surfaces) and
cover only selected parts of chapters 9 and 15. Chapter 17 provides a
few selected applications of vector calculus to electromagnetism. This
chapter is also more advanced and is not systematically covered in our
one-semester course at UW-Madison but provides a few examples of vec-
tor calculus applications that may be interesting even to students taking
an electromagnetism course.

The third part of the course, Complex Calculus, reviews basic concepts
of algebra and calculus extended to the complex plane before discussing
the Cauchy-Riemann equations, conformal mapping, Cauchy’s integral
theorem, contour integration and residue calculus. This is an introduc-
tion to the concepts and tools of complex calculus for use in upper level
undergraduate courses in the physical sciences.

Preface i
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Part 1

Vector Geometry and Algebra



Find Your Bearings

Vectors in 2D and 3D euclidean spaces are introduced from a geometric
point of view with reference to navigation and astronomy. Cartesian,
cylindrical, and spherical representations of vectors are discussed, as
well as addition and scaling operations.

1.1 Magnitude and direction

The prototypical vectors are the displacements in two- or three- dimen-
sional euclidean space. We write

a=lala (1.1)

for a vector a of magnitude |a| in direction @, represented by an arrow.
Thus, @ = ‘1 km heading o’ is a horizontal displacement of magnitude
la] = 1 km in direction & specified by angle « clockwise from north in
navigation (Fig. 1.1), and ‘lkm heading «’ is the same as ‘heading «
1km, a = |ala = alal.

The magnitude of vector a is denoted with vertical bars |a|, or in
regular font italic a if there is no risk of confusion,

la| = a > 0. (1.2)

The magnitude |a| = a > 0 is a positive real number with appropriate
physical units (meters, meters/second, newtons, ... ).

The direction of vector a is denoted in boldface with a hat, a. This
a is a special vector, a direction vector with unit magnitude

al =1, (1.3)

and for that reason direction vectors @ are also called unit vectors, al-
though these “unit” vectors do not have physical units.

Two points A and B specify a displacement vector a = ﬁ The
same displacement a starting from point C leads to point D, Fig. 1.2,

with
AB =a=CD,

and two vectors a and b are equal when their magnitudes and directions
match

la| = [b],
a=b & i (1.4)

a

1.1 Magnitude and direction
1.2 Vectors in a plane
1.3 Vectors in 3D space

1.4 Vector addition and scaling

A AN A N e

Exercises

Fig. 1.1 Distance |a| = a, heading a.

Fig. 1.2 E:C_[)):a.
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Fig. 1.3 AP = AC + 2a.

IE. B. Wilson, Vector Analysis, Yale
University, 1901. https://archive.
org/details/117714283

Qg X

Fig. 1.5 Components a; and ay.

Geometric vectors are often described as “oriented line segments”;
however, a line segment is a set of points P. Points and vectors are
related but distinct concepts. The oriented line segment A — B is the
set of points P such that (Fig. 1.3)

AP=tAB=ta, 0<t<l. (1.5)
The oriented line segment C' — D is a distinct set of points P such that

AP=AC +ta, 0<t<l. (1.6)

Notation We use an upper arrow E to denote the displacement from
point A to point B. The upper arrow notation @ for vectors is common
in introductory courses. The boldface notation a, b, F, ... for vectors
prevails in intermediate and advanced textbooks. The boldface notation
for vectors was introduced by J. W. Gibbs and E. B. Wilson in the
original Vector Analysis textbook.!

The handwritten notation for boldface is to put a squiggle ~ under
the character, for example

a=a, a, etc.

1>
Il

This notation enables distinguishing between a collection of unit vectors
{ai,as, a3} = {a,, az, as},
and the cartesian components of a unit vector
a=a=(a,a9,as).

That notational ability to distinguish between those two concepts, unit
vector @; and component G; of unit vector @, may be useful in some
instances.

1.2 Vectors in a plane

A plane is oriented by choosing two perpendicular reference directions X
and ¥. A vector a in that plane can then be specified by its magnitude
a = |a| with its direction @ specified by the azimuthal angle ¢ from %
to a, positive toward §. This is the polar representation of a (Fig. 1.4),
written

a=aa(yp). (1.7)

The vector a can also be represented as a sum of like vectors in the
perpendicular reference directions, X and y. That is the cartesian rep-
resentation with (Fig. 1.5)

a=a,X+ayy. (1.8)



The cartesian reference directions X and y are fixed independently of
the arbitrary vector a; thus, the cartesian components a, and a, can be
negative, contrary to magnitude a = |a| > 0.

The relationships between the polar (a, ¢) and cartesian (a,, a,) rep-
resentations follow from trigonometry

{ax:acosgo - a= /a2 +aZ, (19)

a, = asing ¢ = atan2(ay, az),

where atan? is the two-argument arctangent function with range in
(77(’7{]
—m < atan2(ay,a;) < .

The one argument arctangent function arctan(a,/a,) has the range
[-7/2,7/2] and cannot distinguish (az, ay) from (—ag, —ay).
It is clear from (1.9) that

(@, ) # (aa; ay),

in general, yet these two pairs of numbers (a, ) and (ay,a,) represent
the same 2D vector a. To express equality of the representations, we
need the direction vectors to write

a=aa(p)=a,%+a,¥, (1.10)
yielding (Fig. 1.6)
d:—x+a—y§f:cos<p>“<+sin<py. (1.11)
a

Thus, @ is a vector function of ¢ independent of magnitude a, while the
cartesian direction vectors X and ¥y are fixed independently of both a
and ¢, and independent of (a,,a,) as well.

The vector a is specified by the pair (a, ) or (ag,a,), but the same
physical 2D vector can be represented by any pair of numbers depending
on the choice of reference magnitudes (physical units) and directions.
This is the case even if we restrict to cartesian representations as shown
in Fig. 1.7, where the same vector a has distinct cartesian components
(az,ay) # (al,a;,), since the reference directions {%,¥} and {X',§'} are
distinct. To express equality, we again need the direction vectors to
write

a=a,X+ayy=a, X +a,y" (1.12)

Components are useless without the directions.

Notation We use X, ¥, Z to denote the z, y, z directions, respectively,
instead of the old i, j, k notation used in many elementary calculus
and physics books. The i, j, k notation originates from quaternions, a
generalization of complex numbers that preceded the concept of vector.
That i, j, k notation clashes with the very useful index notation that
we will soon study and develop. It also clashes with the complex plane
where the imaginary direction i is the y direction, not z!

1.2 Vectors in a plane t

Note the historical reversal of the ar-
guments, ¢ = atan2(ay, ar), instead o
¢ = angle(az, ay).

Fig. 1.6 @ = cospX +sinpy.

Qg X

Fig. 1.7 Two cartesian decompositions
of the same a but (az,ay) # (al,ay).
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Fig. 1.8 The Sun at inclination ¢ and
azimuth a measured clockwise from
north. Elevation 8 =n/2 — (.

Fig. 1.10 Side view: Z,a,a,

Fig. 1.11 Top view: X,a,,y.

2International Standards Organization.

1.3 Vectors in 3D space

In our 3D world, a direction & is specified using an inclination angle
from the upward direction, opposite to the local gravity force, and an
azimuth angle o — the angle about the vertical (Fig. 1.8). An elevation
angle measured up from the horizontal plane may be used instead of
inclination.

Fig. 1.9 Direction a: polar angle 0, azimuthal angle ¢.

The physics and ISO? convention for spherical coordinates is to use
the inclination or polar angle 6 between a reference direction Z and the
arbitrary direction @, and an azimuth angle ¢ counterclockwise around Zz,
that is the angle between the vertical planes (2, %) and (2, a) (Fig. 1.9).
The azimuth ¢ is undefined if the polar angle § = 0 or 7.

The 2D side view in Fig. 1.10 and top view in Fig. 1.11, yield

a=cosf z+sinf a,, (1.13a)
G =cospX+sinpy. (1.13b)

Substituting (1.13b) for a, into (1.13a) gives
a =sinf cospX +sinf sinpy + cosb 2z, (1.13¢)

which specifies an arbitrary direction @ in 3D space in terms of the
mutually orthogonal cartesian directions X, ¥, Z using two angles: a polar
angle f and an azimuth .

Magnitude and direction An arbitrary vector a = aéa in 3D can
then be specified by its magnitude a with its direction @ specified by the
polar and azimuthal angles (6, ). That is the spherical representation
a = (a,0,p). The cylindrical representation (a,,p,a,) specifies a by
its horizontal magnitude a; = asin@, azimuth ¢ and vertical compo-
nent a, = acosf. The cartesian representation consists of the familiar

(g, ay,az).



A 3D vector a can thus be represented by three real numbers, for
instance (a,0,¢) or (aL,p,a.) or (ay,ay,a,). Each of these triplets
represents the same 3D vector, yet they are not equal to each other, in
general,

(a,0,9) # (ar, ¢, az) # (az, ay, az). (1.14)

To express equality, we need the direction vectors to write (Fig. 1.12)
a=aall,p) =a b (p)+a,z=a,X+a,§+ a,z (1.15)

From that vector equation (1.15) and basic trigonometry (Fig. 1.13), we
deduce
a*>=a? +a?, a? :ai—i—ai. (1.16)

Eliminating a? yields

a=1Ja2 +a+a? <la|+a,| + al. (1.17)

The latter inequality is a special case of the triangle inequality (1.21).
Eliminating the magnitudes in (1.15) yields relations between the di-
rection vectors, already illustrated in Fig. 1.9

o al . Qy . o ~
G6=—a +—%2 =sinfa, +cosf z,
@ ay (1.18)
~ T A Y -~ ~ . A~
a = —X+—y =CcCosSpX-+smey.
a| |

Unique and positive angles can be specified by restricting them to the
ranges

0<ep<2r and 0<6<m,
similar to the navigation convention where headings are specified as
angles between 0° and 359° from north. In mathematical physics, the
standard definition is

—rT<ep<m and 0<6<m,
then
p = atan2(ay, a;), 0 = arccos(a/a), (1.19)

where atan2 is the arctangent function with range in (—, 7] and arccos
is the arccosine function whose range is [0, 7].

1.3 Vectors in 3D space i

Fig. 1.12 Arbitrary vector a in 3D.

Fig. 1.13 Top: side view of vertica
plane (Z,a,a)). Bottom: top view o
horizontal plane (X,¥,a, ).
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a

Fig. 1.14 Vector addition.

Fig. 1.16 Associativity.

1.4 Vector addition and scaling

Geometric vectors such as displacements and forces can be added and
scaled to compose new vectors, as we have done in (1.15), for instance.
Geometric vectors add according to the parallelogram rule (Fig. 1.14),
and addition is commutative,

at+b=>b+a.

To any vector b we can associate an opposite vector denoted —b that
is the vector with the same magnitude but reverse direction to b. Vector
subtraction a — b is then defined as the addition of @ and —b (Fig. 1.15),

a—b=-b+a.

The vectors a + b are the diagonals of the parallelogram with sides a, b.

An important difference between points and displacements is that
there is no special point in 3D space, but there is one special displace-
ment: the zero vector 0 such that

a—a=0, a+0=a.
Vector addition is also associative (Fig. 1.16)
(a+b)+c=a+ (b+c).

Vector addition is straightforward in cartesian form since it suffices to
add the respective components (Fig. 1.17)

a+b=(a;+ b))k + (ay +b,)y + (a. +b,)z. (1.20)

Az b:l:

Fig. 1.17 Vector addition in cartesian form, and triangle inequality |a+b| < |a|+|b|.

That simple addition rule does not apply to the magnitude direction
representation a = |a|@ and b = |b|b. Indeed, the magnitude of a sum
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is mot the sum of the magnitudes in general. The magnitude of a sum
is less than or equal to the sum of the magnitudes

la+b| <a| +[b],

(1.21)

which is the triangle inequality. Likewise, the direction of a sum is not
the sum of the directions. The direction of v = a + b is

a+b
|a + b

+a+b.

b=

(1.22)

Vectors can also be scaled, that is, multiplied by a real number a € R,
called a scalar. Geometrically, ca is a new vector parallel to a but of

length |aflal. The direction of aa is the same as that of a if & > 0
and opposite to a if & < 0. Thus, (—1)a = (—a); multiplying a by
(—1) yields the previously defined additive opposite of a (Fig. 1.18).
Other geometrically immediate properties are distributivity with respect
to addition and multiplication of scalars, and with respect to vector

addition,
a+ p)a=aoa+ pa
( 8) pa, Fig. 1.18 Scaling a by a = £|a.
(af)a = a(Ba),
ala + b) = aa + ab.
\
Exercises
(1.1) What is the magnitude of a direction? the direc- heading 3, how far are you and in what heading
tion of a magnitude? from your original position? Draw a sketch and ex-
(1.2) What are |v| and & for the vector v = —5 miles plain your algorithm. Headings are clockwise fron

(1.3)
(1.4)

(1.5)

(1.6)

(1.7)

per hour heading northeast?

What is ¢ for the vector whose cartesian compo-
nents are (—1,+/3)?

Sketch tang for —m < ¢ < 7, and arctanz for
—o0 < < 0.

Let ¢ = atan2(y, z), defined in (1.9). Derive
Op —y dy x
— - = . 1.23
Ox  x2+y? Oy  a?+y? (1:23)

(Hint: work with sin ¢, cos ¢, and the chain rule.)
Note that atan2(y,x) jumps by 27 across x < 0,
y =0, yet, (1.23) exist there. Discuss.

Write cart2polar and polar2cart codes (in your
favorite computer language or in pseudo-code)
that transform cartesian to polar representations
and polar to cartesian, respectively, for 2D vectors.

If you move distance a heading a then distance b

(1.8)

(1.9)
(1.10)

(1.11)

(1.12)

north.

An airplane travels at airspeed V, heading o
(clockwise from north). The wind has speed W
heading 3. Make a clean sketch. Show/explair
the algorithm to calculate the airplane’s grounc
speed and heading.

True or false: in SI units |@| = 1 meter while ir
CGS units |a| = 1 cm.

True or false: X+¥ is a unit vector in the northeast
direction.

The direction of a sum is not the sum of the di
rections (1.22), but is there anything special about
the sum of arbitrary directions a@ + b? Draw a few
sets of sample vectors and formulate a conjecture
then prove it using plane geometry.

What is an azimuth? what are elevation and in-
clination in the context of this chapter?
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(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)
(1.20)
(1.21)

(1.22)

(1.23)

(1.24)

What are the cylindrical and spherical representa-
tions for the vectors whose cartesian components
are (0,0,1) and (0,-1,0)?

Find the azimuth ¢ and inclination 6 (Fig. 1.9)
for the vector a whose cartesian components are
(1,1,1). What is the angle between % and a?

Find the azimuthal and polar angles ¢ and 0 (Fig.
1.9) for the vector a given in cartesian form as
(-1,-1,-1).

A vector v is specified in cartesian components as
(—3,2,1). Find 9, for that vector and express 9,
in terms of the cartesian direction vectors. Write
v in cylindrical representation.

A vector is specified in cartesian components as
(3,2,1). Find its magnitude and direction. Ex-
press its direction in cartesian, cylindrical and
spherical representations using the cartesian di-
rection vectors.

A=(1,2,3) and B = (3,2,1) in cartesian coordi-
nates. Find 6 and ¢ for AB.

True or false?: |a,| = cos6
True or false?: |ai| = acos6

Write cart2spher and spher2cart codes (in Mat-
lab or Python, for example, or in pseudo-code)
that transform cartesian to spherical representa-
tions and spherical to cartesian, respectively, for
3D vectors.

In (1.15), why is there just one magnitude and one
direction in the first equality but three magnitudes
and three directions in the third equality?

Pick generic a and b. Sketch a, b, a—b/2, a+b/3,
a+b, a+ 3b/2 all together.

The edges of a regular hexagon are a chain of vec-
tors oriented clockwise around the hexagon. If a
and b are two consecutive edge vectors, express
the other four edges in terms of a and b.3

It 1@ = @, prove that ﬁ = ]_ﬁ

Take a blank sheet of paper and make a 3D sketch
of X,¥,Z and an arbitrary a. Next, sketch the
appropriate 2D projections, define angles, and de-
rive all the formulas relating the three fundamen-
tal ways to specify a in 3D space; in particular,
derive explicit expressions for & and G, in terms
of X,§,%. Derive all those formulas from your un-
derstanding of basic geometry and trigonometry,
from scratch, all by yourself.

(1.27)

(1.28)

(1.29)

What is the sum of the inner angles of a triangle
with vertices A, B,C'? Prove it. Next, consider
a triangle ABC on a sphere. Find a lower bound
and an upper bound on the sum of the inner angles
of that triangle.

Let 6 be the angle between vectors & and v (Fig.
1.19), and v’ the vector obtained by rotating v
about @ by angle «. Identify and use two isosceles
triangles with common edge v’ — v to show that

the angle 8 between v and v’ is given by
sin(8/2) = sin(«/2) sin 6. (1.24)

Explain/justify your derivation. Illustrate.

-

Fig. 1.19 Rotation of v about a.

Three points A, B, C lie on a circle, with AB a di-
ameter. The inner angles of the triangle ABC are
a, B, and +, respectively (Fig. 1.20). Use isosceles
triangles to prove that ~ is a right angle, then use
similar triangles to prove the double-angle identity

2cos®a =1 + cos 2a.

Fig. 1.20 Double angle.

3Hartley Rogers Jr., Multivariable Calculus with Vectors, Prentice-Hall, 1999.



(1.30) Inscribed angle theorem. Use plane geometry and

isosceles triangles to prove that the inscribed an-
gle is always half of the corresponding central an-
gle (Fig. 1.21). Conclude that the angle ACB is
invariant as C' moves along a circular arc between
A and B (Fig. 1.22). This geometric result is key
to bipolar coordinates.

A

B

Fig. 1.21 Hints for problems 1.29, 1.30.

Fig. 1.22 Inscribed angle theorem.

(1.31) Specifying a point P on a spherical Earth is equiv-

alent to specifying the direction of its radius vector
r = OP, from the sphere center O. In that con-
text, the reference direction Z is the polar azxis, the
axis of rotation of the Earth; the azimuthal angle

FExercises 11

around the polar axis is the longitude; and the el-
evation angle, measured from the equatorial plane
toward the north pole, is the latitude. Meridians
are half-circles from the north pole to the soutl
pole at fixed longitude. Parallels are circles of fixec
latitude. Longitude is measured eastward or west-
ward from the prime meridian through Greenwich
UK. Figure 1.23 is a 2D projection of the Eartl
in a plane perpendicular to the radial directior
at latitude 40° north, longitude 90° west showing
meridians and parallels at 10° intervals.*

Let A\ be the latitude and ¢ the longitude, con-
sistent with our physics convention for ¢ (these
angles are reversed in geography).

Make a 3D plot similar to Fig. 1.9 as well as 2T
meridional and equatorial views similar to Figs
1.10 and 1.11, indicating the polar axis, the prime
meridian, and the longitude and latitude angles
Derive expressions for the local radial, eastward
and northward directions 7(A, @), é(X, ), fu(A, @)
respectively, at arbitrary latitude A and longitude
©, in terms of the global earth cartesian frame
X,¥,Z. Justify your derivation using 2D views.

Fig. 1.23 Orthographic projection of the earth show-
ing meridians and parallels at 10° intervals.

4J. P. Snyder, and M. P. Voxland, Album of Map Projections, US Geological Survey, Professional Paper 1453, 1989
http://pubs.usgs.gov/pp/1453/report.pdf



Vector Spaces

Our main focus will be on geometric vectors in 2D and 3D euclidean
space. Here we briefly review some of the language and concepts of
linear algebra, in particular linear independence of vectors, basis, and
dimension of a vector space or subspace.

2.1 Abstract vector spaces

The concepts of vector and space have evolved beyond geometric vectors
and physical space. In its most general form, a vector space is a set of
mathematical objects a, b, ..., such as displacements or ordered lists of
numbers, for which addition a 4+ b and scalar multiplication aa are
defined and satisfy the eight properties, or azioms, listed below. Closure
under addition and scaling is required; that is, addition a+b and scaling
aa must yield objects in the same set as that of the objects a, b that are
added or scaled. Thus a sum of displacements is a displacement, and a
multiple of a displacement is a displacement, for example.

Vector addition axioms

a+b=>b+a, (2.1a)
a+(b+c)=(a+b)+ec, (2.1b)
a+0=a, (2.1c)
a+(—a)=0. (2.1d)
Scalar multiplication axioms
(a+ B)a = aa + Ba, (2.1e)
(af)a = a(pa), (2.11)
ala+b) = aa + ab, (2.1g)
la=a. (2.1h)

2.2 The vector space R"

Consider the set of ordered n-tuplets of real numbers x = (1,22, ..., Zy).
These could correspond to student grades on a particular exam, for in-
stance. We will want to add different exam grades for each student and

2.1 Abstract vector spaces 1&
2.2 The vector space R™ 1&
2.3 Bases and components 14
2.4 Geometric examples 1€
Exercises 18

A scalar in vector algebra is a scaling
factor. A scalar in physics is a quantity
with no direction such as mass, pres
sure, or temperature. Forces F' and ac
celerations a are not in the same vecto:
space despite F' = ma, since F' and ¢
have different physical units.
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£ means equal by definition.

€ means in or belonging to.

Fig. 2.1 Decomposing v into u =
(1 a1 + (2 a2 by projections parallel to
ai and a2 in 2D.

rescale the grades. So the natural operations on these n-tuplets are
addition defined by adding the respective components:

X+y2(x1+yL, T+ Yo T FYn) =Y+ X, (2.2a)
and multiplication by a real number o € R defined as
ax 2 (axy, azs, ..., 0zy,). (2.2b)

The set of n-tuplets of real numbers equipped with addition and mul-
tiplication by a real number, as just defined, is a fundamental vector
space called R"™.

The vector spaces R? and R? are fundamental since they correspond
to the spaces of components of physical vectors, as discussed in Section
2.3. We also use R™ for very large n when studying systems of equations,
for instance. The vector space C", which consists of ordered lists of n
complex numbers, is also useful in applications.

2.3 Bases and components

Addition and scaling of vectors allow us to define the concepts of linear
combination, linear (in)dependence, dimension, basis, and components.
A linear combination of k vectors {a1, as,...,ax} is an expression of
the form
X1a1 + X2@2 + -+ Xk A,

where x1, X2, -.., Xk are arbitrary real numbers. A collection of k
vectors {a1, as, ...,ax} are linearly independent if
x1a1+x202 +--+xpar =0 & xi=x2=--=xx=0.

Otherwise, the vectors are linearly dependent. For instance if 3a; +
2as + a3 = 0, then a1, as, az are linearly dependent. The dimension of
a vector space is the largest number of linearly independent vectors, n
say, in that space.

A basis for an n-dimensional vector space is any collection of n linearly
independent vectors. If {a,as,...,a,} is a basis for an n-dimensional
vector space, then any vector v in that space can be expanded (or de-
composed) as

vV =may + 1203+ + NpQy.

The n real numbers (11,72, ...,m,) are the (scalar) components of v in
the basis {a1,as,...,a,}. The expansion of v is unique for that basis
as the reader is asked to show in the exercises.

Basis in a plane Any two non-parallel vectors a; and as in a plane,
a horizontal plane or a vertical plane or any oblique plane, are linearly
independent and form a basis for vectors in that plane. Any given vector
u in the plane can be expanded as

u = (1a1 + (202,



for a unique pair of real numbers ({1,(2). Geometrically, the compo-
nents are obtained by projections parallel to each of the basis vectors
(Fig. 2.1). Three or more vectors in a plane are necessarily linearly
dependent. Vectors in a plane form a two-dimensional vector space.

Basis in 3D space Any three non-coplanar vectors a, as and as in
3D space are linearly independent and those vectors form a basis for 3D
space. Any given vector v can be expanded as

v =na1 + n2a2 + n3as,

for a unique triplet of real numbers (11, 72,73). Geometrically, the com-
ponents are obtained by projections parallel to each of the basis vectors
as illustrated in Fig. 2.2. Thus, any four or more vectors in 3D are neces-
sarily linearly dependent. If the vectors are known in terms of cartesian
components, we can calculate the components using dot and cross prod-
ucts without the need for geometrical constructions, as discussed in later
sections.
The eight properties of addition and scalar multiplication imply that

if two vectors u and v are expanded with respect to the same basis {a;,
as, az}, that is if

u = Clal + Cgag + C3a3,

v =1may + 1202 + 1303,

then
u+v= (G +m)a + (¢ +n2)az + (3 +n3)as,

av = (am)ar + (anz)az + (an3)as. (23)

Thus, addition and scalar multiplication are performed component by
component and the triplets of real components (1, (2, (3) and (11, 12, 13)
are elements of the vector space R®. A basis {a;, a2, a3} in 3D space
thus provides a one-to-one map between displacements v in 3D euclidean
space E? and triplets of real numbers in R>

{01702703}

ve R3S, (m,m2,m3) € R3.

The basis vectors {a1,as,as} do not need to be orthogonal to each
other; they only need to be linearly independent.

2.3 Bases and components 1f

Fig. 2.2 Expanding vector v in terms
of an arbitrary basis {a1, a2, a3} in 3D
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>

0] cos ¢

Fig. 2.3 The unit circle.

Fig. 2.4 Addition formulas.

F
A

Fig. 2.5 Two medians intersect at G.

2.4 Geometric examples

Angle addition formulas A quick derivation of the angle addition
formulas of trigonometry readily follows from a judicious use of two
distinct cartesian bases. Trigonometry is about angles between radials
on the unit circle—angles between unit vectors. If & is any unit vector
in the plane of mutually orthogonal unit vectors X and ¥, then (Fig. 2.3)

a=cospX+sinpy.

To derive the angle addition formulas for cos(a + ) and sin(a + ),
write the vector @ for ¢ = o+ 3 in terms of two distinct cartesian bases
{%,9} and {&',9'} rotated by « from the former (Fig. 2.4); thus,

/

>

cosaX +sinay

/ . A ~
—siInaX -+ cosay,

<>
Il

and
a=cos(a+ B)xk+sin(a+p)y =cosBx +sinpBy.

Substituting for £ and §’ in terms of %, ¥ on the right hand side, linear
independence of {X,y} implies that the % terms match on both sides of
the @ equation, and likewise for the § terms. This yields the addition
angle formula

cos(a + ) = cosacos B — sinasin 3, (2.4)
sin(a + ) = sina cos § + sin § cos . ’

Medians of a triangle As another example of the judicious choice
of basis, we solve a classic geometry problem: prove that the medians of
any triangle are concurrent.

A median of a triangle is a line that passes through a vertex and the
midpoint of the opposite side. Let D be the midpoint of segment BC,
and E that of segment AC (Fig. 2.5). It is clear that the two medians
AD and BF intersect at a point, call it G. It is not obvious, however,
that G lies on the third median through C and F, the midpoint of AB.
That seems true on a well-drawn sketch, but in general three distinct
lines do not intersect at the same point. We have to show that G is on
the median C'F.

Since G is on AD, there is a real number « such that

AG = o AD. (2.5)
Likewise, since G is on BFE, there is a real number 3 such that

AG = AB + 8 BE. (2.6)

Intrinsic basis To avoid getting lost in the alphabet, we select a single
intrinsic system of coordinates. That is, we select a reference point and
a vector basis that belong to the problem at hand. Since the problem is



inherently two-dimensional even if A, B, C are points in 3D space (or
even in R™), we can specify any point in the plane A, B, C in terms of
a reference point in that plane, A say, and two basis vectors {a1, as}.
One fine choice is the basis

a); = zﬁ, as = @ (27)

Point G in (2.5) is readily expressed in terms of {4, a1, a2} as
AC = a (ﬁ—&—@ﬂ):aal—i—(aﬂ)ag (2.8)

Equation (2.6) can also be rewritten in terms of {4, a1, as} since

ﬁ:@ﬁ%@:ﬂwl(ﬁJrB?) =—-1a;+la,,

2

0 (2.6) becomes
AC = (1- B/2) ay + (8/2) as. (2.9)

Equating (2.8) and (2.9), gives
A0 = aar + (a)2)as = (1 — B/2)ar + (8/2)as, (2.10)

for some o and 3. This is a vector equation for a and 3. Since a; and
a, are linearly independent, the coefficients of a; must match on both
sides of the equation, requiring & = 1 — 3/2. The coeflicients of as must
match also, giving o = 3. This yields the two equations

a=1-p/2=5

whose solution is
a=p0=2/3.

Thus, ﬁ = %E and B? = %ﬁ, that is, G is 2/3 down the medians
from the vertices, and a single median is enough to locate G.

If we follow the same reasoning starting from the same median AD
but with median C'F' instead of BE, we will find the same intersection
point G, with AG = %E, and the three medians have to intersect at
G. Another way to verify that G is on the third median is to show that

C@ is parallel to C*f}*" . That check is simple vector algebra:
CC = T + B4 + A6 = OB + BA + (18 + ;B0

2.4 Geometric examples 1%

{C, CT&C@} is a slightly nicer choice
since we are using the midpoints o
those sides. Try that also!
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Exercises

(2.1)

(2.2)

(2.4)

(2.13)

Verify that addition and scalar multiplication of n-
tuplets as defined in (2.2a) and (2.2b) satisfy the
eight required vector properties.

Show that e; = (1,0,---,0), e2 = (0,1,0,---,0),
etc. is a basis for R". It is called the natural basis
for R™.

Show that the set of polynomials P(z) of degree
at most n is a vector space, where x € R. What
is the dimension of that vector space? What is a
basis for that vector space?

Show that the set of smooth functions f(z) peri-
odic of period 27 is a vector space. What is the
dimension of that space? What is a basis for that
space?

Suppose you define addition of n-tuplets x =
(z1,22,...,Txn) as usual but define scalar multipli-
cation according to ax = (ax1,x2, - ,Tn), that
is, only the first component is multiplied by «.
Which property is violated? What if you defined
ax = (azx1,0,---,0), which property would be vi-
olated?

Prove that the components of any v with respect
to a basis {ai,az,...,a,} are unique. [Hint: as-
sume that v can be expanded in two distinct ways,
then use what you know about {ai,az,...,an}.]

Given vectors a, b in E3, show that the set of all
v = aa + b, Vo, B € R is a vector space. What
is the dimension of that vector space?

Show that the set of all vectors v = aa+b, Va € R
and fixed a, b is not a vector space, in general.
Consider the set of all unit vectors in E3. Is that
a vector space? Explain.

Is % = (1,0,0)? Discuss.

Find the components of North in the bases (a)
{East, Northeast}, (b) {East, West}. Sketch and
briefly explain your geometrical construction.
Given three points P, P>, Ps in euclidean 3D
space, let M be the midpoint of segment PyPs.
What are the components of P,P3; and PsM in
the basis P; P>, P P37 Sketch.

Given three points Pi, P», P3 in euclidean 3D
space, what are the coordinates of the midpoints

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

of the triangle sides with respect to P; and the
basis Py P2, P P5?

Pick two generic vectors a, b and some arbitrary
point A in the plane of your sheet of paper. If
AP = aa + Bb, sketch the region where P can be:
(i) when a and 8 are both between 0 and 1; (ii)
when || < |a| < 1.

Prove that the line segment connecting the mid-
points of two sides of a triangle is parallel to and
equal to half of the third side using (1) geometry,
and (2) vectors.

Prove that the diagonals of a parallelogram inter-
sect at their midpoints using (1) geometry, and (2)
vectors.

Prove that the medians of a triangle intersect at
the same point, the centroid G, which is 2/3 of the
way down from the vertices along each median (a
median is a line that connects a vertex to the mid-
dle of the opposite side). Do this in two ways: (1)
using geometry, and (2) using vector methods.

Fig. 2.6 Problem 2.18.

From Isaacs': Given an arbitrary triangle with
vertices A, B, C, consider A" at 1/3 from A along
edge AB, and likewise for B’ along BC, and C’
along C'A. Similarly, consider A” at 1/3 from
A’ along A’B’, and likewise for B" along B'C’,
and C" along C’ A’. Use vectors to prove that the
triangle A” B”C" is similar to the triangle ABC
(Fig. 2.6).

—
Find a point X such that XA + ﬁ + ﬁ =0,
where A, B, C are given but arbitrary points in

IMartin Isaacs, Geometry for College Students, American Mathematical Society, 2001.



(2.20)

(2.21)

Euclidean space. If A, B, C' are not colinear, show
that the line through A and X cuts BC at its mid-
point. Deduce similar results for the other sides of
the triangle ABC and therefore that X is the point
of intersection of the medians. Sketch. [Hint: since
X is unknown, the vector equation has three un-
known vectors; however, any two of those can be
expressed in terms of the third.]

Find X such that XA + XB + XC + XD = 0,
where A, B, C', D are given but arbitrary points
in 3D euclidean space. If A, B, C, D are not copla-
nar, show that the line through A and X intersects
the triangle BC'D at its centroid. Deduce similar
results for the other faces and therefore that the
medians of the tetrahedron ABC D, defined as the
lines joining each vertex to the centroid of the op-
posite triangle, all intersect at the same point X,
which is 3/4 of the way down from the vertices
along the medians (Fig. 2.7).

Fig. 2.7 Problem 2.20.

Given four points A, B, C, D not coplanar, let
G be the intersection of the medians of triangle
A, B,C. Find the point X that is the intersection
of the plane passing through A and the midpoints
of BD and CD and the line through D and G
(Fig. 2.8). Show that X is 3/5 down DG. Show
your work.

FExercises 1¢

Fig. 2.8 Problem 2.21.

(2.22) Given any four distinct points Py, Pi, P», Ps in 3T

space, let M; be the midpoint of segment (P;, P;41.
with Py = Py. Show that MoMi; M2>Ms is a paral-
lelogram (Fig. 2.9).

2

0

2

3

Fig. 2.9 Problem 2.22.




Dot Product

3.1 Geometry and algebra

The geometric definition of the dot product of vectors in 3D euclidean
space is
a-b=abcosb, (3.1)

where a = |a|, b = |b|, and 6 is the angle between the vectors a and b,
with 0 < 6 <7 (Fig. 3.1).

The dot product is a real number such that a - b = 0 iff @ and b are
orthogonal, that is when § = 7/2 if |a| and |b| are not zero. The 0 vector
is considered orthogonal to any vector. The dot product of any vector
with itself is the square of its magnitude

a-a=|al’ (3.2)
The dot product is also called the scalar product, since its result is a

scalar, or the inner product in linear algebra.

Geometric properties

The dot product is directly related to the orthogonal projections of a
onto b (Fig. 3.2)

a) = aHB —acosfb=(a-b)b, (3.3)
and b onto a (Fig. 3.3)
by =bja=beosba = (a-b)a, (3.4)

where @ and b are the unit vectors in the @ and b directions, respectively.
The orthogonal projections are not equal in general aj # by, they have
different magnitudes and different directions, but the dot product has
the fundamental property that

a-b:a-bH:aH-b. (35)

Once the parallel component b) has been obtained, subtracting it from
b yields the perpendicular component b, ,

{b| — (b-a)a 56)
b= b—by, '

3.1 Geometry and algebra
3.2 Orthonormal bases
3.3 Dot product in R™

Exercises

a

Fig. 3.1 0< 60 <.

Fig. 3.2 a| = (a- b)b
Projection of a onto b.

Fig. 3.3 b = (b-a)a
Projection of b onto a.

21
24
2¢
2¢
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such that b = b + b_. This yields the decomposition of b in terms
of components parallel and perpendicular to a (Fig. 3.4). Likewise, if
it is @ that we wish to decompose into vector components parallel and
perpendicular to b, such that @ = a) + a,, then

a)= (a-b)b, a = a—a. (3.7)

Fig. 3.4 Parallel and perpendicular
components: b = b + b, and a =
aH + a .

Algebraic properties
The dot product has the following properties:

(1) a-b=b-a, (commutativity)
(2) a-a>0, a-a=0&<a=0, (positive definiteness)
3) (a-b?<(a-a)(b-b), (Cauchy-Schwarz)
4) a-(Bb+vc)=p5(a-b)+v(a-c). (distributivity)

The first three properties follow directly from the geometric definition
(3.1).

» Proof of distributivity Let v £ 8b+ ve. All dot products are with
a, so decompose all vectors into components parallel and perpendicular
to a, that is

U”+'UJ_:Uéﬁb+’}/czﬁ(b‘l—‘rbj_)—"’}/(C”—i‘CJ_), (3.8)

where
v = (fl . ’U) a, b” = (fi . b) a, C| = (fl . C) a. (3.9)

Identity (3.8) yields
v — Bb — ey = bl + el — vy,

but vectors parallel to a cannot add up to vectors perpendicular to a,
unless both combinations add up to zero; therefore

v = ﬁb” + ey, (3.10)
v, =pb; +vc,. (311)

Substituting (3.9) into (3.10) gives
a-(Bb+yc)=pa-b)++(a-c),

and multiplying by |a| yields the distributivity property. O



3.1 Geometry and algebra 2

Work is a dot product

In physics, the work W done by a force F' on an object undergoing the
displacement £ is (Fig. 3.5)

W=F-£=F - =F-t,

where £ = (£- F)F and F,=(F .£)f. Thus, work is the product of the
force component in the direction of the displacement, Fj = F - £, times
the full displacement ¢, or, equivalently, the product of the displacement

in the direction of the force, ¢, = £ - 13’, times the full force F. Fig. 3.5 The work W = F - £ done by
F' on a box sliding £.

Cartesian formula

The distributivity property is a fundamental algebraic property of the
dot product. It yields

a-b=(a,X+ayy+a.z) - (byx+ b,y + b.2) Z
=agby XX+ azbyX-§+---
= agby +ayby +a.b, (3.12)

in terms of cartesian components for a and b, since (Fig. 3.6)

N>

M
b
I
I
<>
<>

)

: (3.13)

N> Ny
>

1
0

>
<>
I
I
<>
N>

X

<

Thus, computing a dot product is easy when the vectors are known in
cartesian form. In particular, the angle between two cartesian vectors
can be obtained from

a-b azby + ayby +azb,
|al[b] ag+ag+a3\/bg+bg+bg

Fig. 3.6 3D cartesian basis.

cosf =

That result (3.12) is the standard definition of dot product in R3
but we deduced it from the geometric definition (3.1). The geometric
definition directly indicates that other definitions of the dot product in
R3 can and may need to be used. For example, if vectors w and v are
expanded in terms of an arbitrary basis {a1, as,as}, the distributivity
and commutativity of the dot product yield

w-v = (C1a1 + (2az + (3a3) - (Mmay + n2a2 + 1n3a3)
= Gim (a1 - a1) + Gz (@2 - az) + (313 (a3 - as)
+ (Gmz + Gm) (a1 - a2) + (Gnz + Gm) (a1 - az)  (3.14)
+ (C2m3 + G3m2) (@2 - a3)
# Cim + Camz + (373.
In matrix notation, this reads

a;-a; aj-az aj-as m
u- v = |:<1 Cz CB:I as * a; as -+ asg as - as n2 |, (315)

az-a; az-ay az-az] L'®
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€1 €9

Fig. 3.7 3D orthonormal basis.

2Named after German mathematician
Leopold Kronecker, 1823-1891.

while in index notation with summation convention, this is
u-v = gij Cz 7’]j (316)

with implicit sums over the repeated ¢ and j indices, where g;; £ a;-a; =
gji is the metric of the basis {a1, az,as}. Index and matrix notations
are discussed in the following and in later sections.

3.2 Orthonormal bases

An orthonormal basis is a complete set of mutually orthogonal unit vec-
tors. A cartesian basis {X, ¥,2} is an orthonormal basis for 3D euclidean
space. The vectors {X, ¥} yield an orthonormal basis for the subspace of
vectors perpendicular to Z, but it is not a complete basis for 3D space.
Switching to index notation, we write {e1,es,es} in place of {X,¥,2Z}
(Fig. 3.7).!Orthonormality of the {e;,es, e3} basis is then compactly
expressed as

€;-€e; = (Sij, (317)

where 7 and j can each be any of 1,2, 3 and d;; is the Kronecker delta?
defined as
A |1 if =7,
dij = I (3.18)
0 if i#j.

Orthogonal expansion and projections
The components of a vector v with respect to a basis {e1, es, es} are the
signed scalars (v1,va,v3) such that

3
vV = vie] + vgey + vzes = Z v;€;. (319)
j=1
The vector equation (3.19) is the expansion of v in terms of the basis
{e1,e2,e3}. Dotting (3.19) with each of the basis vectors yields

v =v-e,
vy =V ey, & v =v-e, (3.20)
V3 =UvV-€e3

since {e1,eq,es} is orthonormal (3.17). In the expression v; = v - e;,
the index i is free to take all the possible values i = 1,2,3. The three
scalar equations (3.20) are the orthogonal projections of v onto each of
the unit vectors {ej, ez, e3}. The orthogonal projections of a vector v
onto an orthonormal basis {e1, es, e3} are the components of v in that
basis.

'We do not use i, j, k for cartesian unit vectors. Instead, we use {X,¥,2} or{ei,e2,e3} or {es,ey,e.} to denote a set of
three orthogonal direction vectors in 3D euclidean space. We use indices i, j, and k to denote anyone of those three directions.
Those indices are positive integers that can take all the values from 1 to n, the dimension of the space. We focus on 3D space,
so indices 1, j, and k can each be 1, 2, or 3, typically. Indices %, j, k should not be confused with those old basis vectors i, j, k

from elementary calculus.



3.2  Orthonormal bases 2f

Invariance of cartesian dot product

If two vectors a and b are expanded in terms of the orthonormal {e;, es, e3},
that is

a = aje; + azez + ases,

b =bie1 + baes + bzes,
then the distributivity properties of the dot product and the orthonor-
mality of the basis yield

a-b= a1b1 + a2b2 + a3b3. (321)

This is (3.12) written in index notation (1,2, 3) instead of (x,y, z). One
remarkable property of this cartesian formula is that its value is indepen-
dent of the orthonormal basis. The dot product is a geometric property
of the vectors a and b, independent of the basis. This is obvious from the
geometric definition (3.1) but not from its expression in terms of com-
ponents (3.21). Indeed, if {e;, e, e3} and {e], e}, e5} are two distinct
orthonormal bases then

a = aje; + azey + azez = aj €| + ahel, + ael,
b = bie; + baes + bzes = bie]| + bye), + biel,
but in general
(a1, a2, a3) # (ay, a3, a3),
(by, b2, bs) # (b1, b5, b5),
yet
a-b=a1b; + asbs + asbs = a\ b} + aydl, + aybl. (3.22)
The simple algebraic form of the dot product is invariant under a change
of orthonormal basis, although each component may be different.

Orthogonal basis

If the basis vectors {a1, a2, as} are mutually orthogonal but not neces-
sarily of unit norm, then there exist three (signed) scalars (x1,x2,x3)
such that

V=Xx101+ X202+ X30a3. (323)

The components (1, X2, Xx3) can be obtained independently of one an-
other and expressed in terms of dot products, but there are normaliza-
tion factors. Dotting (3.23) with a; yields

Vea; =X1a1-a1+ X202 a1+ X303 Q. (3.24)

The last two terms drop out if as - a; =0 and as - a; = 0 yielding
vV-a;
X1 = ——
al - a;
independent of as and a3. The other components x2 and x3 are obtained
likewise by projecting the vector v onto the respective basis vector and
using orthogonality a; - a2 = as - as = a3 - a; = 0 to obtain

as v as v

X2 = ’ X3 = .
as - as as-as
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Arbitrary basis

If the vectors {a1, as,as} are linearly independent but not orthogonal,
then we can still expand

v=mna+na2+n3a;3 (3.25)

where the three unique components (71,72,73) can be obtained, geo-
metrically, by parallel projections as illustrated in figs. 2.1 & 2.2. Al-
gebraically, this corresponds to solving a linear system of 3 equations
for the 3 unknown components (11,72,m3). The components can still
be expressed in terms of dot products by constructing a reciprocal basis
{@1, @2, as} or an orthogonal basis {q;, s, qs} using the Gram-Schmidt
algorithm, as explored in exercises 3.9, 3.33, 3.38, and later in §6, prob-
lems 6.9, 6.15.

3.3 Dot product in R”

The geometric definition of the dot product (3.1) emphasizes the geomet-
ric aspects, but the algebraic formulas (3.12), (3.14), (3.21) are needed
for calculations. Those formulas show how to define the dot product
for other vector spaces where the concept of angle between vectors is
not defined a priori; for example, what is the angle between the vectors
(1,2,3,4) and (4,3,2,1) in R*? The dot product, a.k.a. scalar product or
inner product, of the vectors x and y in R” is defined as suggested by
(3.21):
Xy 2 zy +2oys + -+ Ty (3.26)
It can be verified that this definition satisfies the fundamental prop-

erties of the dot product (§3.1): commutativity x -y =y - x, positive
definiteness x - x > 0, and multilinearity (or distributivity):

(1x1 + agx2) -y = a1(x1 - y) + az(x2 - y).

To show the Cauchy—Schwarz property, you need a bit of calculus and
a classical trick: consider v = x 4+ Ay, then

FQA)£v-v=Xy.y+2Xx-y+x-x>0.

For given, but arbitrary, x and y, this is a quadratic polynomial in A.
That polynomial F'(\) has a single minimum at A, = —(x-y)/(y - y).
That minimum value is

(x-y)*

(y-y)
which must still be positive since F' > 0, VA, hence the Cauchy—Schwarz
inequality

F(A) = (x-x) -

>0,

(x-y)* < (x-%) (y-y)-
Since definition (3.26) satisfies the Cauchy—Schwarz inequality, we can
define the length of a vector by |x| = (x-x)'/2, called the euclidean length



since it corresponds to length in euclidean geometry by Pythagoras’s
theorem. The angle 6 between two vectors in R™ can then be defined by

cosf = Xy

x| Iyl
A vector space for which a dot (or inner) product is defined is called a
Hilbert space, or an inner product space. As indicated in (3.14), other
definitions of the dot product in R™ besides (3.26) are not only possible,
but sometimes required for the particular application.

Norm of a vector

The norm of a vector, denoted ||al|, is a positive real number that de-
fines its size or “length” (but not in the sense of the number of its
components). For displacement vectors in euclidean spaces, the norm is
the length of the displacement, ||a| = |a|, that is the distance between
point A and B if AB = a. The following properties are geometrically
straightforward for length of displacement vectors:

(1) Jlall >0 and ||a]] =0« a=0,
2)  loall = |of [lal],
(3) lla+b| < |a] +|b]- (triangle inequality)

For more general vector spaces, these properties become the defining
properties (azioms) that a norm must satisfy. A vector space for which
a norm is defined is called a Banach space.

Norms for R"

For other types of vector space, there are many possible definitions for
the norm of a vector as long as those definitions satisfy the three norm
properties listed above. In R™, the p-norm of vector x is defined by the
positive number

1/p
Ixllp 2 (J2a]? + aaf? + -+ fonf?) (3:27)

where p > 1 is a real number. Commonly used norms are the 2-norm
||x||2 which is the square root of the sum of the squares, the 1-norm ||x||;
(sum of absolute values), and the infinity norm, |x|.c, defined as the
limit as p — oo of the above expression.

Note that the 2-norm |x|| = (x - x)'/2 and for that reason is also
called the euclidean norm. In fact, if a dot product is defined, then a
norm can always be defined as the square root of the dot product. In
other words, every Hilbert space is a Banach space, but the converse is
not true.

3.3 Dot product in R™

2%



28 FEzxercises

Exercises

(3.1)

(3.8)

(3.9)

(3.10)

A skier slides down an inclined plane with a total
vertical drop of h. Show that the work done by
gravity is independent of the slope.

Discuss and sketch the solutions u of a - u = b,
where a and b are known.

Discuss and sketch the solutions w of a - @ = b,
where a and b are known.

Prove that (aa) - b = a(a - b) from the geometric
definition (3.1). Discuss both a > 0 and o < 0.
True or false: (1) a-ar =af. (2)a-b=aqb).
Explain.

Sketch ¢ = a + b, then calculate c- ¢ = (a +
b) - (a + b) and deduce the law of cosines: ¢* =
a? + b? — 2abcos .

B is a magnetic field and v is the velocity of a
particle. Let v = v, + v where v is perpendic-
ular to the magnetic field and v is parallel to it.

Derive vector expressions for v and il in terms
of v and B.

Use vector algebra to show that a’ £ a— (a-7)R
is orthogonal to 7, for any a, fu. Sketch.

Given two nonparallel vectors a1, a2, construct
two vectors @1, @2, such that

(3.28)

Sketch. Write (@1,d2) in terms of (a1,a2) and
dot products of the latter. Find (&1, &2) when the
cartesian components of a1 and a» are (2,3,4) and
(3,2,1), respectively. If v = viaz + v2asz, express
v1,v2 in terms of v, @1 and as.

Derive cos(a — 8) = cosa cos B + sina sin § with
a dot product (Fig. 3.8). Explain.

Fig. 3.8 cos(a — B) =7

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
(3.18)
(3.19)

(3.20)

If a and b have components (a1, az2) and (b1, b2) in
the basis { North, Northwest}, calculate their dot
product.

Consider v(t) = a + tb where t € R. What is the
minimum |v| and for what t? Solve two ways: (1)
geometrically and (2) using calculus.

Use vectors to show that if A, B, and C lie on a

circle, with AC as a diameter, then ABC'is a right
angle (Fig. 3.9).

Fig. 3.9 Right angle? Why?

Reflection. Given @, consider the vector transfor-
mation

v—ov =v—2a(a-v). (3.29)

(1) Show that v’ - w’ = v - w for any v and w,
so lengths and angles are preserved by the trans-
formation. (2) Sketch and show that the transfor-
mation corresponds to a reflection about a plane
perpendicular to a.

Show that the transformation v — v’ = T'(v) in
(3.29) is a linear transformation, that is T'(Av +
pw) = A\T'(v) + pT(w) for any scalars A\, p and
vectors v, w.

Show that the diagonals of the parallelogram
spanned by a and b are orthogonal to each other
if and only if |a| = |b].

Prove that @ + b bisects the angle between arbi-
trary vectors a and b. Sketch.

Prove that ab + ba bisects the angle between ar-
bitrary vectors a and b.

Prove that ab + ba and ab — ba are orthogonal to
each other, for any a and b.

For a triangle with vertices A, B, C, pick D on side



(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

BC such that |BD|/|DC| = |BA|/|AC|. Prove
that AD bisects the angle BAC. Sketch%Hint:
express AD in terms of @ = AB and b= A J)

Given three arbitrary points A, B, C in 3D space,
derive a vector equation for the line through A
that intersects BC' orthogonally.

Use vectors to show that the three heights (a.k.a.
altitudes or mormals) dropped from the vertices
of a triangle perpendicular to their opposite sides
intersect at the same point, the orthocenter H
(Fig. 3.10). (Hint: If H is defined by AH-CB =0
and B -CTA>:0, show that C_ﬁ-,ﬁzo.)

H

Fig. 3.10 Orthocenter H.

Three points A, B, C in 3D space are specified
by their cartesian coordinates. Show that the
three equations AB - CH = 0, BC - ﬁ =0,
C—zzl - BH = 0, are not sufficient to find the co-
ordinates of H. Explain.

Three points A, B, C' in 3D space are specified by
their cartesian coordinates. Derive an algorithm
to compute the coordinates of the point H that is
the intersection of the heights using linear combi-
nations of known vectors and three dot products.

A and B are two points on a sphere of radius R
specified by their longitude and latitude. Spec-
ify the algorithm to compute the shortest distance
between A and B, traveling on the sphere.

Prove that any point P on the perpendicular bisec-
tor of AB is equidistant from A and B. Prove that
the perpendicular bisectors of the sides of a trian-
gle are concurrent and that their intersection O is
the center of a circle that passes through all three
vertices of the triangle. That point O is called the
circumcenter (Fig. 3.11).

(3.27)

(3.28)

(3.29)

FExercises 2¢

]

Fig. 3.11 Circumcenter O.

Prove that any point P on an angle bisector is
equidistant from the sides of the angle. Prove that
the angle bisectors of a triangle are concurrent anc
that their intersection I is the center of a circle
tangent to the three sides (the incircle).

In an arbitrary triangle, let O be the circumcentel
and G the centroid. Consider the point P sucl
that GP = 20G. Show that P is the orthocen-
ter H; hence O, G, and H are on the same line
called the Euler line (Fig. 3.12). (Hint: conside:
any vertex A and let D be the midpoint of the
opposite side. Relate AP to OD using what you
know about G and that 58 is perpendicular tc
the BC side.)

Fig. 3.12 Euler line OGH.

In an arbitrary triangle, let H be the orthocente
and G the centroid. Consider the point P suck
that fﬁ = QG—}%. Show that P is the circumcen-
ter O; hence O, GG, and H are on the same line
called the Fuler line. (Hint: with vectors, con-
sider any vertex V and let M be th midpoint o
the opposite side. Relate VH to PM.)
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(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

Show that for any real «

% = cosaX+sinay,
¥ = —sinaX +cosay,

are orthonormal if &, § are. Sketch %,9,%’,39’ for
a #0.

If @ = az%X+ay¥, what are its components (a;, a;,)
in the basis {&',9'} of the previous problem?
Show and explain your work.

For &',9" as in problem 3.30, express %X and ¥ in
terms of &' and §’. Show your work.

Gram—Schmidt. For any linearly independent vec-
tors @, b with @ - b = abcos, let (Fig. 3.13)

elzd, b':b—(b-el)el, e2=b'/|b'|.

Prove that e; - €; = J;; and express (b - e1) and
|b’| in terms of a,b, and 0. If a = (2,3,4) and
b=(3,2,1) in cartesian form, find e; and es.

Fig. 3.13 Gram—Schmidt orthonormalization.

For any linearly independent vectors a, b with
a-b=abcosb, let (Fig. 3.14)

Show that e; - e; = di; and [a@ + b| = 2cos(0/2),
|a — b| = 2sin(6/2). If a = (2,3,4) and b =
(3,2,1) in cartesian, find e; and es.

Fig. 3.14 Orthonormalization by reflection.

(3.35)

(3.36)

(3.37)

(3.38)

(3.41)

(3.42)

(3.43)

(3.44)

Let 9 be the rotation of © about @ by a. Derive
(1.24) using suitable cartesian components (and
some trigonometry). What intrinsic basis do you
select?

The orthographic projection of the earth in
Fig. 1.23 is the orthogonal projection of the ra-
dius vector #(\, ) on the local east-north basis

% =é(Xo, o), ¥ =n(lo, o),
with (Ao, go) = (40°, —90°) in Fig. 1.23. Derive

=7(A, ) - €(Xo, wo) = cos A sin(p — o),
=7(A¢) - (Ao, po)

= sin A cos Adg — cos Asin Ag cos(p — o).

/

T
’

Y

If {e1,e2,e3} and {e], e, e3} are two distinct or-
thogonal bases prove (3.22) but construct an ex-
plicit example that, in general,

a1b1 + 2a2bs + 3asbs # allbll + 2a/2b/2 + 3(12),[);,

Rewriting (3.25) as v = aa+ 8b+~c where a, b, ¢
are not necessarily orthogonal, show/explain how
to find (a, 3,7) using dot products and the fol-
lowing (modified Gram-Schmidt) orthogonaliza-
tion algorithm:

Construct b, and ¢, orthogonal to a,

Construct ¢ | orthogonal to @ and b, ,

Find (o/, 8,7') such that v = o’ a+8 b1 +7 c1 1,
Find (o, 8,7) from (o/, 8',7").

If w=37°_ wie;, calculate e; - w using Y. nota-
tion and (3.17).

Right or wrong? Diagnose and repair if necessary:

3 3
€e; E w;e; = E wi(ei -ei)
i=1 =1
3
= E w;di = w1 + w2 + ws.
i=1

If v = Zg’zl vie; and w = Zle w;e;, calculate
v - w using Y notation and (3.17).

Ifv= Z?:1 via; and w = Z?:1 w;a;, where the
basis a;, i = 1,2, 3, is not orthonormal, calculate
v - w using Y, notation.

Calculate (1) Z?:l 6”‘0,]‘7 (11) Z?:l 23:1 5,-jajbi,
(i) >3, 85

Find all nonzero vectors orthogonal to (1,2,3,4)
in R*.



(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

What is the angle between (1,2,3,4) and
(4,3,2,1)7

Decompose the vector (4,2,1,7) into the sum of
two vectors, one of which is parallel and the other
perpendicular to (1,2,3,4).

Show that the infinity norm ||x||cc = max; |z;| for
x € R™.

Show that the integral ff f(z)g(z)dx can be used
as definition of the dot product for the vector space
of real functions f(z), g(z) defined on a < = < b.

Orthogonal functions. Show that cos na with n in-
teger, is a set of orthogonal functions for € (0, )
for the dot product defined in problem 3.48. Use
that orthogonality to show that the components
fn of the expansion of a function f(z) in terms of

FExercises 31

that orthogonal basis,
flx) = Z fncosnz,

are 5
Jn = / f(z) cosnx dz,
0

Thn

where kK, = 140,,0 = 2 if n =0, and 1 otherwise
In particular, show that for 0 < z < m,

yielding

> 16
T=24) Rk DR D

k=1



Cross Product

4.1 Geometry and algebra

The cross product, also called the vector product or the area product, is
defined as
axb= An, (4.1a)

where 71 is the unit vector perpendicular to both a and b, with {a, b, 1}
right-handed, and the magnitude

A =|ax b| £ |a||b| sinb,

is the area of the parallelogram spanned by a and b, where 6 is the angle
between a and b (Fig. 4.1). The right-hand rule implies that the cross
product anti-commutes

axb=-bxa. (4.1b)

Geometric properties

Since the area of a parallelogram is base X height and there are two ways
to pick a base and a height, (a,b, ) and (a, , b), the geometric definition
(4.1a) yields the fundamental cross product property that (Fig. 4.2)

axb=axb, =a xb, (4.2)

where b, is the vector component of b perpendicular to a, while a, is
the vector component of a perpendicular to b. The magnitude of the
cross product is

A=ab, =a b= absinb,

where b) = |b) | =bsinf and ay = |a, | = asinb.

Torque

In physics, the torque T' about a point induced by a force F' acting at a

displacement £ from that point is (Fig. 4.3)
T:eXFZEXFLZKLXF.

Torque T' = £ x F' has the same units as work W = F' - £ but torque
is a vector quantity. Its direction indicates the direction of the axis of
rotation that the torque would impart on a body.

4.1 Geometry and algebra
4.2 Double cross product
4.3 Orientation of bases

Exercises

Fig. 4.1 3D view of a x b.

Fig. 4.2 Top view of @ X b.
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Fig. 4.3 Torque T = £ X F on a crank.

Fig. 4.4 a x v is v rotated by m/2
about a.

Fig. 4.5 Geometrically, the distributiv-
ity property @ X v =a X b+ a x cis
simply the g rotationofv|, = b, +c .

Distributive property
The cross product, like the dot product, has the distributivity property,

a x (Bb+ve) = Bla x b) +v(a x c), (4.3)

for any vectors a, b, ¢ and scalars 3,~. This is not directly evident from
the geometric definition, so a proof is in order.

» Proof Distributivity with respect to scalar multiplication, that is
a x (Bb) = B(a x b), is left as an exercise. For distributivity with
respect to vector addition, let v £ b+ ¢ and decompose all vectors into
components parallel and perpendicular to a. From (4.1a) and (4.2)

axv=axwv,,

where 1 is relative to a here. Furthermore, @ X v is seen to be the
rotation of v, by /2 about a (Fig. 4.4), and likewise for axb =ax b
and @ X ¢ = a x ¢y . Then, since v = b + ¢ implies that v; = b, + ¢,
as shown in (3.11), it follows that

axv,=axb,  +axcy,

because each of these cross products is simply the rotation of v, b, ,
and ¢ , respectively, by a quarter-turn about @. Since the perpendicular
components add up as v, = b, + ¢, so do the rotated vectors @ x v,
a x by, ax cy. This is illustrated in Fig. 4.5. O




4.2  Double cross product 3f

Cartesian formula

The distributivity property (4.3) yields the cartesian formula for the
cross product

axb=(a,x+a,y + a.z) x (byx+ b,y + b.2)
= by R X K+ agby X X § + agh X X 7+ -
= X(ayb, — asby) + ¥(aby — azb,) + 2(azby — ayby) (4.4)

N>

from (4.1b) and (Fig. 4.6)

. Exx=7v, (4.5)

X
that is \\/

X=9x2, §=2x% 2=%x3. (4.6)

Fig. 4.6 Right-handed basis.
Each of these expressions is a cyclic permutation of the previous one

(2,9,2) = (y, 2,2) = (2,2,9)

and (4.6) is obtained from (4.5) by switching the = and the x, and vice
versa. This cyclic property enables us to easily reconstruct formula (4.4)
— or any one of its components, without having to use our right hand
explicitly. We can simply reconstruct any component with that cyclic
(even) or acyclic (odd) permutation rule. The cartesian expansion (4.4)
of the cross product is often remembered using determinant notation

£ v 2| |x a by
Gz Qy G| =¥ ay by
by by b, Z a, b,
= X(ayb, — a.by) + §(azby — azb.) + Z(azby — aybs). (4.7

4.2 Double cross product

The double cross product, also known as the vector triple product, occurs
frequently in applications directly or indirectly as a result of mirror
symmetry, as discussed in section 4.3.

An important special case of double cross product is (Fig. 4.7)

(axb)xa=a’by, (4.8)

2

where ¢ = a - a and b is the vector component of b perpendicular to
a. The identity (4.8) follows from the geometric definition of the cross
product since @ X b = a x b, that proof is left as exercise 4.25.

The general double cross product obeys the identities

Fig. 4.7 (a x b) x a = a®b .

(axb)yxc=b(a-c)—a(b-c),
ax((bxec)=b(a-c)—c(a-b).
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CL

axb

Fig. 4.8 X = (a x b) x c.

Thus, in general
(axb)xc#ax(bxc),

except when ¢ = aa as in (4.8). The identities (4.9) follow from each
other after some manipulations and renaming of vectors, but we can
remember both at once as:

middle vector times dot product of the other two,
minus
other vector in parentheses times dot product of the other
two.

The double cross product identity (4.9) can be verified by tediously
expanding both sides in cartesian components and reducing the algebra.
We give two other proofs that serve as exercises for the vector geometry
and algebra of the cross product.

» Vector geometry proof of (4.9) Let X = (a x b) x ¢. By defini-
tion of the cross product, X must be orthogonal to (a x b) and to c.
Orthogonality to a x b, that is X - (@ x b) = 0, implies that

X =z1a+xz2b. (4.10a)

Orthogonality to ¢ requires that X ¢ =z (a+c)+z2 (b-c) = 0. Hence,
x1 =pu(b-c), ra = —p(a - c), for any p, such that (Fig. 4.8)

X=pub-c)a—p(a-c)b. (4.10b)

To find the scalar p, we take yet another cross product of (4.10b) with
a (or b),
ax X =—pu(a-c)(axb). (4.10c¢)

The left-hand side of (4.10c) is a triple cross product, but most of the
vectors are orthogonal to each other so we can figure it out from the
geometric definition (4.1a). We find that

axb
a x X = |al|X]|sin =lallc |sinp (a x b
al| X sinp 23 = lallessin (@ b)
since | X| = |a x b||c_ |, where ¢, is the component of ¢ perpendicular

to ax b, and ¢ is the angle from a to X, positive for right-hand rotation
about @ x b. Now for the right-hand side of (4.10c): a-c=a-c, =
lal|eL|cos(p — w/2) = |al|cy|sinp. Thus, p = —1 and (4.9) is proven.

a

» Vector algebra proof of (4.9) Use the intrinsic orthogonal basis
a,b;,(a x b). In that basis

a=a, b=fa+b,, c=va+1b. +7(axb), (4.11)

where

a-b a-c b, -c (axb)-c

B:a.aa’yl:a.a>/y2:bL.bL7’y3_ |a><b|2'




Substituting for b and ¢ from (4.11) and using (4.8) twice, once for
(axby)xa=(a-a)b, and another for (a xb;)x b, =—(b, b} )a,
yields

(axb)xe=(a-c)by — (b -c)a.

Similarly, using b = Sa + b, yields
(a-e)b—(b-c)a=(a-c)b; — (b, -c)a,

since (a - ¢)(Ba) — (Ba - ¢)a = 0. Thus, (4.9) is true for all @,b,c. O

4.3 Orientation of bases

If we pick an arbitrary unit vector e, then a unit vector es orthogonal to
e, there are two opposite unit vectors e orthogonal to both e; and es.
One choice gives a right-handed basis (i.e. e in right thumb direction,
€9 in right index direction, and es in right major direction). The other
choice gives a left-handed basis. These two types of bases are mirror
images of each other as illustrated in Fig. 4.9, where e;’ = e; point
straight out of the page (or screen).

I

€y : ()
I
I
I
/ I

€3 ! €3

e} ! e
I
I

Left-handed mirror Right-handed

Figure 4.9 reveals an interesting subtlety of the cross product. For this
particular choice of left- and right-handed bases (other arrangements are
possible, of course), {e},eh, e} = {e1,eq, —e3} with e; x ex = e3 but
then

€] x ey, =—ej'.
Thus, the mirror image of the cross product is not the cross product of
the mirror images. The mirror image of the cross product, €5, is minus
the cross-product of the images e} x €.

We showed this for a special case, but this is general. The cross-
product is not invariant under reflection; it changes sign. Physical laws
should not depend on the choice of basis, so this implies that they should
not be expressed in terms of an odd number of cross products. When
we write that the velocity of a particle is v = w X 7, the mirror image
of v must be the mirror image of w X r, but this requires that w change
sign under reflection. So w is not quite a vector; it is a pseudo-vector. It
changes sign under reflection. That is because angular velocity vectors
such as w are themselves defined according to the right-hand rule, so
an expression such as w X r actually contains two applications of the

4.3 Orientation of bases 3

Fig. 4.9 Left- and right-handed bases
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Fig. 4.10 Right-handed basis.

right-hand rule. Likewise in the Lorentz force F' = quv x B, F and
v are true vectors, but since the definition involves a cross product, it
must be that the magnetic field B is a pseudo-vector. Indeed, B itself
arises from a cross product (the Biot—Savart law) so the definition of F
actually contains two cross products.

The orientation (right-handed or left-handed) did not matter before,
but now that we have defined the cross product with the right-hand rule,
we typically choose right-handed bases. We don’t have to, geometrically
speaking, but we need to from an algebraic point of view; otherwise,
we’d need to change the sign of the cartesian formula (4.4) to obtain the
correct right-hand rule for left-handed bases.

The right-handed cross product implies that a right-handed basis
{e1, ey, €3} satisfies (Fig. 4.10)

e; X ey = e3, ey X e3 = ey, e3 X e] = ey, (4.12a)

€y X ey = —e3, €3 X ey = —e;, e Xe3= —es. (412b)
Note that (4.12a) are cyclic permutations of the basis vectors
(1,2,3) = (2,3,1) = (3,1,2).

The orderings of the basis vectors in (4.12b) are acyclic permutations
of (1,2,3). For three elements, a cyclic permutation corresponds to an
even number of permutations. For instance, we can go from (1,2,3) to
(2,3,1) in two permutations (1,2,3) — (2,1,3) — (2,3,1). The concept
of even and odd number of permutations is more general than that of
cyclic and acyclic permutations, as explored in the exercises. For three
elements it is useful to think in terms of cyclic and acyclic permutations.
If we expand a and b in terms of the right-handed {e,eq, e3}, then
distribute the cross product, i.e., in compact summation form,

a= iaiei, b= zg:bjej, =axb= ii a;b; (e; x €;);
i=1 j=1 i=1 j=1
we obtain
a X b =ej(azbs — agba) + ea(azby — a1bz) + es(arby — asby), (4.13)
which can be reconstructed using the cyclic permutations of

+:(1,2,3) = (2,3,1) = (3,1,2),
—:(1,3,2) = (2,1,3) — (3,2,1).
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Exercises

(4.1)
(4.2)

(4.5)

(4.6)

(4.8)

Show that |a@ x b]* + (a - b)? = |a|* |b|?, Va,b.

Prove that w X (aa) = a(w x a) for any vectors w,
a and scalar . Consider both o > 0 and o < 0.

True or false: a X b= a; x by. Explain.

A particle of charge ¢ moving at velocity v in
a magnetic field B experiences the Lorentz force
F = qu x B. Show that there is no force in the di-
rection of the magnetic field and that the Lorentz
force does no work on the particle. What does it
do to the particle?

Derive sin(a — ) = sina cos 8 — sin 3 cos « using
a cross product (Fig. 4.11). Explain.

Fig. 4.11 sin(a — ) =?

If n is orthogonal to both a and b, prove and
sketch
(axn)-(bxn)=a-b,

(axn)x(bxn)=axb.
Let (a1, a2,a3) and (b1, b2, bs) represent the com-
ponents of @ and b with respect to a left-handed or-
thonormal basis {e1, e2,e3}. What is the formula
corresponding to (4.13) in that basis? Explain.

Sketch three vectors such that a+b+c¢ = 0. Show
that axb = bxe = ¢xa in two ways: (1) from the
geometric definition of the cross product and (2)
from the algebraic properties of the cross product.
Deduce the law of sines (Fig. 4.12)

sin «

sing
a b ¢

siny _ 1
D,

where D is the diameter of the circumcircle (cf.
inscribed angle theorem, Fig. 1.22).

(4.9)

(4.10)

Fig. 4.12 Law of sines.

Show that the angle between a = Flﬁ and b =
FQ? is

a = atan2(z- (a x b),a - b),

where atan2 is the two argument arctan functior
(1.9), and Z is the unit normal to the orientec
plane of Fi, F», P (Fig. 4.13). Show that a > (
when P is to the left of F1F> and a@ < 0 when F
is to the right of Fy F>. What happens to « as F
moves across the line segment Fy F>?

P
/)
o

RO

Fy
Fy

Fig. 4.13 Find « from Fy, F>, P.

Consider the triangle z/a +y/b+ z/c = 1 for con-
stant positive a, b, ¢ and variable positive cartesiar
coordinates x,y,z. Show that

Af = ; (Xbc+ § ca + Z ab) (4.14
is its area vector, that is a vector perpendiculai

to the triangle with a magnitude equal to its aree
(Fig. 4.14).
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(4.11)

(4.12)

b

Fig. 4.14 Area vector.

Let ry, = O_Pk) denote the position vectors of points
Py, P1, P> from point O in 3D space, respectively.
Show that

An 2 %(7‘0 Xr1+7r1 Xre+17o ><1‘()) (4.15)
is a vector whose magnitude is the area of the tri-
angle Py, Pi, P> and direction is perpendicular to
the triangle in a direction determined by the or-
dering Py, P1, P» (Fig. 4.15). Sketch the contribu-
tions of each of the three terms on the right-hand
side of (4.15) for three planar cases: (i) O is one
of the vertices Py, P1, P». (ii) O is inside the trian-
gle. (iii) O is outside the triangle but in the same

plane.
T2 1
Fig. 4.15 Area vector.
Consider an arbitrary non-self intersecting

quadrilateral in the (z,y) plane with vertices
Po, P1, P, Ps. Show that

N
Anzi(roxrlJrrl><r2+r2><r3+r3><ro)

is a vector whose magnitude is the area of the
quadrilateral and points in the £Z direction, de-
pending on whether Py, Pi, P2, P3s are oriented
counterclockwise, or clockwise, respectively, where
. = OPy is the position vector of point Pg.

(4.13)

(4.14)

(4.15)

Let Py, P1,...,P,—1 be the vertices of a non-self
intersecting polygon in the (z,y) plane (Fig. 4.16).
Explain why the area of the polygon is

=
=5 Z ThYk+1 — Th+1Vk) 5 (4.16)
k=0

where (2, yx) are the cartesian coordinates of ver-
tex P, and P, = Py. The area is positive if the
vertices are ordered counterclockwise.

Fig. 4.16 Area of planar polygon.

Four arbitrary points in 3D euclidean space E? are
the vertices of a tetrahedron. Consider the area
vectors perpendicular, pointing outward for each
of the four faces of the tetrahedron, with magni-
tudes equal to the area of the corresponding trian-
gular face (Fig. 4.17). Show that the sum of these
area vectors is zero:

Al +Ar+ A+ Ay =0.

Fig. 4.17 Area vectors of a tetrahedron.

Imagine “gluing” together two tetrahedra with a
common interior face that is removed. The result-
ing polyhedron has six triangular faces (hexahe-
dron). Show that the sum of the outward pointing
area vectors is zero. This result and procedure



(4.16)

(4.17)

(4.18)

(4.19)

extend to more complex polyhedra and to curved
surfaces, as will be shown later with the gradient
theorem in vector calculus.

Let V be the number of vertices, F' the number
of faces, and E the number of edges of the poly-
hedron obtained by gluing together tetrahedra, as
in the previous problem. Deduce Euler’s formula
that V 4+ F — E = 2 for such polyhedra. Can you

find examples where that formula breaks down?
Consider arbitrary points Py, Pi,...,P,—1 in 3D
space. Let P, = Py. Show that

n

1« 1
A:§Zr’“—1 xrszzO?k_l X(ﬁk

2
k=1 k=1

is independent of the choice of origin O, and that

A=

N | =

n—1
Z (Pk—1 —70) X (Pk — T—1).
k=2

Fig. 4.18 Quadrilateral in 3D space.

Consider an arbitrary quadrilateral with edges
a+b =a’ +b (Fig. 4.18). Show that
_1 10 b
A = §a X b —+ Ea X b

=saxb +ia xb=axb, (417)

where @ and b are the average a’s and b’s,

a=ila+a), b=1ib+b),

or the opposite midpoint connectors

a=a+i —-b), b=b+1i(ad —a).

Interpret geometrically in terms of triangle and
parallelogram area vectors. This result is rele-
vant to surface elements dS made of quadrilateral
patches (13.15).

Point P rotates at angular rate w about the axis
parallel to a passing through point A. Make a 3D
sketch as well as “side” and “top” views. Derive a
vector formula for the velocity of P.

(4.20)

(4.21)

(4.22)
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Vector rotation formula. Vector v’ is the rotatior
of vector v about a by angle a. Derive and explair
the formula (Fig. 4.19)

v =v|+v, cosa+(axvy)sina. (418

Write a computer code or pseudocode that finds v’
given v, a, «a, assuming that the vectors are pro-
vided in cartesian form (and |a| is not necessarily
1). Use calls to dot(a,b) and cross(a,b) func
tions, as defined in Matlab, for example. Equatior
(4.18) is known as Euler’s, Rodrigues’, or Gibbs
formula in the literature. Vectors were not explic-
itly used by Euler in 1775 or Rodrigues in 1840
The vector formula appears in §127 of Wilson’s
1901 redaction of Gibbs’ lectures. See also prob-
lem 4.37.

a

Fig. 4.19 Rotation v — v’.

Test the rotation code implementing (4.18) by
designing simple rotation tests. Show that
v = (2,3,4), a = (3,2,1), a = 7/3, then v’
(3.8716,0.3283, 3.7287).

=

Point rotation formula. Point P’ is obtained by
rotating point P by angle v about the axis paral-
lel to @ that passes through point A. Derive anc
explain the formula

P =ra+s+sLcosa+(axsy)sina,

where r’, r, and 74 are the positions vectors o:
P’, P, and A from the origin O, respectively, anc
s =1 —171a. Is 74 parallel to @ in general? Make
clear sketches to illustrate your derivation. Modify
your (problem 4.20) code for rotation of a wvectos
about a direction @ to handle rotations of a poin
about an axis, {A,a}.
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(4.23)

(4.24)
(4.25)
(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

For an arbitrary triangle, construct the outer equi-
lateral triangles attached to each of the sides, in
the plane of the original triangle (Fig. 4.20). Show
that the triangle connecting the centroids of those
equilateral triangles is itself equilateral. (Hint:
Use a + b + ¢ = 0 for the original sides. Show
that the vector connecting two centroids is the ro-
tation by 27/3 of the previous such vector.)

Fig. 4.20 Problem 4.23.

True or false: v L (a x b) & v = z1a + z2b for
some real 1 and z2. Explain.

Derive formula (4.8) from the geometric definition
of the cross-product (4.1a).

Starting from the identity for (a x b) x ¢, derive
that for @ x (b x ¢).

Prove the vector identity (4.9) for a x (b x ¢) by
expanding all vectors in cartesian form as in (4.4)
and doing the algebra.

Derive and explain the value of the coefficients 3,
Y15 Y2, 3 in (4.11).

If a =(2,3,4) and b = (3,2,1) in cartesian com-
ponents, can you find v such that a x u = b?
Explain.

Show by (1) cross product geometry and (2) cross
product algebra that all the vectors w such that
a X u = b have the form

bxa

jal*’

u=aa+ Vo € R (4.19)

as long as @ and b are ....

The net force F' acting on a particle of electric
charge ¢ moving at velocity v through electric field
E and magnetic field B is F' = ¢(E+vx B). What
iswv if F =0 but E and B are not zero?

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

Forces F' 4 and F'p are applied at points A and B
of an object, respectively. Find the center of force
C' such that there is no net torque about C, that
is

CAxFa+CBxFp=0.

Prove the Jacobi identity:
ax(bxe)+bx(exa)+ex(axb)=0.

If @ is any unit vector, show geometrically and
vector algebraically that any vector v can be de-
composed as

v=(a-v)a+ax(vxa). (4.20)

For any v perpendicular to &, show that

ax(ax(ax(axwv)))=w.

Magnetic fields B are created by electric currents
according to the Ampere and Biot—Savart laws.
The simplest current is a moving charge. Consider
two electric charges q1 and g2 moving at velocity
v1 and wa, respectively. Assume along the lines
of the Biot—Savart law that the magnetic field in-
duced by ¢1 at g2 is

B, _ Mo @v1 % (ra —71)
y= 0 2T T
47 |'T‘2 — 7T |3
where 71 and r2 are the position vectors of ¢1
and g2, respectively, and po is the magnetic con-
stant. The Lorentz force experienced by ¢2 is
F'5> = qova X Bs. What is the corresponding mag-
netic field By and Lorentz force F'; induced by g2
at ¢17 Show that the forces F1 and F3 do not
satisfy Newton’s action—reaction law!

Alternate rotation formula. Show that formula
(4.18) can be written in the equivalent forms

v' =wv cosa+ (1 —cosa)a(a-v)

+sina (@ X v) (4.21a)
=v+sina(a@xv)+ (1 —cosa)vy (4.21b)
= v +2sin  cos ¢ (@ x v) + 2sin” $v. (4.21c)
=v+7x(v+v), (4.214d)

where v, = ax (vxa), and T = atan(a/2) is the
Rodrigues vector. Show how the last three forms
can be deduced from Fig. 4.21, proving the double
angle identities in the process.
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Fig. 4.21 Rotation v — v’.
(4.38) Rewrite (4.21d) as w' = 7 x (2v + ') in terms of

u' = v’ — v; then use a dot and a cross product
with 7 to show that

v/:v+71+7_.7_ (Txv+7x(Tx0)). (4.22)
(4.39) Linear transformations. Show that vector rotation
as given by formulas (4.18) and (4.21) is a linear
transformation v — v’ = T'(v), that is
T(Av + pw) = AT (v) + pT'(w),
for any scalars A, p and vectors v, w.
(4.40) Let w be the 180° rotation of v about # and w
the reflection of v about a plane perpendicular to
7. Explain and illustrate why
u=2n-v)h —v, w=v—2MR- -v)R=—u.
(4.41) Rotation by reflections. Show that rotation by «

about a is the same as reflection about any plane
containing a followed by reflection about the plane
obtained by rotating the first one about & by «/2
(Fig. 4.22). Linearity T'(v) = T(v)) + T(vL)
helps visualizing the geometry and doing the al-
gebra.

Fig. 4.22 Rotation by reflections.

(4.42) Show that rotation by « about & is equal to rota-
tion by 7 about any p perpendicular to a, followed

(4.43)

FExercises 4<

by rotation by 7w about §, where § is the rotatior
of p about @ by «/2 (Fig. 4.23). This can be ex-
pressed symbolically for any vector v as

R(a,a)v = R(m, §)R(m, p)v,

with § = R(a/2,a)p, for any p L @, where
R(v, €) is a vector operator that performs (right
hand) rotation by angle v about direction é. Show
that

5% &
&tang: = ?
2 p-q

. (4.23

Linearity T'(v) = T'(v|) + T'(v_1) helps visualizing
the geometry and doing the algebra. Compare this
decomposition with that in problem 4.41.

Q>

a2
a D

Fig. 4.23 Exercise 4.42.

Composing rotations in a plane. For arbitrary
points P in an oriented plane, show that rotatior
of P — P’ by angle « about point A, then rotatior
of P — P” by angle 8 about point B, yield a nef
rotation by angle v about point C, where the ro-
tation centers and angles are related as indicatec
in Fig. 4.24. Solve by purely geometric reasoning
considering transformations of C' and A by the twc
rotations. Positive angles correspond to counter-
clockwise rotations.

Fig. 4.24 Composition of 2D rotations.
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(4.44)

0

Fig. 4.25 ¢ is the intersection of the plane (&, b) ro-

tated by —a/2 about & and the plane (a, b) rotated by
B/2 about b. The angle between those planes is v/2.

Composing 3D rotations. Exercises 4.41 and 4.42
provide ways to determine the net rotation of two
successive rotations, by « about &, then by g
about b. The first rotation about @ can be de-
composed into m-rotations about p, then §,, as
defined in exercise 4.42, and the rotation about
b into m-rotations about P, then §,. To combine
those rotations, pick §, = p, = 7 = (axb)/|axb|,
so the two successive w-rotations about 7v cancel
out yielding

R(8,b)R(a,a) = R(r,q,)R(r,p,) = R(v, ).

Show that

(4.45)

yielding
:‘raJr‘rbf‘rGX‘rb (424b)
¢ 1—7q T ’ '
where 7, = atan(a/2), 7, = btan(8/2), and

T. = étan(vy/2) are Rodrigues vectors, which fully
characterize the rotations as established in (4.21),
(4.22). The net rotation resulting from rotating
by a about & then by 8 about b thus amounts to
a rotation by 7 about é (Fig. 4.25).

This vector derivation is essentially that in §128
of E. Wilson’s 1901 redaction of Gibbs’ lectures.
The composition formula (4.24b) was published
by Olinde Rodrigues in 1840 in cartesian coordi-
nates. Rodrigues also described the solution ge-
ometrically (Fig. 4.25), generalizing the 2D con-
struction in Fig. 4.24. Rotations of vectors in 3D
is equivalent to rotations of points on a sphere
about radial axes. That description directly yields
(4.24a). Note that the composition of two rota-
tions is not given by the sum of Rodrigues vectors,
Te # Ta + Tb, except in the limit of small rota-
tions @ — 0, B — 0. See Altmann (1989)* for a
discussion of the work of Hamilton and Rodrigues,
and the connection with quaternions.

Derive (4.24b) like Rodrigues but using Gibbs’ vec-
tor calculus. Show that the two successive rota-
tions v — v’ — v” can be expressed from (4.21d)
as

U =7ox (v+v" —u"),

u' =7, x (v+v" +u),

where ' =v' —v, v/ =v" —v', and v +u’ =
v” — v. Substitute for w” in the u’ equation, and
vice-versa. Reduce and combine the results to ob-
tain v — v = 7, x (v +v") with 7. as in (4.24b).

ISimon L. Altmann, “Hamilton, Rodrigues, and the Quaternion Scandal.” Mathematics Magazine 62.5 (Dec. 1989): 291-308.
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5.1 Levi-Civita symbol

We have used the Kronecker delta (3.18)

A |1 ifi=j,
dij = e
0 ife+#7,
to express all nine dot products between orthonormal basis vectors in
compact form as
ei'ej:(sija Viujv
There is a similar symbol, €;;x., the Levi-Civita symbol,! also known as
the alternating or permutation symbol, defined as

1 if (4,4,k) is an even permutation of (1,2, 3),
€ijk =14 —1 if (4,4,k) is an odd permutation of (1,2,3),  (5.1)
0 otherwise,
or, explicitly,
€123 = €231 = €312 = 1,
€213 = €132 = €321 = —1,

with all other €;;, = 0.
For three distinct elements, (a,b,c) say, an even permutation is the
same as a cyclic permutation; for example, the cyclic permutation

(a’ b7 C) % (b7 C7 a)
is equivalent to the two permutations
(a,b,¢) = (b,a,c) = (b,c,a).
Thus, the even permutations of (1,2,3) are the cyclic permutations
(1,2,3), (2,3,1), (3,1,2) and the odd permutations are the acyclic per-
mutations (2,1,3), (3,2,1), (1,3,2). This implies that

€ijk = €jki = €kij> Vi, j, k. (5.2)

5.1 Levi-Civita symbol 4r
5.2 The dummy and the free 4¢€
5.3 Summation convention 4%
Exercises 51

INamed after Italian mathematiciar
Tullio Levi-Civita, 1873—-1941.
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Fig. 5.1 Right-handed basis.

The €;;; symbol provides a compact expression for the components of
the cross product of right-handed cartesian basis vectors (Fig. 5.1),

(ei X ej) * € = €k, (53)
but since this is the k-component of (e; x e;) we can also write

3

e; Xe;= Zeijkek. (54)
k=1

Note that there is at most one nonzero term in the latter sum.

5.2 The dummy and the free

The expansion of a vector a in terms of a basis {e1, 3, €3} can be written
compactly using ¥ (sigma) notation
3
a = aje; + ases + azes = Z a;e;. (5.5)
i=1
We have introduced the Kronecker delta d;; and the Levi-Civita symbol
€ijk in order to write and perform basic vector operations such as dot

and cross products in compact forms, when the basis is orthonormal and
right-handed. Using distributivity of the dot product and (3.18) yields

3 3 3 3
a-b= (Zaiei> . ijej :Zzaibjei'ej
i=1 j=1

i=1 j=1
s s s (5.6)
S>3 by = Y
i=1 j=1 i=1
Likewise, distributivity of the cross product with (5.4) yields
3 3 3 3 3
axb= ZZaibj e, X e; = ZZZaibjeijk €. (57)
i=1 j=1 i=1 j=1 k=1

The indices ¢ and j are called dummy or summation indices in the sums
(5.5) and (5.6), they do not have a specific value, they have all the
possible values in their range. It is their place in the particular expression
and their range that matters, not their name

3 3 3
a= g a;e; = E aje; = g aper = -+ . (5.8)
i=1 j=1 k=1

Indices come in two kinds, the dummies and the free. For example, j
and k are dummy indices in

3 3
€e; (a . b)C = Z ajbj C; = <Z akbk> Ci, (59)
j=1 k=1



j and k are summation indices, and they must take all values in their
range. The index i is free, free to have any value in the range 1,2, 3.
But freedom comes with constraints. If we use ¢ on the left-hand side
of the equation, then we have no choice: we must use i for ¢; on the
right-hand side. By convention we try to use ¢, j, k, [, m, n, to denote
indices, which are positive integers. Greek letters are sometimes used
for indices.

Mathematical operations impose some naming constraints, however.
Although, we can use the same index i, writing @ = ), a;e; and b =
>, bie;, when they appear separately, we cannot use the same index if
we multiply them together as in (5.6) and (5.7). Bad things will happen
if you do, for instance

3 3 3
axb= (Z aiei> X (Z biei> = Zaibi e; X e = 0! (510)
=1 i=1

=1
5.3 Summation convention

While he was developing the theory of general relativity, Einstein noticed
that the sums that occur in vector calculations involve terms where the
summation index appears twice. For example, ¢ appears twice in the
sums in (5.5), ¢ and j appear twice in the double sum in (5.6), and 4,
Jj, and k each appear twice in the triple sum in (5.7). To facilitate such
manipulations, Einstein dropped the ¥ summation signs and introduced
the

summation convention: a repeated index in a term im-
plicitly denotes a sum over all values of that index.

Thus, with the summation convention,
3
Z a;e; — a;€; = aie] + agses + ases
i=1
with the repeated index i on the left-hand side of the equality implicitly
indicating a sum over all values of that index. This is a very useful
notation, widely used in mathematics, physics, and engineering. It is
merely a notation convention, but good notation allows us to do other-
wise laborious calculations in compact form.
The name of the index does not matter if it is repeated — it is a
dummy or summation index; thus,

ai€; = aje; =--- = aye; + azey + ases,

and any repeated index ¢, j, k, [, . ..implies a sum over all values of that
index. With the summation convention, (5.4) reads

€; X €; = €€k (5.11)
with an implicit sum over k = 1,2, 3 on the right-hand side; that is,

€ijk€k = €51€1 + €52€2 + €;;3€3.

5.3  Summation convention 47
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Terms are elements of a sum; factors
are elements of a product.

Likewise, the dot product (5.6) reads
a-b= aibi; (512)

where a;b; = a1b1 + asbs + asbs is a sum over all values of i, and the
triple sum in (5.7) reduces to the very compact form

a X b = ¢;;ra;b;e, (5.13)

which is a sum over all values of i, j, and k and has 3% = 27 terms.
However, €;;, = 0 for 3% — 3! = 27 — 6 = 21 of those terms, whenever an
index value is repeated in the triplet (i, j, k).

Note that the index expressions for a-b in (5.12) and a x b in (5.13) as-
sume that the underlying basis, {e1, €3, €3}, is a right-handed orthonor-
mal basis. That is where those d;;’s and €;;;’s come from. The summa-
tion convention can be used for nonorthonormal bases but then the dot
product involves a metric tensor g;; as in (3.16)

a - b = aibjgij.

The summation convention is a very useful and widely used notation
but must be used with care — one should not write or read an ¢ for a j or
a 1 for an [, for example — and there are situations where it cannot be
used because it leads to conflicts. For instance, if we have three vectors

a; = {alv as, a3}

and want to write them all in magnitude direction form, a = aa, we
would write
a; = a;a;,

but then we cannot use the summation convention, since the right-hand
side does mot include a sum in this case.

The summation convention will be used hereafter, except where ex-
plicitly excluded. Two basic rules facilitate index manipulations, the
repetition rule and the subsitution rule.

Repetition rule
Indices cannot appear more than twice in the same term; if they are,
that is probably a mistake as in (5.10),

axb= (aiei) X (blel) = aibi e, Xe = 077!

where ¢ appears four times in the same term. If we need to multiply two
sums such as in a X b or a - b where a = a;e; and b = b;e;, we need
to change the name of one of the dummies, for example ¢ — j in the b
expansion, then

axb= (aiei) X (bjej) = aibj e; X e; = eijkaibjek



and we did not miss any cross terms. However,
a; +bi+ci = (a1 + b1 +c1, ag+ by +ca, az + b3 +c3)
=a+b+c

is OK since the index i appears in different terms, and the expression
is, in fact, the index form for the vector sum a + b+ c¢. In contrast, the
expression

a; + bj + ¢ =71

does not make vector sense since i, j, k are free indices here, but there
is no vector operation that adds components corresponding to different
basis vectors. Free indices in different terms must match; for example,

v=a+b©vi:ai+bi©vj=aj+bj,

but a; + b; is a nonsensical vector operation.

Substitution rule

If one of the indices of d;; is involved in a sum, we substitute the sum-
mation index for the other index in J;; and drop d;;, for example

aiél-j = a1(51j + a2(52j + 0353]' = aj,

since ¢ is a dummy in this example and §;; eliminates all terms in the
sum except that corresponding to index j, whatever its value; thus,

aidij = aj. (514)

If both indices of §;; are summed over as in the double sum a;b;d;;, it
does not matter which index we substitute for; thus,

aibj&j = aibi = ajbj.
For example,
a-b= (aiei) . (bjej) = aibj € -e; = aibjéij = a,»bi = ajbj

is indeed the dot product in cartesian components a - b = a1b1 + a2bs +
asbsz. Likewise
Or10kt = Ok = O = 3, (5.15)

because k (and 1) are repeated, so there is a sum over all values of k and
Ok = 011 + 022 + 033 =14+14+1=3.
For a similar reason, we write
a% + a% + ag = a;a;, not af

to avoid confusion about whether there is a repeated index. There is
clearly a repeated i index in a;a;, but not so clearly in a? that might be
misinterpreted as the triplet

2% ,2 2 2
i

a; = (a1, a3,a3)?

5.3

Summation convention 4¢
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Ezample Computing the ¢ component of @ x b from (5.13) is
(a X b) c€e; = qjkalbjek e, = eljkalbjéki = eljialbj = eiljalbj. (516)

Why? First, we switch the name of the dummy ¢ to [ in (5.13) since we
want to dot with e; where i is free. Second, ey - e; = d;. Third, we
perform the sum over k, dropping the dy; and replacing k by i. Fourth,
€1j; = €ii; since (4,1,7) is a cyclic permutation of ([,j,¢). Finally, we
might want to rename dummy indices | — j, j — k and write

€1501b; = €;51a5by,. (5.17)

In calculations, we will want to jump directly from the vector equation
to the corresponding cartesian index expression, that is

v=axb << v, = eijkajbk. (518)

The ec = 60 — 60 identity

A mighty example that leads to a fundamental € identity is to write
the double cross product identity

(axb)xc=bla-c)—a(b-c) (5.19)
in index notation. Let v = a x b and
w=(axb)xc=vxec

Then using (5.18) repeatedly, and making sure no index is repeated more
than once, yields the i component of w as

W; = €4jkVjiCE = eijkejlmalbmck. (520)

Note that j, k, [, and m are repeated, so this expression is a quadruple
sum! According to the double cross product identity (5.19), the expres-
sion (5.20) should be equal to the i component of (a-¢c)b— (b-c)a, that
is
(@-c)b; — (b-c)a; = (ajc;) b; — (bjc;) a;. (5.21)

Since (5.20) and (5.21) are equal to each other for any a, b, ¢, this should
be telling us something about €;;€;5im, but to pull out that information
we need to rewrite (5.21) in the form a;b,,c;. How? By making use of
our ability to rename dummy variables using d;; and the substitution
rule.

Let’s look at the first term in (5.21), (a;c;)b;. We can rewrite it in
the form a;b,,c of (5.20) as follows:

(ajcj)bi = (akck)bi = (5lkalck)(§imbm) = 6lk5imalbmck. (522)

Similar manipulations to the second term in (5.21) yield (bjc;)a; =
0i10kmaibmer. Equating (5.20) with the suitably rewritten (5.21) yields

€ijk€jimUbmCr = (O1k0im — 0i10km ) Gbm . (5.23)
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Since this equality holds for any a;, by,, ¢k, we must have

€ijk€jlm = 01k0im — 0i10km.-

That’s true but it is not written in a nice way so let’s clean it up to a
form that’s easier to reconstruct. First, note that €;;, = €;i; since €1
is invariant under a cyclic permutation of its indices. So our identity
becomes €;ki€jim = (01x0im — 0i10km). We've done that flipping so the
summation index j is in first place in both e factors. Now we prefer
the alphabetical order (i, 7, k) to (j,k,4), so let’s rename all the indices,
being careful to rename the correct indices on both sides. This yields

the €d identity
€ijk€itm = 0510km — Ojm Okl

(5.24)

Problem 5.14 sketches an alternative derivation. The identity (5.24)
can also be verified directly. The expression €;jr€im is a sum over i
with j,k,I,m free. That sum vanishes whenever j = k or [ = m, and
the right-hand side of (5.24) also vanishes in that case. If j # k and
I # m, then only one value of i contributes to the sum, the value of i
distinct from the values of j and k and [ and m. The sum equals 1 if
j =1%# k =m, but in that case the right-hand side of (5.24) is also 1.
The sum equals —1 if j = m # k = [, but in that case the right-hand

side is —1 also.

Formula (5.24) has a generalization that does not include summation

over any index:

€ijk€lmn :6il5jm6kn + 5im5jn6kl + 6in6jl6k:m

(5.25)

—0im0;10kn — 0in0jmOrs — 010 jnkm.

Note that the first line corresponds to (4, j, k) matching a cyclic permu-
tation of (I, m,n), while the second line corresponds to (i, j, k) matching

an odd permutation of (I, m,n).

Exercises

(5.1) Explain why €;jx = €ji; = —€ji for any integer
1,7, k.
(5.2) Show that the cyclic permutations of (a,b,c) are

even permutations. How many cyclic permuta-
tions are there?

(5.3) Show that for four distinct elements, cyclic per-
mutations are odd permutations. Show that there
are twenty-four permutations of (a, b, ¢, d) but only
four cyclic permutations.

(5.4) For n distinct elements (ai,...,an), how many

permutations are there? How many cyclic permu-
tations are there?
(5.5) Let v = e;. What is v; in compact index notation!
(56) If (1)1, V2, 1)3) = (1, 2, 3) and w; = (5,‘152]'1)]', what is
('lUl, w2, w3)7
(5.7) If w, = ((51'1523‘ + (5—353]‘ + (51'3(51j)’l}j7 what it
("-Ulyw27w3 ?
(58) If w, = (5j16i2 + (Sj25i3 + (Sjgdil)’l]j, what it
(w1, w2, w3)?

(5.9) Use (5.3) and Einstein’s summation convention tc
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(5.15)
(5.16)
(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

show that
er * (a X b) = eijkaibj = ekijaibj

axb= €ijka2‘bj er = e; ei]-kajbk.

) Evaluate Eijk(si;[&jz(sk;g and eijk&léjm&kn.

) Show that €;;x€:5x = 6 by (1) expanding the sums

and (2) applying (5.24).
Show that €;xej = 284 by (1) expanding the
sums and (2) applying (5.24).

) Deduce (5.24) from (5.25).

Use (5.11) twice to obtain ((e; x e;) X e;) - €, =
€ijmEmkl, then (5.19) to obtain another expression
for ((e; x e;) X ex) - €; and derive (5.24).

True or false: €;jxa:ibjck = €imnambnc;. Explain.
Simplify €;jx€jki€imi and €;jx€rimEnip.
Verify the identity

2 (e1jkaj2ak3 + €i2KQi1ak3 + €53051G52) =
@iy — Qijaji
(1) by explicit expansion of all the implicit sums
and doing the algebra, and
(2) by showing that
€ijk€klmQilAjm, -

both sides equal

If u; x Uj = €jkUk, show that u; = %Eijku]‘ X Wk
and Ui+ U; = 5”

For an arbitrary basis {a1,az,as}, consider the
vectors a; = %eijkaj X ay. Discuss their geomet-
ric relations to the original basis. Do they form a
basis? Why?

Evaluate ((a x b) x ¢) x d, (1) using (4.9) and (2)
in index notation, using (5.24).

Write and evaluate (a x b) x (¢ x d) using index
notation.

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

Show that v’ = w X v is v; = A;;v; in cartesian
index notation, with

Aij = —€ijkWk = Wi = 7% Ek‘iinjy (526)

and A;; = —Aj; are the elements of a 3-by-3 anti-
symmetric matriz

0 —Ww3 W2
[A”} = w3 0 —Ww1
—Ww2 w1 0

Show that w xe; = €;;xwi €; where e; xe; = €;jr€x
and wp, = w - ey.

Let b; = w x e; for some w. Show that b; = B;j;e;
with

Bij = €ijkWk == wE = %Gki]’Bij. (5.27)
Thus, B;; = Aj; in (5.26), so A;; and B;; are
transpose of each other. B;; are the components
of the transformed basis vectors e; — b;, while A;;
are the components of the matrix that yields the
components of a transformed vector v’ in terms of

the original basis.

Let v = (a - v)a, then in index notation v, =
A;jvj, where v; and v; are cartesian components
of v’ and v. Find A;; and show that A;; = Aj;.

Let v' = v — 2(éa - v)a, then v, = A;jv;, where
v; and v; are cartesian components of v’ and v.
Find A;;. What is the geometric relation between
v’ and v? Sketch.

Let v = (& x v) x &, yielding the relations
v; = A;jv; between cartesian components v; and
v; of v’ and v. Find A;;. What is the geometric
relation between v’ and v? Sketch.



Determinant

6.1 Mixed product

A mized product, also called the triple scalar product or the box product,
is a combination of a cross product and a dot product; the result is
a scalar that is the signed volume V of the parallelepiped spanned by
a,b,c:

(axb)-c=V==£|V]. (6.1)

The + sign holds when a, b, ¢ is right-handed, and the — sign when
a, b, ¢ is left-handed. Thus, the mixed product a x b- ¢ determines both
the volume |V and the orientation of a, b, ¢ (Fig. 6.1).

Derivation of (6.1) The cross product a x b = An where A is the area
of the base parallelogram and 71 is perpendicular to that base, with
{a,b, 7} right-handed. The height h of the parallelepiped spanned by
{a, b, c} is then simply h = 7 - ¢; thus, its volume is

V=Ah=AnR-c=(axb)-c

Signwise, (axb)-c > 0if {a, b, ¢} is a right-handed basis (not orthogonal
in general), and (a x b) - ¢ < 0 if the triplet is left-handed. O

Taking b x ¢ = Ay as the area vector of the base parallelogram with
a - iy = hsy the corresponding height, or ¢ x a = A3z as the base with
hs = b - ng as its height, yield the same volume,

V = Ah = Ashy = Ashs,

and the same sign. Therefore the mixed product obeys the cyclic per-
mutation property:

(axb)-c=(bxec)-a=(cxa)-b. (6.2a)

6.1 Mixed product 5&
6.2 Determinant 54
6.3 Cartesian determinant 5E
Exercises 5%

Fig. 6.1 (a x b)-c is the signed volume
of a,b,c.
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Since the dot product commutes, (b x ¢)-a = a - (b x ¢), the mixed
product also has the product swap property,

(axb)-c=a-(bxc). (6.2b)

That is, the mixed product does not change if we swap the dot and the
cross, keeping the order of the vectors. These properties are useful in
vector calculations and lead to other identities as explored in the exer-
cises. Note that a x (b- ¢) does not make sense, so the only meaningful
interpretation of @ x b- ¢ is (a x b) - ¢, and we can drop the parentheses.
Although the dot product commutes, the cross product anti-commutes,
so out of the six mixed products arising from the six permutations of
a, b, ¢, three will have one sign and three will have the opposite sign,

(axb)-c= (bxe)ra= (cxa)-b
=—(bxa)-c= —(cxb)-a= —(axc)-b,

and the dot and the cross could be swapped in each of these expressions
using (6.2b).

Thus, there are twelve different ways to write a mixed product of
the vectors a, b, ¢ but they are all equal to & the volume of the paral-
lelepiped V; six are positive with right-handed ordering, six are negative
with left-handed ordering. The mixed product also inherits distributiv-
ity properties from those of the dot and cross products. We can abstract
all these algebraic properties as follows.

6.2 Determinant

A mixed product is a scalar function of three vectors called the deter-

manant:
(a x b) - ¢ = det(a, b, ¢). (6.3)

This determinant is a function that takes three vector inputs and returns
a scalar output, that is det : E3 x E? x E3 — R.

The determinant has three fundamental properties that are its defining
properties to extend the determinant concept to other vector spaces such
as R™:

(1) det(a, b, c) changes sign if any two vectors are interchanged, for
example,

det(a, b, c) = — det(b, a, c) = det(b, ¢, a); (6.4a)

(2) det(a,b,c) is multilinear, that is linear in each of its vector ar-
guments separately; for example V a3, as € R, and Vaq,a9,b,c
€ E3,

det(a1a1 +aza9, b, ¢) = a; det(aq, b, ¢) + az det(as, b, c); (6.4b)

(3) det(a, b, ¢) is unity if the vectors are right-handed and orthonor-
mal, that is
det(e1,ez,e3) = 1. (6.4c)



These three properties (6.4a), (6.4b), (6.4c) fully define the determinant,
as explored in exercises 6.17, 6.18 below.

For vectors in E3, these properties directly follow from those of the
dot and cross products and geometry. Property (6.4c) is the volume
of a right-handed cubic box of unit sides. The permutation property
(6.4a) is the base x height geometric property (6.2a) together with anti-
commutativity of the cross-product. The multilinearity property (6.4b)
is a combination of the distributivity properties of the dot and cross
products,

det(aray + asas,b,¢c) = (v1a1 + azaz) - (b x ¢)
=aar+(bxc)+azas:(bxc)
= aj det(aq, b, ¢) + as det(az, b, c).

It follows from the three defining properties (6.4) that the determinant
is zero if any two vectors are identical (from (6.4a)), or if any vector is
zero (from (6.4b) with @ = 1 and w = 0), and that the determinant does
not change if we add a multiple of one vector to another; for example,

det(a,b,a) =0,
det(a,0,c) =0, (6.5)
det(a,b,c+ aa) = det(a, b, c).

Geometrically, this last property corresponds to a shearing of the par-

allelepiped in the a direction, with no change in volume or orientation.
The determinant determines whether three vectors a, b, ¢ are linearly

independent and can be used as a basis for the vector space,

det(a,b,c) #0 < {a,b,c} form a basis. (6.6)

If det(a, b, c) = 0, then either one of the vectors is zero or they are co-
planar and a, b, ¢ cannot provide a basis for vectors in E3. This is how
the determinant is introduced in linear algebra: it determines whether a
system of linear equations has a solution. But the determinant is much
more than a number that may or may not be zero; it determines the
volume of the parallelepiped and the orientation of its edges.

6.3 Cartesian determinant

Expanding the vectors a, b, ¢ in terms of a right-handed orthonormal
basis {e1, es,e3},

a=ae;, b=bje;, c=cpe;

(summation convention) with e; x e; « ex = € (5.3), the distributivity
properties of dot and cross products yield

det(a,b,c) = (a x b) - ¢ = a;bjci(e; X €;) - e, = €5 a;bjc.  (6.7)

6.3 Cartesian determinant 5F
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Fig. 6.2 Graphical rule for 3-by-3 de-
terminants recovers (6.8a).

Expanding that expression

€ijk aibjck = a1b203 + a2b301 —+ a3b162 (6 8 )
.0a
— agbicz — arbzca — agbacy,

we recover the algebraic determinant usually denoted with vertical bars,
ayp az ag

b1 bg bg £ €ijk aibjck. (68b)
C1 C2 C3

For 3-by-3 determinants, the determinant formula (6.8a) can be recon-
structed with the graphical mnemonic (known as rule of Sarrus) shown
in Fig. 6.2: copy the first two columns next to the third, add the prod-
ucts of the southeast diagonal elements, and subtract the products of
the southwest diagonal elements.

a; az as| ap as
bl\ngb;g /b2
61/62‘>i03 C'l\\A(fQ\
-5 - + 7+ T+

by

The algebraic determinant (6.8a) is a sum of row-ordered products
a;bjc, with one and only one factor from each row and each column,
and a positive (negative) sign if the column order is an even (odd) per-
mutation of the row order. Therefore, it does not matter whether we
put the vector components along rows or columns,

a; a2 as ap bl C1
b1 bg b3 = |a2 bg Co| = €5k aibjck. (69)
C1 Co C3 as b3 C3

This is a general property that the determinant of a square matrix equals
the determinant of its transpose, det A = det AT.

This familiar algebraic determinant has the same three fundamental
properties (6.4a), (6.4b), (6.4c), of course:

(1) Tt changes sign if any two columns (or rows) are permuted, e.g.

a1 b by a1 ¢
as b2 Co| = — bg as Cof. (610&)
a3 by c3 b3 as c3

(2) It is multilinear, that is linear in each of its columns (or rows)
separately, for example, Vo, (ug,us,us),

aal +up by ¢ a; b1 uy by ¢
aas+us by cal=alaz by co|+|ua b2 co|. (6.10b)
aasz +us bs c3 az by c3 us by c3

(3) Finally, the determinant of the natural basis is

1.0 0
01 0/=1. (6.10c)
00 1



We deduce from these three defining properties that the determinant
vanishes if any column (or row) is zero or if any column (or row) is a
multiple of another, and that the determinant does not change if we add
to one column (row) a linear combination of the other columns (rows).
These properties are the algebraic equivalents of (6.5), and enable cal-
culating determinants by row (or column) elimination as discussed in
linear algebra courses.

Cofactor expansion

Another useful formula for determinants, in addition to the €;;pa;b;cy
formula (6.7) is the Laplace or cofactor expansion in terms of 2-by-2
determinants. For example,

ar b1

c by ¢ by ¢
as by o] = ay b2 c2 . bl Ut ag bl C1
as by cs 3 3 2 C2
— as Ca Y by ap ¢ by ar ¢ (6.11)
ag c3 3 C3 az C2
as by a1 b ar by
T Uag bs| T @ |ag 53‘ T ay byl
where the 2-by-2 determinants are
ai bi| a
as b2 = albg - agbl = Gijgaibj.
These Laplace formulas are simply a-(bx ¢) = —b-(axc) =c-(axb)

expressed with respect to a right-handed orthonormal basis and can also
be derived from the full formula using index notation. Indeed,

eijkaibjck = aleljkbjck + CLQEijbjCk + a363jkbjck
= bi€;11aiCr + ba€iora;cy + bsezpaicy (6.12)
= c1€6;51a;b5 + C2€i52a;b; + c3€i53a:b;.

The cofactor expansion is particularly useful when one row (or column)
has zeros, for example, if by = 0 = b3.

FExercises 5

Exercises

(6.1) Show that a,b, —a, —b is a counterclockwise cycle, and A < (

az bz

a bl‘ =a1b2—azb1 :A

is the signed area A of the parallelogram with sides
a = ai1e1+azez and b = bye; +byes, with A > 0 if

if the cycle is clockwise. Sketch.
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(6.2)

(6.7)

(6.8)

(6.9)

(6.10)

Prove the (Lagrange) identity

(@axb):(axb)=(a-a)b:-b)—(a-b)’
a-a a-b
a-b b-b

’ (6.13)

using (1) vector identities, and (2) cartesian index
notation.

Prove the (Cauchy—Binet) identity

(axb)-(ecxd)=(a-c)(b-d)—(a-d)(b-c)
a-c a-d
b-c b-d

’ (6.14)

using (1) vector identities, and (2) cartesian index
notation.

Show that
(axb)x(bxec)=(axb-c)b.
Show that
(@axb)yx(bxe)-(cxa)=(axb-c)
True or false:
(axb)x(ecxd)=((axb)xe)xd.

Justify geometrically.

Triple cross product. Show that
(axb)x(cxd)
=(axb-dyjc—(axb-c)d
=—(cxd-b)a+(cxd-a)b. (6.15)
Show that
(axb-c)v
=(wvxb-c)at+(axv-c)b+(axb-v)ec.
(6.16)
If det(a, b,c) # 0, then any vector v can be ex-

panded as v = aa+ b+ ~vyc. Find explicit expres-
sions for the components «, £, v in terms of v,
and a, b, c in the general case when the latter are
not orthogonal. (Hint: dot v with cross products
of the basis vectors a, b, ¢, then collect the mixed
products into determinants and deduce Cramer’s
rule.)

Explain why
—la| |b] |c| < det(a, b, c) < |a][b]]|c|.

When do the equalities apply?

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

Show that
det(a, b, c) = |a| |b||c|sin p cosf.

Specify ¢ and 6. Are those angles unique? Sketch.

Consider v(s,t) = sa+tb+c. Find s, t that make
|v| a minimum. Solve in two ways: geometrically
by visualizing the set of vectors v(s,t) and using
calculus by minimizing |v(s,t)|. Derive a simple
formula for the v of minimum magnitude.

Least squares. Given arbitrary vectors a1, az, b,
find © = z1a1 + x2a2, such that |& — b| is mini-
mum. Derive an explicit formula for @. Sketch.

If a x b-c=J, show that
(@xb)x (bxc):(cxa)=J

Given any three vectors ai, a2, as such that
J =a1 X az-asz # 0, define

v -1

a; = J az X as,

&2 = J_l as X ai, (617)
o —1

as = J a; X as.

Show that {@1, &2, s} is the reciprocal of the basis
{a1,a2,as}, in the sense that
(a) ai-d; = dij,
(b) a; X as a3 = J717
(c) @i = eiju(a; x ar)/(2J),
(d) a; = €;x(d; x @x)/(2J7 1), so the inverse of
the inverse is the original basis.
(e) If v = ¥;a; = v; @i, then v; = v - a; and
U; = v+ G, so the components in one basis are
obtained by projecting onto the reciprocal basis.*
(f) Show that, as a special case of these v expan-
sions,

a; = (@i - d;) a; = gij a;,
= gij Gj,
where ¢;; = a; - a; and §;; = @; + @; are the re-
spective metrics (3.16).

(6.18)

a; = (a;-a;)a&;

Show that for any a1, a2, as,
a; X aj; - ar = €k a1 X az - as.

Use the alternating property (6.4a) to show that
det(e;, e;,er) = €5k, and more generally for any
vectors a1, a2, as:

det(ai7aj,ak) = €ijk det(al,ag,ag). (619)

IRicci notation using upper indices a® = @; is discussed in §14.4, 15.2, 16.4.



(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

Use multilinearity (6.4b) and exercise 6.17 to show
that if @ = a;e;, b = bjej, ¢ = cper (summation
convention), then det(a, b, ¢) = €;xa:b;ck.

Use multilinearity (6.4b) to show that (with sum-
mation convention),

det(aiai, Bjaj, VeQk) = €k i B Vk det(a1, asz, a3).
(6.20)
If V = €jkaina;2ar3, explain/show why
€ijk QilQjmAkn = €lmnV.
Use (6.4) to show that if ¢; = aj;b; (sum over j),
then

ailr  aiz2 ais
det(er, €2, ¢3) = |az1  aze  ass|det(by, bz, bs).
a1 as2 ass

Use (6.10) to show that if ¢;; = aikbr; (sum over
k), then

c11 Cc12 C13 a1l aiz  aiz||bir bz bis
C21  Co2  C23| = |a21 a2z a23| (b2 b2z bos|.
€31 32 €33 a31 a3z az3||bs1 b3z bs3

Prove the (Cauchy—Binet) identity
a-u a-v a-w
(axb-c)(uxv-w)=|b-u b-v b-w|.
c-u c-v c-w

If A is the area the parallelogram with sides a and
b, show the identities

a-a a-b
0 b, by

a-a a-b

2_
A= a-b b-b

2,2
=a bJ_.

Consider the successive orthogonalizations (3.6)

(a,b,¢) = (a,bi,ci) — (a,bi,ci1), (6.21)

where b, and ¢, are perpendicular to a, while
c) 1 is perpendicular to both @ and b,. Ex-
plain geometrically why these transformations do
not change the volume. Explain algebraically why
these transformations do not change the determs-
nant. If a, b1, c1 1 are the magnitudes of the cor-
responding vectors, show that axb-c = +ab,cy 1,
but the sign cannot be determined from dot prod-
ucts alone.

If V is the volume of the parallelepiped a, b, ¢
show that

a-a a-b a-c
Vi=|b-a b-b b-c
c-a c¢c-b c-c
a-a a-b a-c
= 0 bL-bl bL'CL IU,QbiCiJ_
0 0 ci1-Cl1
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where b, and ¢, are L to a, while ¢, | is L tc
both a and b, . (Hint: use row elimination, anc
interpret geometrically.)

%

Fig. 6.3 Spherical triangles ABC and A’B’C".

(6.27) Spherical triangle. Three points A, B,C on a unit

sphere, connected by arcs of great circles, form ¢
geodesic triangle (Fig. 6.3). A great circle is a cir-
cle on the sphere whose center is that of the sphere
Let a,b,c be the lengths of arcs BC, CA, AB
equal to their radian measure on a unit sphere
and «, (3, v the inner angles between the (tan-
gents to the) arcs at A, B, and C, respectively
The center of the sphere is the origin O and define

A—-0A, B-=-0B, C=0B.

Take a,b,c as the smallest arcs joining the ver-
tices, so all angles are between 0 and 7, and ABC
is a proper geodesic triangle with each circular arc
the shortest distance between the vertices on the
sphere. Assume furthermore, that vertices are la-
beled such that A, B, C is right-handed, that is
AxB-C>0.
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(6.28)

(a) Calculate (A x B) (A x C) in two ways to
obtain the spherical law of cosines for sides,

cosa = cosbcosc+ sinbsinc cos (6.22)

with similar identities for cosb and cosc by cyclic
rotations of the symbols. (Hint: use (1) Fig. 6.4
for a direct calculation, and (2) vector identities.)

Fig. 6.4 Angles between planes AOB and AOC.

(b) Derive the spherical law of sines

sina  sinf  sinvy

(6.23)

sina  sinb  sinc
using spherical coordinates with polar axis z = A
and B in the xzz-plane, to show that A x B-C =
sin ¢ (sin bsin «); then cyclic rotations that do not
change the mixed product.

(¢) For a sphere of radius R, where a,b,c
need to be replaced by their radian measures
a/R,b/R,c/R in the above formulas (6.22), (6.23),
show that R — oo, with a, b, ¢ fixed yields the law
of cosines and the law of sines for flat triangles:

a? =b% + ¢ — 2bccos a,

besina = casin B = absin~y.

Spherical polar triangle. Let A, B,C be three
points on a unit sphere, with position vectors
A, B,C from the center of the sphere at O. As
in problem 6.27, a, b, ¢ are the lengths of the great
circle arcs connecting BC', CA, AB, equal to their
radian measures on a unit sphere, and «, 3, are
the angles between the arcs at A, B,C. Restrict
to proper geodesic triangles formed by the short-
est arcs joining the vertices, so all angles are less
or equal to m, then

A - B =cosc,
B.-C =cosa,
C - A =cosb,

AXx B =sincC’,
B x C =sina A’,
Cx A=sinbB,

(6.24)

where A’, B’, C’ are unit vectors, with A’ the po-
lar axis to the BC equator, and similarly for B’
and C’ (Fig. 6.5).

Fig. 6.5 Relative poles A’, B’,C".

(a) From (6.24) and vector algebra, deduce
A" B =—cosy, A 'xB' =sinyC,
B'.C'=—-cosa, B' xC' =sinaA, (6.25)
C'-A'=—cosf, C' xA =sinfB.

(b) Use (A’ x B')- (A’ x C") to derive the law of

cosines for angles

cosa = —cos fcosy + cosasin Bsiny, (6.26)

with similar equations for cos 8 and cos~y by cyclic
rotations of the symbols.

Fig. 6.6 Geodesic polar triangle A’B’C’.



(c) For the geodesic polar triangle A'B'C’
(Fig. 6.6), define the lengths of those arcs
B'C',C'A',A'B’ as d’,b/,c’ and the angles be-
tween those arcs at A’, B’,C" as o/, 8',7’, respec-
tively. Justify geometrically why

a/:wfoz, O/:ﬂ'*a,
bV=n—-p3, p =n->, (6.27)

/ /
c=m—7, y =mwm-—c

Deduce (6.25) from these.
(d) From the law of sines (6.23), show that

A’ A =sinfsinc = sinbsin~y, (6.28)

and similarly for B’ - B and C’ - C by cyclic rota-
tions of symbols.

(e) Explain why {C’, A, C"x A} is a right handed
orthonormal basis, and deduce from (6.28), (6.24),
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(6.25), or geometrically, that

A’ =sinfsincA —sinfBcosc C’' x A —cosC’,
B =coscA+sincC’ x A,
C =cosbA +sinb (cosa C' x A—ﬁ—sinaC’) .
(6.29
From B x C = sina A’, deduce the identity

cosasinbcosc—cosbsinc = —cos Bsina. (6.30

Similarly, find A’, B,C in terms of the basis
{A, B’, A x B'}, and derive the identity

cosacosbsinc—sinbcosc = —cosysina. (6.31

(f) Derive identity (6.30) by substituting the ex-
pression for cosa in (6.22) into the corresponding
one for cosb. Likewise, derive (6.31) from (6.22'
by substituting the expression for cosa into that
for cosc.

Further spherical trigonometry results and insights
can be found in Isaac Todhunter’s textbook.?

21. Todhunter, Spherical Trigonometry, Macmillan, 1886. https://www.gutenberg.org/ebooks/19770



Points, Lines, Planes, etc.

7.1 Radius vector

In multivariable calculus and linear algebra it is expedient to confuse
points and vectors. In R? for instance, a point P is defined as a triplet
(z1,22,23) but a vector a is also defined by a real number triplet
(a1,a2,as); yet in physical space, points and displacements are different
objects. Two points define a displacement, and a line. Displacements
can be added and scaled, but points are not added or scaled.

The confusion arises from the fundamental way to locate points in
euclidean space by specifying displacements from a reference point called
the origin and denoted O. A point P is then specified by providing the
displacement r = OP from the reference point O. That vector r is
called the radius or position® vector of point P (Fig. 7.1).

A cartesian system of coordinates consists of a reference point O and
three mutually orthogonal directions X, ¥, Zz that provide a basis for
displacements in 3D euclidean space E3. The radius vector » = OP of
point P can then be specified in spherical, cylindrical, or cartesian form
as in §1.3, now for the radius vector r instead of the arbitrary vector a,

O?:r:rf:pﬁ—i—zizxi—&—yy—i—zi. (7.1)
The meridional plane equality r# = pp + 2z with p -z = 0 yields

r\/p2+22} - {pzrsinﬁ (72)

arccos(z/r) z=rcosb.

Similarly, the equatorial plane equality pp = zX +yy with Xx-y =0

gives
L L [
» = atan2(y, x) y = psin .
Eliminating p from (7.2) and (7.3) gives
T:\/m x =rsinfcosyp
0 = arccos(z/r) & y =rsinfsing (7.4)

» = atan2(y, x) z=rcosf

with 0 <0 <7 and —7 < ¢ <.

7.1 Radius vector 68
7.2 Lines 64
7.3 Planes 6f
7.4 Spheres 6%
7.5 Beyond cartesian 6
Exercises 6¢

Fig. 7.1 Radius vector r = O?
a.k.a. the position vector, in spherical
cylindrical, and cartesian coordinates
eqn (7.1). In the physics and ISO con-
ventions, 6 is the angle between Z anc

T.

1Using p for position vector is avoided since it is used for momentum p = mw in physics.
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Fig. 7.2 Line through A, parallel to a.

We can also deduce expressions for the direction vectors p and # in
terms of the cartesian directions X, ¥, Z,

p=cospX+sinpy, 7 =sinf p+ cosfz. (7.5)

We refer to these as hybrid representations using spherical coordinates
(0, p) with cartesian direction vectors X, ¥, Z, to distinguish them from
the full cartesian expressions

. TX+yy . TX+Yy+zz
p= ", =
/x2+y2 /$2+y2+22

Note that € is the angle between Z and r (called the polar or zenith
or inclination angle, depending on the context) while ¢ is the azimuthal
angle about the z axis, the angle between the (z, %) and the (Z, r) planes.
The distance to the origin is r while p = r is the distance to the z-axis.
This is the physics convention in ISO 80000-2 (International Standards
Organization) widely used in mathematical physics. See for example
Fig. 10-10 in Volume III of The Feynman Lectures on Physics.? Amer-
ican calculus teachers often reverse the definitions of # and ¢, creating
confusion for students in the physical sciences.

The unit vectors X, ¥, Z form a basis for 3D euclidean vector space,
but p and z do not, and 7 does not either. The cartesian basis X, ¥, Z
consists of three fixed and mutually orthogonal directions independent
of P, but p and 7 depend on the location of P with respect to O; each
point has its own p and #. We will construct full cylindrical and spherical
orthogonal bases, (g, @,2) and (7, 0, @), later in vector calculus. These
cylindrical and spherical basis vectors vary with position P. They yield
local bases for vector functions of position P.

Once a cartesian system of coordinates, O, X, ¥, z, has been chosen,
the cartesian coordinates (x,y,z) of P are the cartesian components
of r = X+ yy + 2z. The cylindrical coordinates of P are (p,p, z)
and its spherical coordinates are (1,0, ), but cylindrical and spherical
coordinates are not vector components. They are the cylindrical and
spherical representations of r.

(7.6)

7.2 Lines

The line through point A that is parallel to the vector a consists of all
points P such that (Fig. 7.2)

AP=ta, VieR. (7.72)

This vector equation expresses that the \ic)tor ﬁ is parallel to a. In
terms of an origin O we have r = Oj = OA—|—ﬁ =174+ AP, that is

r=rs+ta. (7.7b)

®http://www.feynmanlectures.caltech.edu/III_10.html#Ch10-F10



This is the parametric vector equation of the line. The real number ¢
is the parameter; it is the coordinate of P in the system of coordinates
(A, @) with reference point A and basis vector a. We can eliminate ¢ by
taking the cross product of (7.7b) with a to obtain the implicit equation

(r—r4s)xa=0. (7.7¢)

In cartesian coordinates, 1 = X + y¥ + 22, 14 = TAX + yay + 247,
and @ = a;X + a,¥ + a.Z; thus, (7.7b) yields
r=x5+tay,
Yy =1ya+tay, (7.7d)
z2=2za+ta,,

which provides a map from ¢t € R — (z,y, z) € R3. Eliminating ¢ yields
the implicit equations for the line

T—TAa _Y—Ya _

Qg Qy a,

Z—ZA

(7.7¢)

Notation We use r for the radius vector of a variable point P with
cartesian coordinates (z,y,z). We use r4 for the radius vector of a
specific point A with cartesian coordinates (x4, ya,24), and (ag, ay, a,)
for the cartesian components of vector a, to help distinguish between
points and vectors.

7.3 Planes

The equation of a plane passing through point A and parallel to the
vectors a and b consists of all points P such that (Fig. 7.3)

ﬁ:ucH—vb, Yu,v € R. (7.8a)
In terms of an origin O, with r = O? = @)1 + /ﬁ, that is
r=ratua+uvb. (7.8b)

This is the parametric vector equation of that plane with real parameters
u, v, that are the coordinates of P in the system of coordinates specified
by A, a, b. The parameters u and v can be eliminated by dotting the
parametric equation (7.8b) with n = a x b, yielding

zﬁ)-n:(r—rA)-n:O. (7.8¢)

This is the implicit equation of the plane passing through A and per-
pendicular to n (Fig. 7.4).
In cartesian coordinates, the vector equation r = r4 + ua + vb reads
r=xa+ua, +vb,,
Y=ya+uay+vby, (7.8d)
z=zp+ua,+vb,,

7.3 Planes 6f

Fig. 7.3 Plane through point A paralle
to a and b.

Fig. 7.4 Plane through point A per-
pendicular to n.
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Fig. 7.5 Line and plane.

that provide a map from (u,v) € R? = (z,y,2z) € R3, while the implicit
equation (r —r4) - n = 0 reads

Na(x —xa) +ny(y —ya) +n-(z — z4) =0, (7.8¢)

where n, = (ayb, — azby), ny = (a.by — azb.), n. = (azby — ayby).

Line and plane

To illustrate the judicious use of these various parametric and implicit
equations of lines and planes, consider finding the point of intersection
of a line and a plane. There is a unique point of intersection, in general,
unless the line is parallel to the plane (no intersection), or the line is in
the plane (all points are in the plane).

Let the line be that passing through point A, parallel to vector a so
its parametric and implicit equations are (7.7b) and (7.7¢), and let the
plane pass through point B and parallel to vectors b and ¢ (Fig. 7.5),
so its parametric and implicit equations are

r=rgp+ub+ve & (r—rp)-(bxec)=0,

in lieu of (7.8b) and (7.8c), since the reference point A and direction
a for the line and the plane are distinct, in general. There are four
distinct formulations, depending on the choice of implicit or parametric
equations for the line and the plane.

(a) Implicit—implicit: Find 7 such that
(r—rs)xa=0 and (r—rpg)-(bxec)=0. (7.9a)

In cartesian coordinates, this yields a 4-by-3 linear system of equations
for r = (z,y, z) that can be solved by elimination (exercise 7.6).

(b) Parametric-parametric: If v is on the line, then r = r4 + ta for
some t. If it is on the plane then r» = rp + ub + ve, for some wu,v.
Eliminating r gives

ra+ta=rp+ub+tvc, (7.9b)

which is a 3-by-3 linear system for the parameters (¢, u,v).

(¢) Implicit-parametric: A third solution method is to use implicit
equation for the line (r — r4) x a = 0 together with the parametric
equation for the plane, » = rg + ub + ve. Substituting for 7 yields a
3-by-2 linear system for u and v,

(axblu+(axec)v=ax(rg—rp). (7.9¢)

(d) Parametric—implicit: The winning combination is to use the para-
metric equation for the line together with the implicit equation for the
plane since, to locate the intersection, we just need to find ¢ along
the line. Thus, the intersection is given by the value of ¢ such that
r = r4 + ta satisfies (r — rp) - (b X ¢) = 0. Substituting for r and
solving for ¢ gives
(rg—ra)-(bxc)

b= a-(bxc)

(7.9d)



7.4 Spheres

The implicit equation of a sphere of radius R centered at C'is |[r —ra| =
R, that is
(r—rc)-(r—rc) =R (7.10)

The parametric equation of that sphere is (Fig. 7.6)
r=rc+ Ra, (7.11)

where @ is any direction in 3D space. We have seen in eqn (1.13c) that
such a direction can be expressed as

a(0,p) =cospsinf X + sinpsinf § + cos b Z,

where X, ¥, Z are any set of mutually orthogonal unit vectors. The angles
0 and ¢ are the two parameters for the sphere.
In cartesian coordinates, the implicit vector equation (7.10) becomes

(z —2c)? + (y —yo)* + (2 — 2¢)” = R,
and the parametric equation (7.11) reads

x = xc + Rsinf cos p,
y =1yc + Rsinfsin g,
z=zc + Rcosf.

7.5 Beyond cartesian

Cartesian coordinates (x,y) specify the position of point P with respect
to an origin O by specifying signed distances in two orthogonal directions
(Fig. 7.7). Cartesian coordinates are fundamental for euclidean space,
but there are many other useful ways to specify the coordinates of P.
Polar coordinates (r, @) allow us to go straight to the point by specifying
distance r in direction ¢ (Fig. 7.8).

Biradial coordinates (aq,as) allow us to triangulate our position P
from, say, two lighthouses located at points F; and F5, by measuring
the angles between the lines F} P, F5 P and the northern direction, thus
locating P as the intersection of two radials, one from F; and one from
Fy (Fig. 7.9).

Bicircular coordinates locate P using the distances s; = |F1P| and
s9 = |F3P| as in the global positioning system (GPS) that measures
distance from satellites in 3D space. The point P is the intersection
of two circles in 2D, and three spheres in 3D (Fig. 7.10). The GPS
system uses redundancy and least squares to determine points uniquely
and robustly.

Apollonian coordinates locate P using the ratio of distances s1/s2
and the difference of the angles ©v = as — a;. These are orthogonal
coordinates, since P is then the intersection of Apollonian circles that
meet orthogonally (Fig. 7.11).

7.4 Spheres 61

0]
Fig. 7.6 Sphere centered at C.

0] T
Fig. 7.7 Cartesian coordinates (z,y).

P

0
Fig. 7.8 Polar coordinates (r, ¢).
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Fig. 7.9 Biradials (a1, a2).

S1
52

Iy s
Fig. 7.10 Bicircles (s1, s2).

Fig. 7.11 Apollonian coordinates
u=az— aj and s1/s2.

Fig. 7.12 Bipolar coordinate curves
u = =£(n/4,2w/4,37/4) and v =
+(0.5,1,1.5) are Apollonian circles,
with (u,v) = (a2 — a1,In(s1/s2)) for
ai,02,81, 82, as in Figs. 7.9 and 7.10.

Bipolar coordinates are even better. They use the natural log of the
distance ratio, v = In(s1/s2) instead of s1/s2, together with the angle
difference u = ag — a1. Bipolar coordinates (u,v) are not only or-
thogonal but also conformal; that is, they preserve all angles as will be
discussed later in vector and complex calculus (Fig. 7.12). Bipolar coor-
dinates are the natural coordinates if there are two electric line charges
of opposite sign at F; and Fy in electrostatics, two opposite line cur-
rents in magnetostatics, a line source and a line sink in fluid dynamics,
or counter-rotating line vortices in aerodynamics, such as the trailing
vortices behind an airplane. These will be revisited in §16.2 and 16.3.

Of all these useful coordinate systems, only (z,y) correspond to com-
ponents of the position vector r in the basis (X,¥). Coordinates of points
are usually not the components of vectors. We will study these and other
curvilinear coordinates later in vector calculus. But before going beyond
cartesian, we study how to switch from one cartesian basis to another
in chapter 8.

S1
52

I I
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Exercises

(7.1)

(7.2)

(7.5)

(7.7)
(7.8)

(7.9)

Consider the point A whose position vector 74 =
OA is the average of the position vectors of three
arbitrary points P, P>, Ps in 3D euclidean space,

aT1i+T2+73
3

Show that A lies on each of the medians of the
triangle Py, P2, Ps and is therefore independent of
the origin O.

Center of mass. The center of mass of a system
of N particles of mass m; located at position 7;,
t=1,..., N, is the mass-averaged position defined

by
1 X
A o
r.= ;_1 mir;

where M = vazl m; is the total mass. Show that
r. is independent of the origin. (Consider O’ # O
and define 7} as the position vector of P; from
O’. Show that the mass-averaged position from
O is the same point as the mass-averaged position
from O'.)

Find vector equations for the line passing through
the two points with radius vectors r1, r2, and for
the plane through the three points 1, ra, r3.

Let r4 and rp be the position vectors of points
A and B, respectively, and consider all points
r = (ara + Bre)/(a + B) for all real o and 3
with a+ 8 # 0. Do these points lie along a line or
a plane? Explain.

Let T4, B, rc be the position vectors of points A,
B and C in 3D space, respectively, and consider
all points » = (ara + Bre +yrc))/(a+ B+ 7) for
all real o, B, v with a + 8+~ # 0. Show that
these points lie on a plane. Which plane is it?

Express (7.9a) in cartesian coordinates. When is
the 4-by-3 linear system solvable? When is there
a unique solution? Infinitely many solutions? An-
swer using elimination (row reduction) as well as
using vectors and geometry.

Derive (7.9d) by dotting (7.9b) with a suitable vec-
tor. Which vector is that?

Find u by dotting (7.9c) with a suitable vector,
then find v in a similar way.

What is the distance between point A and the

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

plane that passes through B and is perpendicu-
lar to n? Sketch and explain.

What is the distance between point B and the line
that passes through A and is parallel to a? Sketcl
and explain.

Find the point on plane A, B, C that is closest tc
point D. Sketch and explain.

A laser pointer is located at point L, its beam
pointing in the direction of b. Where does it hil
the plane passing through points A, B, C? Sketcl
and explain.

What is the distance between the line parallel tc
a that passes through point A and the line paral-
lel to b that passes through point B? Sketch anc
explain.

A particle was at point P; at time ¢; and is moving
at the constant velocity vi. Another particle was
at P» at t2 and is moving at the constant velocity
v2. How close did the particles get to each othe
and at what time? What conditions are needec
for a collision?

Show that all ’s such that a - # = b is a cone, not
a plane. Which cone is it?

Find all »’s such that (r — r4) -d@ = 0 anc
(r—17rp)- b = 0, by expressing r in terms of the
intrinsic basis {@,a x b, (@ x b) x @}. Sketch anc
discuss the geometry.

Find the intersections of a line passing through
point A in the direction of a and the sphere o
radius R centered at point C'. Illustrate.

Construct a vector parametrization for the inter-
section of the plane a - » = b and the sphere o
radius R centered at C'. Illustrate.

For the geodesic triangle ABC on a unit sphere o
center O (Fig. 6.3), use spherical coordinates (0, ¢
with OA as polar axis, and AB as prime merid-
ian with ¢ = 0 such that (0s,¢B) = (¢,0) anc
(Bc,oc) = (b,a), and AC is the ¢ = a meridian
In that underlying cartesian basis,

A=

Z, B = Xsinc+ Zcosc,
C = (kcosa+ ysina)sinb + zZ cosb.

Assume that ABC is a proper geodesic triangle
and the labeling of B and C insures that all an-
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(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

gles are between 0 and w. The BC' geodesic is the
intersection of the sphere (6, ) with the plane
OBC such that - B x C =sinar- A’ =0.
Show that the BC geodesic is given by
cot @ = — tan 0, cos(p — @x). (7.12a)

Characterize the point with coordinates (6., ¢x).
Use (6.29) to obtain

cos @, =sinfBsinc > 0,
sin 0. cos g, = —sin B cosc, (7.12b)
sin 0, sin p, = — cos 3.

That will be used later to compute the area of a
spherical triangle (13.25).

Find an explicit formula for all r’s such that
|r —ral = a and |r — rg| = b. Sketch and in-
terpret geometrically.

Find an explicit formula for all r’s such that
|r| = a and @ - # = b. Interpret geometrically.

Given three points Pi, P, Ps in 3D space,
specified by their cartesian coordinates (P; =
(z1,y1,21) etc.), derive an algorithm to find the
center C' of the circle through the three points (the
circumcircle) using vector algebra. Write a code
in Matlab or Python, or your favorite language.

Delaunay triangulation. Given four points Py, P,
P>, P; in 3D space, write an algorithm to assem-
ble them into two distinct triangles such that no
vertex is inside the smallest circumscribed sphere
of any triangle formed by the other vertices.

Given three points Pi, P, Ps in 3D space,
specified by their cartesian coordinates (P; =
(z1,y1,21) etc.), derive an algorithm to find the
center I of the circle tangent to the three sides
(the inner circle) using vector algebra. Write a
code in Matlab or Python, for example.

Point C' is obtained by rotating point B about the
axis passing through point A, with direction a, by
angle « (right-hand rotation by « about a). Find
an explicit vector expression for OC in terms of
O?, OA, a and a. Make clean sketches. Express
your vector result in cartesian form.

A ray emanating from point L propagating in di-
rection a hits a triangle with vertices A, B, C' and
bounces from it according to the equal angles law
of reflection. Construct the vector equation of the
reflected ray in terms of the data. How do you
check the data to verify that the ray does hit the
triangle?

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

The skull surface is specified by a database of
N triangles (Fig. 7.13). Each triangle has three

i s
vertices Py, P1, P> ordered such that PyP; x Py Ps
is pointing outward. Each vertex is specified in
cartesian coordinates. To visualize the skull sur-
face as seen from direction @, the triangles on the
‘backside’ are not drawn. Construct an algorithm
to: (1) decide which triangles to draw, and (2)
decide on the brightness of the triangles.

Fig. 7.13 Skull surface. Courtesy of Rineau and
Yvinec, The Computational Geometry Algorithms Li-
brary, https://www.cgal.org.

Prove that all points P with a fixed angle between
the lines from P to two fixed points Fi, F», lie on
a circle (in 2D, Fig. 7.11).

Prove that all points P with a fixed ratio of dis-
tances to two fixed points Fy, Fb, lie on a circle
(in 2D, Fig. 7.11).

Derive the cartesian (x,y) to biangular (au,a2)
equations

a1 = atan2(y,z + a)
a2 = atan2(y,z — a)

x =a(ts +t1)/(t2 — t1)
y = 2at1t2/(t2 - tl),

where t1 = tan au, t2 = tan oz, and the (z,y) axes
are such that Fi, F» are at (%a,0), respectively.

Derive the cartesian (z,y) to bipolar (u,v) coor-



dinates equations (Fig. 7.11)

u = atan2 (2ay, 22+ — az),

v=1mn (%) ’ (7.13)

where u = a2 — a1, v = In(s1/s2), and the (z,y)
axes are such that Fi, F> are at (%a,0), respec-
tively. Deduce that

2ay
tany = ———,
22 + 42 — a2
2
tanhv = ar

x2+y2+a2’
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and derive the inverse relations (u,v) — (z,y),

sinh v

ai’
coshv — cosu (7.14
sinu T
y=a_————
coshv — cosu
(an important constraint in the full derivation i

that y/sin(u) > 0), where

v —v v —v
e +e . e —e
coshv = ——— sinhv=———
2 2
sinh v
tanhv =
cosh v

are the hyperbolic cosine, sine, and tangent func-
tions, respectively, that satisfy the identity

2 . 2
cosh” v —sinh“v = 1.



Orthogonal
Transformations

An orthogonal transformation is a linear transformation of vectors that
preserves all dot products, and thus all magnitudes and angles. Our
first example is the transformation of cartesian components of a vector
when changing from one cartesian basis to another. We learn about
orthogonal matrices and Euler angles. The chapter ends with discussion
of body-fixed and space-fixed rotations.

8.1 Change of cartesian basis

A vector v is represented by two distinct sets of cartesian components
(v1,v2) and (vf,v4) in 2D as shown in Fig. 8.1. The relations between
the components (v1,v2) and (v],v4) can be found using geometry and
trigonometry,

/ .

V] = v1cCosa+ vzsinaq,

{ ! (8.1)

2

Vo = —¥p Sina + vs COS .

These transformation equations can be written in matriz—vector form as

V] cosa  sina| |v
v —sina  cosa| |veg
where the matrix—vector product is performed row by column as given

in (8.1).

Deriving eqn (8.1) from Fig. 8.1 is a good exercise in geometry and
trigonometry, but it is easier to obtain the transformation rules by us-
ing basis vectors explicitly (Fig. 8.2). The starting point is the vector
identity

v =vie; + vaey = vie] + vhel. (8.3a)

Dotting (8.3a) with e} and e}, using orthonormality e; - € = d;;, yields

/ / / /
Vv =€; -V =e€;- e V] e ey,
/ / / /
Uy = €5+ V =€y - €1 V1 + € - e U,

which is clearer in matrix—vector form

vi|  |el-er € -ex] [v1] | cosa sinal |vg (8.3b)
vl e,-e; e,-ex vy —sina cosal| |val’ ’

8.1 Change of cartesian basis
8.2 Direction cosine matrix

8.3 Vector, index, and matrix

notations

8.4 Orthogonal matrices

8.5 Euler angles

8.6 Rotations and reflections

Exercises

7
TE

Fig. 8.1 Two cartesian representations

of v.

Fig. 8.2 Change of cartesian bases ir

2D.
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Fig. 8.3 Qij = eé c€j.

recovering (8.2) since, reading off Fig. 8.2,

e -e = cosa, €]-ex=sinaq,
e,-e; =—sina, e,-e;=cosq.
The inverse transformation is obtained by dotting (8.3a) with e; and
ey, using e; - e; = 0y, yielding

vi|  |er-e] ej-e] [vi]|  [cosa —sinal |v] (8.3¢)
va|  |ea-€] eg-eh| |vh|  |sina  cosa | |vh|° '
A transformation (vy,vy) — (v}, v}) followed by its inverse (vi,v5) —

(v1,v2) should return the original components. Indeed, substituting
(8.2) for (vi,v4) into (8.3c) gives

vi|  |cosa —sina cosa  sina| v
ve|  |siha  cosa —sina  cosa| vy
_ [cos? a + sin® @ 0 v] [
0 cos? o+ sin’® a| |v2 vg |’

where the matriz-matriz product is performed row by column.
For 3D space, let {e1,es,e3} and {e], €}, €5} denote two distinct or-
thonormal bases, such that
€;-€; = 52’]’ = e; . e;-. (84)
The corresponding components (v1, v, v3) and (v}, vh, v4) of a vector v
will be distinct in general, (v, ve,vs) # (v}, vh,v5), but equality of the
representations can be expressed with the basis vectors

N N >N
vV = vie1 + vy + v3e3 = vi€] + Usey + U3€es,

that is,
/N
€5

(8.5a)

v = vjej =v

with summation over repeated indices. The relationships between the
two sets of components follow from (8.5a) and simple dot products

v = e} v =(e]-e;)v; = Qivy, (8.5b)
vi=e;-v=(e;- e}) ; = Qjq U;» (8.5¢)

with
Qij = € - ej = cosbyy, (8.6a)

where 0;; is the angle between the unit vectors €] and e; (Fig. 8.3). The
Qij’s are the direction cosines yielding the components of one basis in
terms of the other

e =Qije;, € =Qie; (8.6b)



8.2 Direction cosine matrix

It is helpful to view those nine Q;; = €} - e; as the elements of a 3-by-3
matriz

Q11 Q12 Q13
Q= |Qa Qn Q| =I[Qy], (8.7)
Q31 Q32 Q33

that is, a 3-by-3 table with the first index corresponding to rows and the
second index to columns, so Qo3 is the element on row 2, column 3, for
example. The matrix Q whose elements are (8.6) is the direction cosine
matric

ej-e; ej-ex e€]-e;3 cos@; cosBis cosbis
Q= |e)-e1 €-e3 €)-e3| = |coshy cosbyy cosbas (8.8)
ef-e; ef-ex e€f-e3 cosfz; cosfzy  coslbss

Example 1 If {€/, €}, e;} is the rotation of {e1, ez, e3} about! e3 by
©, then

cosep sing 0
Q= |—sinp cosep 0], (8.9)
0 0 1
with - -
b=, ba=5 -9, On=¢p+_, bo=0p,

2 2

but (8.9) is derived from Fig. 8.4 and basic trigonometry, yielding di-
rectly

/ .
€, e = —siny,

for example, and avoiding the correct but unnecessary steps:
e, - ey = cosfla; = cos(p + 7/2) = —sinp.

Example 2 Global to local Earth basis. Let {e1, e2, e3} denote an Earth
basis with es in the polar azis direction, (er,es) in the plane of the
prime meridian and a local basis {€], e}, e} at longitude ¢, polar angle
0 (latitude A = m/2 — 0) with €] south, e} east and e; up (Fig. 8.5).
Most of the required vector analysis has already been done in section
1.3, where an arbitrary 3D direction @ is first written in terms of (Z, a, )
(1.13a) in the vertical plane (2, a), with a; then expressed in terms of
(%,¥) (1.13b) in that horizontal plane. In fact, (1.13c) gives e} = a.
A similar procedure yields €} and e} with the help of the intermediate
horizontal direction vector p = cospe; + sinpey = G, shown in Fig.
8.5. One finds that (exercise 8.8)

e] = cosfcospe; + cosfsinpes — sinfes,
e) = —sinpe; + cos e, (8.10a)
e, = sinfcospe; + sinflsinpe; + cosfes,

8.2  Direction cosine matriz

e =ej3
Fig. 8.4 Rotation about ez by .

1Positive angle directions are defined by the right-hand rule: for rotation by a about &, imagine your right thumb in the é

direction, then positive « is the direction of your curling fingers.
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Fig. 8.5 3D view of global Earth basis
{e1,e2,e3} and local basis {e], e}, e}}

at longitude ¢, polar angle 6.
south, e/, east, and ef up.

7
€; 18

yielding the transformation matrix

cosfcosp cosfsing —sinf
Q=| —sinp cos 0 . (8.10b)
sinfcosp sinfsingp cosf

The two angles ¢ and 6 specify this direction cosine matrix. In general,
three angles are needed, two to specify any one vector, the third for
rotation about that vector. The azimuthal and polar angles, (p,8),
specify e}, and a third angle, 1 say, specifies the rotation of (e}, e})
about ef; here, ¢ = 0. This is discussed in section 8.5, on Fuler angles.

8.3 Vector, index, and matrix notations

The transformation rule (8.5b) can be viewed as a row-by-column matrix—
vector product

vy Qi Q2 Quz| |n
v =Qiv; & V5| = [Qa1 Qu Qas| |v2| & v =Qv (8.11)
vy Q31 Q32 Qs3] |vs

where v/ and v are the columns of cartesian components (v, v, v4) and
(v1,v2,v3), respectively. The inverse transformation (8.5¢) is

U1 Qu Q2 Qa [vg T
v = Qv & |v2| = |Q1z Qun Qsn| vyl & v=Q'V (812

V3 Qi3 Q23 Qs3] [v5

where Q' is the transpose of Q, the matrix whose (i,7) element is the
(4, 1) element of Q

T A ..
ij - Q]’L'
The rows of Q" are the corresponding columns of Q, and vice versa.

We use bold italic v for a geometric vector, a quantity with mag-
nitude and direction independent of the system of coordinates. The



8.4

cartesian components of that vector with respect to any orthonormal
basis {e1,e3,e3} are written compactly as v; in index notation, with
i = 1,2,3. Those components (v1,v2,v3) form a vector in R?® that is
considered to be a column vector v in matrix notation. Column vectors
will be written in bold sans serif font, such as v, w. The vector, index,
and matrix are equivalent but distinct representations for the vector v

vV=v; = V.

Index notation does not in itself have the concept of “rows” and “columns,”
but it distinguishes between first and second indices, thus

Qij vj # Qji ;-

The sum @;;v; is three dot products between the rows of Q and the
column v

Qijv; = Qu,

which is the standard row-by-column product of matrix algebra. How-
ever, the sum @);;v; is three dot products between the columns of Q and
the column v. Thus, the matrix transpose concept is needed to write
Q;;v; in matrix notation, but there are still two distinct matrix ways of
interpreting @;;v; as either

_ T
le 'Uj =V Q
or
_ AT
Qjiv; =Q'v,
. T
where v' and v' Q are row vectors while Q'v and v are column vectors,
U1
T
v = [’Ul (%) ’Ug} s V= (Vg
U3

In matrix notation, a row cannot equal a column, unless they are mere
1-by-1; thus, v' # v, although both v' and v are equivalent to v; =
(v1, v2,v3). Hence,

_ _ AT
w; = Qjivj = v;Qji = Qj;v;
is written in matrix notation as
T
w'=viQ or w=Q'v

but w # v' Q since w is a column but v'Q is a row vector.

8.4 Orthogonal matrices

There are nine direction cosines );; = cosf;; but orthonormality of
both {e1, ez, e3} and {e], e}, e4} imply several constraints, so these Q
matrices are special and the nine angles 6;; are not independent. The

Orthogonal matrices 71
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constraints follow from (8.5b), (8.5¢) which must hold for any (v1, va,v3)
and (v], v, v5). Substituting (8.5¢) into (8.5b) yields

v = Qirvr = QirQjk v},

and since this must be true for any (v}, v5,v4) this implies (exercises
8.15 and 8.16)

Qi Qjk = 6ij.

The expression Q;;Q;x is a sum over k with ¢, j free that corresponds
to the dot product between the i and j rows of Q. In row-by-column
matrix notation this is

100
QuuQjk = QuQi; =6; & QQ" =10 1 0| 21 (8.13)
00 1

and the rows of matrix Q (8.7) are orthonormal, where I is the identity
matrix.
Likewise, substituting (8.5b) into (8.5¢) gives

Vi = Qrivy, = QriQkj vj,
which holds for any (v1, ve, v3), implying that
QriQrj = 6sj.
Now QiQp; is a sum over k with 4, j free and this is the dot product
between the ¢ and j columns of Q. In row-by-column matrix notation
this is

QriQrj = QiQkj =0i; & QTQ = I, (8.14)

o O =

o = O

—_ o O
Il

and the columns of matrix Q (8.7) are also orthonormal.

Geometric interpretation The two sets of orthogonal relationships
(8.13), (8.14) can be derived more geometrically as follows. The coeffi-
cient Q;; = €} -e; is both the j component of €} in the {e1, e2, e3} basis,
and the ¢ component of e; in the {e},e5, e5} basis. Therefore we can
write

e;; = (eg . ej) ej = Qij e]‘. (815)

In other words, the ith row of matrix Q in (8.7) contains the components
of €} in the basis {e1,e3,e3}:

e;=[Qi Qo Q.
Thus, just like a - b = axbg, we have

e; - e = QuQjr = QirQp; = 0ij, (8.16)
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since €] - €; = d;;. So the rows of Q are orthonormal because they are
the components of {€], e}, e4} in the basis {e1, ez, e3} (Fig. 8.6).
Likewise,
e; = (e;-e)) e =Qjiel, (8.17)
and the ith column of matrix Q in (8.7) contains the components of e;
in the basis {e], e}, e5}:

Q1i el e e;
e = |Qu .
Qs e |Q11] |Qi2] |Q13
Then /
e-
ei-e = QriQr = QLQrj = ij, (8.18) 2[ [ @) |@o2] @5
and the columns of Q are orthonormal because they are the components el | |Qs1]|Qs2| |Q33
of {e1, ez, e3} in the basis {e], e}, et} (Fig. 8.6).

This explains why a matrix with orthonormal rows automatically has
orthonormal columns, and vice versa, as long as the matrix is square.
Indeed, orthonormal rows can be interpreted as the components of the
orthonormal {e}, e}, e5} in terms of {e1, eq, es}, but then the columns
are the components of {e1,e3,e3} in terms of {€}, e}, e}},

QQ'=1 < Q'Q=I (8.19)

Fig. 8.6 Qij L e; c€ey.

as long as Q is square, where I is the identity matrix defined in (8.13).
Such a matrix Q is called an orthogonal matriz.

A 3-by-3 matrix Q has nine elements );;. Orthonormality of the rows
imposes six constraints on those @);;’s. Orthonormality of the columns
imposes six constraints as well; however, these are redundant with row
orthonormality. Thus there are only six independent constraints and the
nine elements of a 3-by-3 orthogonal matrix depend on only three inde-
pendent parameters. Parametrizations of 3-by-3 orthogonal matrices by
three Euler angles are discussed in §8.5 and problems 8.30, 8.33, 8.34.

Successive transformations

A fundamental property of orthogonal matrices is that their product

is an orthogonal matrix.? This is straightforward to prove with matrix 2So n-by-n orthogonal matrices form
algebra (exercise 9.5) and is readily understood geometrically as the group, the orthogonal group O(n).
result of successive orthogonal transformations since

! (1)
vp = @ vj
" Zﬂ f } = v = QEZ)QI(:]‘)UJ = Qijvy, (8.20a)
v = Qi v,
that is,
v/ =Q®Pv =Q®QWy, (8.20b)

where v, v/ and v” are the column vectors of v components in the carte-
sian bases {e1,e3,e3}, {€],€), e}, and {ef, e}, ey}, respectively.

Thus, if Q" and Q¥ correspond to two successive orthogonal trans-
formations

Q(l)
{e1,e2,e3} —— {e}, €5, €3}
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3A distinct three-angle representation
of rotation matrices is explored in exer-
cises 8.30, 8.33, 8.34.

(2)
AN, Q "o
{el,eres} —— {ef, e, €3

with QZ(-JI-) £ e} -e; and QZ(-JZ-) 2el. e, then the transformation

Q
{e1,e2,e3} — {e], e}, e}

is itself an orthogonal transformation with
Q=Q®qY (8.21)

and

e/ e; = Qi = Q) Q). (8.22)
This result that the product of two orthogonal matrices is an orthogonal
matrix can be shown purely algebraically (exercise 8.20). Note that the
successive transformation matrices appear in right-to-left order when
applied to column vectors of components (8.20b).

8.5 Euler angles

The elements Q;; of a 3-by-3 orthogonal matrix can be interpreted as the
dot products of unit vectors of two distinct orthonormal bases, @;; =
e, - ej = cosb;j, where 6;; is the angle between €] and e;. In 3D, there
are 9 such angles but these angles are not independent since both bases
{€], €}, e5} and {e1, eq,e3} consist of mutually orthogonal unit vectors.
If both bases have the same handedness (both right- or left-handed), each
basis can be transformed into the other through only three elementary
rotations, in general. “Elementary” in the sense that the rotation is
about one of the basis vectors. The three angles corresponding to those
three elementary rotations are called Euler angles.?

That only three angles are needed is not a surprise since an arbitrary
direction @ in 3D space can be specified by two angles (1.13c). Thus, 0
and ¢ are sufficient to specify e}, say, in terms of {e;,es,e3}, and we
only need one extra angle, 1 say, to specify the orientation of {e,e}}
about the direction e§. That is spherical coordinates 6, ¢, with an extra
twist ¢ as illustrated in Fig. 8.7.

Thus, we can counstruct (or decompose, or factorize) any orthogo-
nal matrix Q corresponding to the transformation from {e;,eq, es} to
{e], e}, e5} in the following three successive elementary (right-handed)
rotations.

First rotation about ej

Rotate from the original basis about e3 by ¢ to obtain the intermediate
basis (Fig. 8.8)
el = cos i
1= per + singe;
e;’ = —sinpe; + cospes (8.23)

€3 " = €3,



defining Q%) = egl) - e;, yields the rotation matrix

cosp sinp 0
QW = —singp cosp Of. (8.24)
0 0 1

The goal of this rotation is to put e( ) in the plane of e3 and the target

e5. This sets eg ) = (es x €f)/|es x €f].

Second rotation about e( )

Rotate from the intermediate basis {eg egl),egl about e2 by 0 to

obtain the basis (Fig. 8.9)

(1) (1)

cosf e sin 0 e,
eg2) _ eél) (8.25)
egQ) = smHe(l) + cos&eél)
with Q(Q) (2) . egl), this corresponds to the rotation matrix
cosf 0 —sind
QP=10 1 o0 |. (8.26)
sind 0 cosf
The goal of this second rotation is to align eél) = e3 with the target

(2),e§2)) do not yet match the target (e},e}), in

e}, but the vectors (e;
general.

8.5 Fuler angles 81

Fig. 8.7 3D view of the zyz Eu
ler angles ¢, 0,1, relating two righi
handed orthonormal bases {e1, ez, es]

o {e}, e}, e4}.

Fig. 8.8 Rotation about e3.

Fig. 8.9 Rotation about e< ),
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eg;) _ eéQ) e

Fig. 8.10 Rotation about ef:f).

Third rotation about egQ)

A final elementary rotation about eé ) = = e}, by an angle v is required in

general to align (e 53) (3)) with the target (ef,e}) (Fig. 8.10),

e§3) = cosy ef) + siny eé2)

(3) = —siny e(12) + cos® eg) (8.27)
e:({j) _ e§2)
defining ij) = egg) . ef); this corresponds to the rotation matrix

cosy siny 0
Q¥ = |—siny cosy 0] . (8.28)
0 0 1

Combined rotation

The orthogonal transformation Q from {eq, ez, e3} to {el?’) e2 ,e } is
then obtained by taking the product of elementary rotation matrlces in
right-to-left order,

Q=Q®Q®QW (8.29)
cosy siny 0 |cosf 0 —sinf cosp sing 0
= |—siny cosy O 0 1 0 —sing cosp 0O
0 0 1| |sin® O cosf 0 0 1

The right-hand rule fixes the positive angle directions, and a unique
angle representation is obtained, for example, by restricting

—T<p<m 0<6<m, -—-w<¢<m,

and setting ¢ = 0 if 8 = 0 or 7 to settle the degeneracy in those cases.

If {e1,e2,e3} and {e], e}, e5} do not have the same handedness and
1) was determined so that 913 = e, then egs) will be opposite to e}. In
that case, a final sign change of the second row of Q will be required
and the transformation from {e, es, e3} to {€], e}, e4} consists of three
elementary rotations and one reflection, in general. If no reflection is
needed then Q is a proper orthogonal matrix, it corresponds to a pure
rotation.

Any 3-by-3 proper orthogonal matrix Q can thus be represented with
only three angles. There are multiple ways to choose those angles. The
(p,0,v) choice made here fits with spherical coordinates (¢, ) and is
labeled zy'z" (or zoyi1z2), since we rotated about the original z axis,
then the new y = 3/, then the new z = 2" again.

A 22'2" decomposition would perform a rotation about the orl%mal es
so that eg ) is in the e3 x e} direction. Then a rotation about e1 would
be performed to align egz) = e}, followed by a rotation about eg ) to
align (e @ (2)) There are four other such Euler angle decompositions:
xy'x”, azz’ :z:” yx'y”, yz'y"’, where the first and third rotations are about
the same intrinsic direction.
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Yaw, pitch, and roll

pitch

Fig. 8.11 Airplane attitude: yaw
pitch, and roll.

Z
In aircraft dynamics and control, three angles about three distinct axes
are used (Fig. 8.11). Imagine a frame X, ¥, Z attached to an airplane,
with X pointing from tail to nose (roll axis), ¥ pointing from one wingtip
to the other (pitch axis) and Z perpendicular to the plane of the airplane
downward (yaw axis). The orientation of the airplane with respect to a
fixed reference frame can be specified by the following

e the yaw (or heading)—the angle a around Z to align X with the desired
horizontal direction;*

e the pitch (or elevation)—the angle 8 about the new § to pitch the
nose up or down to align X with the desired direction in the vertical
plane; and

e the roll (or bank)—the angle v about the new %X to rotate the wings
around the axis of the airplane to achieve the desired bank angle.

The yaw—pitch-roll decomposition is a zyx (or zy'z” to emphasize

that the axes rotate with the airplane) factorization of the orthogonal
matrix Q. Such choices of Euler angles are sometimes called Bryan
angles, after G. H. Bryan, a pioneer in the mathematical analysis of
airplane stability.> A zy'z" factorization of an orthogonal Q reads

1 0 0 cosf 0 —sinf cosa sina 0
Q=10 cosy siny 0 1 0 —sina cosa 0],
0 —siny cosvy| |sin8 0 cospf 0 0 1
8.30)
such that
X Xo X1 Xo Xo
y| = Q'y Vo| = Q'YQﬁ Vi| = Q’yQﬁQa Yo| =Q |¥o| - (8-31)
z 2 2 2o 29

4In aerodynamics and flight dynamics, the yaw, pitch, and roll angles are often denoted 1, 0, ¢, while o and 8 denote angles o
attack and sideslip, respectively. Here we use «, (8, v for yaw, pitch, and roll to distinguish from the ¢, 6,1 Euler angles usec
in the previous pages.

5G. H. Bryan, Stability in Aviation, Macmillan, 1911 (p. 20). See T. J. M. Boyd, Journal of Aeronautical History 2011, 97-11F
for an historical review of G. H. Bryan and his contributions.
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Fig. 8.12 Two-axis gimbals.

Fig. 8.13 Rotate basis, fixed v.

where « is the yaw, 8 the pitch, and v the roll angles, and {Xo, ¥, 2o} is
the fixed reference frame. The first transformation by « about zg = Z;
is the rightmost matrix Q, in (8.30), the second by g about §, = ¥,
is the middle matrix Qg, and the last one by v about X, = X is the
leftmost matrix Q..

Degeneracy and “gimbal lock”

Euler angles inherit a singularity from spherical coordinates where the
azimuth ¢ is undetermined when the polar angle § = 0 or 7, and ¢ jumps
by +m as the direction vector @ passes through the polar directions +2Z
Hfo<6<m.

Likewise in (8.29) when 6§ = 0 or 7, the first and third rotations
are about the same actual direction. In those cases, the orientation of
(e}, e5) depends only on the sum ¢ + 1, and ¢ and ¥ are not uniquely
determined. If €5 moves along a meridian (§ — 0 or 7) with ¢ and ¢
fixed in Fig. 8.7, both ¢ and ¢ will jump by £ as e} passes through +es.
The zyxz decomposition (8.30) also has a degeneracy but for § = +m/2,
corresponding to the airplane pitching straight up or down.

This degeneracy is known as gimbal lock in mechanical engineering
and may have real mechanical consequences depending on the nature
and limitations of the mechanical device (telescope, gyroscope, robotic
arm, etc.) and its controls (Fig. 8.12). Imagine tracking an airplane
flying straight towards you; your head tilts backward as the airplane
approaches but you need a quick 180° full-body rotation followed by
a downwards tilt of your head to keep following the airplane beyond
straight overhead.

8.6 Rotations and reflections

This chapter began with orthogonal transformations of the components
of a vector v from one cartesian basis to another. The starting point
was the identity (8.5a)

v =ve; = v.€} (8.32)

stating that the same vector v is expressed in two different cartesian
bases (Fig. 8.13). Dotting (8.32) with e yields (8.5b)

’U,E = Qijvj (833)

where @;; Lel. e; are the components of an orthogonal matrix.

A vector v can also be orthogonally transformed into another vector
v’ through reflections and rotations. These geometric operations can be
expressed in vector form as done in (3.29) and (4.18), without reference
to a cartesian basis. If we do introduce a cartesian basis {e1,eq,es},
then the orthogonal transformation can be applied to that basis to yield
a transformed cartesian basis {e},e5,e5}. The linear transformation
v — v’ then reads

v=uve; > v = vl (8.34a)



The vector v has been transformed into v’ just as e; has been trans-
formed into e}, but the components (v1,v2,vs) have not changed. Of
course, we are interested then in the components (v, v4, v4) of the new
v’ in the original basis {e1, ez, e3} (Fig. 8.14). These are now defined
by the identity

v =ve] = vje;, (8.34b)
instead of (8.32). Dotting (8.34b) with e; yields
’U;. = Q]’L ’Uj = ;I—J'Uj7 (8.34(:)

which is the inverse of the transformation in (8.33), when Q;; £ € - e;
as before.

The meaning of v, in (8.33) is of course different from its meaning
in (8.34c). Equation (8.33) gives the components of the original vector
v in the transformed basis, while (8.34c) gives the components of the
transformed vector v’ in the original basis.

Those operations are inverses of one another: rotating a basis one way
with respect to a fixed vector is equivalent to rotating the vector the op-
posite way relative to the fixed basis, as far as the cartesian components
are concerned, which is illustrated in Figs. 8.13 and 8.14. The former
transformation involves matrix Q; the latter involves its transpose, Q.
If Q is factored into a product of orthogonal matrices as in (8.29) or
(8.30), then QT is the product of the transposed matrices in reverse or-
der (exercise 8.20). Rotation of vectors with fixed basis is sometimes
called an active rotation (8.34c), while rotation of a basis with fixed
vector is a passive rotation (8.33).

Linear combinations and transformations
The definition Q;; £ €/ - e; implies (8.6b)
e; = Qijej, (8.35a)

which gives the vectors {€}, €}, 5} as linear combinations of {e1, ez, e3}.
It is useful to unpack (8.35a) using matrix notation, for example in the
case of (8.10a) with its Q (8.10b) decomposed as in (8.29) with ¢ = 0,

e} e cosf 0 —sinf cosp sinp 0] [e;

e, =Q |ez| = 0 1 0 —singp cosp Of |ea|,

el es sinf 0 cosf 0 0 1| |es
(8735b)

but the columns containing the vectors e} and e; are not “vectors.” They
are columns of vectors, and not any vectors; these are specific linear
combinations expressing directions {e], e}, e4} in terms of {eq,eq, e3}.
If these are vectors in R3, then they would have to be row vectors in
(8.35b). Equations (8.35b) can also be written as

le] ey eb] = [er es e5] Q"
cosep —sing 0 cosf 0 sinf
=[e1 ez e3] [sinp cosp 0 0 1 0 |, (835¢)
0 0 1| [—siné 0O cosé

8.6 Rotations and reflections 8f

Fig. 8.14 Reverse rotate v, fixed basis
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which is appropriate for column vectors €/, e}, e} and ej, ez, e3, in R3.

In contrast to the linear combinations (8.35), the equations v; = Q;;v;
in (8.33) and v, = Qj;v; = Z-ijj in (8.34c), are linear transformations,
where the inputs v; are the components of any vector v. Transformation
(8.34c) is the “active”’ transformation with respect to the same original
basis

v=ue; > v =ve, =ve =e QZ»ijj. (8.36a)

In matrix form, for (8.35b), this is

v cosp —sing 0 cos@ 0 sinf| |v;
vh| = [sinp cosep O 0 1 0 va|,  (8.36Db)
v 0 0 1| |—sinfd 0 cos@| |va

where (v1, v, v3) are the components of the original vector and (v}, v4, v%)
the components of the rotated vector, both in the {e1, e, e3} basis.
That “active” transformation can be applied to any vector and in
particular to the basis vectors. For example, v = e; has components
v; = ;1 = (1,0,0) and the active transformation v = e; — v’ = e} =
vie; is, from (8.34c),
;I;(Sjl = Q;rl = e'1 €. (837&)
This is the first column of Q”, which is the first row of Q. For (8.36b),
this yields (v], v, v5) = (cos p cosf,sin g cosf, —sin ), and

I

€| =vle; = cosfcospe; + cosfsinpey —sinfes, (8.37b)

which is (8.35b) left multiplied by the row vector [1 0 0], or (8.35¢)
right multiplied by the column vector (1,0,0). Thus, if the matrix Q =
[Qi;] in the linear combinations (8.35) defines an active transformation,
the matrix that performs that transformation of column vectors is Q.

Body-fixed and space-fixed rotations

In a sequence of active rotations such as (8.36b), the inputs and outputs
of each transformation are components in the original cartesian basis
{e1,es,e3}. Hence, each successive elementary rotation is about those
original direction vectors. In other words, those rotations are extrinsic
or space-fized. The rotations in the linear combinations (8.35b), (8.35¢),
apply to direction vectors, yielding new direction vectors after each el-
ementary rotation, and the next elementary rotation is therefore with
respect to those new directions. Hence, the rotations expressed there
are intrinsic or body-fired. In (8.35b) and (8.35c¢), for example, a carte-
sian basis {e1, eq, e3} undergoes two successive intrinsic (or body-fized)

orthogonal transformations (Fig. 8.15),
1 2 _ o

1 _
ey, —e =0Q e e

M _ o
) e’ =e. (8.38)

iy g
This corresponds to the (active) transformation v = v;e; — v’ = v;€]
with
2) (1
v = = ng)QEk)ek. (8.39)
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egl) = e3

—

M oM oD} , (el o), o).

Fig. 8.15 Body-fixed rotations {e1,e2,e3} — {e;’,e5 ", ey,

This final product can be interpreted from right to left, as a sequence
of intrinsic rotations of the direction vectors as in (8.38), or from left
to right as a sequence of extrinsic, or space-fized, transformations of
components about the original directions

v; — v =, Q(Z) ) vj( )Q(}C) = v}, (8.40)

These components correspond to the sequence of transformed vectors
v =uve; = v =y Q( )e — v® =y, Q Qﬁ)ek =, (8.41)
and thus to the sequence of extrinsic (space-fixed) transformed bases

ez—>e Q ej—>e(2) Q Q(l) =el, (8.42)

illustrated in Fig. 8.16. The final basis 652) ez(-z)
(8.38) but the intermediate bases are not, eil) + egl), in general, and
the sequence of extrinsic transformations are applied in reverse order to
that of the sequence of intrinsic transformations. For example, rotating
a basis by ¢ about the original z, then by 6 about the new ¥, yields the
same result as rotating first about the original y by 6, then about the
original z by ¢, as illustrated in Figs. 8.15 and 8.16. This applies to
general orthogonal transformations, to any orthogonal matrices Q1, Qo,
not just elementary rotation leaving one axis fixed, and to more than
two transformations.
In a sequence of body-fixed orthogonal transformations By, By, Bg,
, the successive transformations apply to the current basis e k yield-

ing the sequence

= e} is the same as

1 1 2 2) (1 3 3) (2
ei—>e§):ij)ej%eg):B§j)e§)—>e£):Bi(j)eg),..., (8.43)
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it

Fig. 8.16 Space-fixed rotations {e1,e2,e3} — {egl),eg),egl)} — {652)7622),€g2)}.

such that
ei’) = B BG) Bl e, (8.44)

resulting in a combined orthogonal transformation matrix
Q=...B;B;B,, (8.45)

with the matrices occurring in right-to-left order, for Q such that @;; =
e -ej.

In a sequence of space-fixed orthogonal transformations Sy, Ss, Sg,
..., the successive transformations apply to the original basis e; yielding

e, — ez(-l) = Si(;)ej — 65»2) = SS)SJ(.i)ek — ez(-?’) = SE;)SJ(»?S,S)el,
(8.46)
resulting in a combined orthogonal transformation matrix

Q=S5:5:S;... (8.47)

with the matrices now appearing in left-to-right order.
If a basis e; is transformed into e} = Q;;e; through a series of body-

fixed transformations By, Bs, B3, ..., and space-fixed transformations
S1, So, ..., the combined orthogonal transformation matrix is
Q:...BngBlslsg.... (848)

Linear transformations of vectors are further discussed in section §9.6.
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Exercises

(8.1)

(8.2)

(8.10)

(8.11)

What is the most general explicit form of a 2-by-2
orthogonal matrix? Justify

Find Q if {&',§’,2'} is the right hand rotation
of {X,¥,2} about z by angle a. Sketch. Verify
(8.16) and (8.18) for your Q. If v has components
(a, b, c) in the basis {X, ¥, 2}, provide explicit for-
mula for its components (a’,b’,c’) in the basis
%97}

Find Q if {&',9’,2'} is the right-hand rotation
of {X,¥,2} about § by angle 3. Sketch. Verify
(8.16) and (8.18) for your Q.

Find Q if {%',§',2'} is the right-hand rotation
of {X,¥,2} about X by angle . Sketch. Verify
(8.16) and (8.18) for your Q.

Find Q if €] = —e2, €, = e3, €5 = e; and verify
(8.16) and (8.18) for it.

Find Q if €] = ez, 5 = e, e = ez and verify
(8.16) and (8.18) for it. This Q is a special kind of
orthogonal matrix called a permutation matriz.

Verify by explicit calculations that the rows of
(8.9) and (8.10b) are orthonormal, and likewise
for the columns.

Derive (8.10) using 2D projections in meridional
planes containing (p, es) and (e}, e}), and equa-
torial planes containing (e1,e2) and (g, e3), as in
§1.3.

Having obtained e} as @ in §1.3, calculate e, and
e} in (8.10) from
/ ez X 9/3 ’

€ = —— e
2 |e3><e,3‘> 1

,_ (es x e}) x ef

=e), X ey =

les x ef]
Determine the angles 612 and 6021 in terms of ¢
and 6 in (8.10b).

Let {e1, e2,e3} denote an Earth basis as defined
in Fig. 8.5, and {e], e3,e3} a local basis at longi-
tude ¢ and latitude A = w/2 — 0 with €] east, e
north and e5 up. Show that the transformation
matrix Q is

—singp Cos 0
Q= |—cospsinA —sinpsinA cosA|,
COS (p COS A sinpcosA  sin A

(i) from meridional and equatorial plane projec-
tions as in §1.3, (ii) from (8.10b), and (iii) from
(8.29). Explain/justify your derivations.

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

Orthogonal projection of a 8D figure (Fig. 8.17)
One way to make a 2D drawing of a 3D figure is
to plot the orthogonal projection of the 3D date
specified in an {e1, e2, es} basis onto a plane per-
pendicular to the viewpoint in direction ej at az-
imuth ¢ and elevation A. Find the relevant Q ir
terms of ¢ and A and specify how to obtain the
2D plotting data from the 3D data. Almost al
3D pictures in this book are orthogonal projec-
tions.

!
€2

-

3

€3

€1

Fig. 8.17 Orthogonal projection of e, ez, e3 on the
e, e} plane for ¢ = 30°, A = 50°.

The velocity of a satellite is v1 east, ve north
vs up as measured from a cartesian basis locatec
at longitude ¢, latitude A. What are the corre-
sponding velocity components with respect to the
Earth basis?

The velocity of a satellite is v1 east, v2 north, anc
vs up as measured from a cartesian basis locatec
at longitude 1, latitude \;. What are the cor-
responding velocity components with respect tc
a local basis at longitude 2, latitude A2? De-
rive and explain an algorithm to compute those
components.

Prove that if u; = A;ju; for any (w1, u2, us), ther
Al‘j = 613

Find all the A;;’s for which u; = A;ju; for ¢
given (u1,us2,u3). For example, what are all the
Aij’s when (u1,u2,us) = (2,3,4)? Explain.
What is the orthogonal matrix corresponding tc

a reflection about the (z,z) plane? What is its
determinant?
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(8.18)

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

Explain why the determinant of any orthogonal
matrix Q is 1. When is det(Q) = +1 and when
is it —1, in general? Give explicit examples.

If @ and b are two arbitrary vectors and
{el,es,es} and {e1, ez, e3} are two distinct or-
thonormal bases, we have shown that a;b; = a,b}
(eqn (3.22), here with summation over repeated
indices). Verify this invariance directly from the
transformation rule (8.5b), v; = Q;;v;, showing
your mastery of index notation.

If Q = Q:Q,, show that Q" = QJQJ, so the
transpose of a product is the product of the trans-
poses in reverse order.

Prove that the product of two orthogonal matri-
ces is an orthogonal matrix but that their sum is
not, in general.

Find the zy'z” and zz'2"” factorizations of
(8.10b). Specify each angle in both cases.

The orthonormal basis {e},e3,e4} is the rota-

tion of {e], e5, e5} by ¥ about e5. The transfor-
mation from {e1, ez, e3} to {e}, e5, €3} is given in
(8.10b). What is the transformation matrix for
{e1,e2,e3} to {ef,ey,e4}? Find an elementary
rotation factorization of that matrix.

Let {e},e5,e5} be the rotation of {ei,e2, es}
about e; by a. Find Q. Find the 2zy'z” and
zy'2” factorizations of Q specifying all angles in
terms of a.

Let Q be any orthogonal matrix. If its zyz fac-
torization is specified by angles ¢, 6, and 1, con-
struct its zz'z” and zy'z” factorizations. Write
the explicit forms of the matrix factorizations and
determine the angles of the latter factorizations
in terms of the original ¢, 6, and .

The right-handed orthonormal basis {e],e5,e3}
is such that e} has azimuth ¢ and polar an-
gle 0 relative to the basis {e1, ez, e3} with e; =
(es x €1)/sinf. Make a 3D sketch of the bases,
similar to Fig. 8.5. Find the transformation ma-
trix Q = [Q;;] such that €] = Q;;e; as well as zyz
and zyx factorizations for that matrix. Specify
all angles in terms of ¢ and 6.

Constructing a zy'z"" Euler angle representation
of a given orthogonal matrix Q consists of find-
ing the angles ¢, 6, 1 given the Q;; coefficients.
Show that

0 = arccos @33,
Y = atanQ(Q327 Q31)7
w = atanZ(Qgg, —Q13).

(8.28)

(8.29)

(8.30)

Show how this fails when 6§ = 0 or m. Setting
@ = 0 in those cases, find .

Givens rotations. Show that an arbitrary 3-by-3
matrix A can be transformed into an upper trian-
gular matrix R through a sequence of elementary
rotations:

1 0 0 c2 0 s2 ca s1 0

0 C3 S3 0 1 0 —S1 C1 0 A

0 —S83 C3 —S2 0 C2 0 0 1
T11 r12 T13
= 0 T22 23| , (849)
0 0 733

where ¢ + si = 1 such that (cx,sk) =
(cos Oy, sin 0) for some angle 0y.
To eliminate the a21 element of A with c%—&—s% =1
requires

a1 a1

2 2’ = 2 2
vai; +ag; vai; +ag;

Next, (cz2,s2) eliminate the aj; element, then
(cs, s3) eliminate the a4, element. This is Q'A =
R, where Q is orthogonal, yielding A = QR, the
QR decomposition of A. Show that when this
process is applied to an orthogonal matrix A = Q,
the upper triangular matrix R is the identity ma-
trix and thus the product of the elementary ro-
tation matrices is QT, thereby yielding a decom-
position of Q into a product of elementary rota-
tion matrices. This approach can be extended to
orthogonal matrices of any size. How many el-
ementary rotations (Euler angles) are needed to
factor a 4-by-4 orthogonal matrix? An n-by-n or-
thogonal matrix? Givens rotations are thus the
algebraic version of Euler angle factorizations of
rotation matrices. Givens rotations are defined to
align vectors in R? with the lower row index, for
example (a11,a13) — (a11,0), not by the right-
hand rule.

CcC1 =

Let v/ = v — 2(@ - v)a, yielding v; = A;;v; in a
cartesian basis. Find A;;. Show that [A;;] is an
orthogonal matrix. Note that this is not a change
of basis.

If v’ is the rotation of v by a about a, as seen in
(4.18) and (4.21), then v; = A;;v; in a cartesian
basis with @ = a;e;, v = vie;, v = v;e;. Show
that

Asj = cosadi; + (1 — cosa) aza;

(8.50)

—sin o €;ak-

Prove that A is orthogonal using index notation.
Note that this is not a change of basis; it is a



(8.31)

(8.32)

rotation of vectors v — v’. The matrix Q, such
that Qi; £ e}-e; when {e}, e}, e5} is the rotation
of {e1,ez,e3} by o about &, is Q = A", as shown
in (8.34c), that is,

Qi; = cosadi; + (1 — cosa) asa;

+ sina €;5ak.  (8.51)

Since @ = a;e; is a unit vector in (8.50), the
components of @ can be written in spherical form
as (a1, az,a3) = (sin 6 cos p, sin @ sin @, cos #) as in
(1.13c). Show that the (active) rotation matrix
A = [A;;] in (8.50) can be written as

cosae —sina 0
A=Q]Q) [sina cosa 0| Q.Q,
0 0 1
=Q'RQ, (852)

with Q;, Q> as in (8.24) and (8.26), respectively,
and Q2Q; = Q as in (8.10b), with 6 and ¢ deter-
mined by & here. The active rotation of a column
vector v is vV = Av. The matrices Q; and Q,
transform the components v into a basis where
es = a, the middle matrix R performs the ac-
tive rotation by o about e} in that basis, then
Q' = QIQE transforms the components back to
the original basis.

Hint: direct calculation of (8.50) and (8.52) is
mind-numbing. A better approach is to split the
middle matrix R in (8.52) as

1 0 O 0 0 O
R=cosa |0 1 0|+(l—cosa)|0 0 O
0 0 1 0 0 1

0 -1 0

+sina {1 0 O

0O 0 O

In index notation, this is

Ri]' = COSO((S»;J' + (1 — COS Oé) 5,‘35]'3
—sin« (52'15]'2 - (51'25]'1).
Distributing and using Q = Q2Q; as in (8.10b)

whose last row is (a1, az, as), simplifies the calcu-
lations.

The orthonormal basis {e, €3, e5} is the rotation
of {e1,e2,e3} by a = 27r/3 about a = e1+ez+e3.
Visualize this rotation and deduce the matrix Q

(8.33)

(8.34)

(8.35)
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such that Q;; = e; - e; without calculations. Ver-
ify that the matrix Q is indeed that given by
(8.51) for this « and a. Find the angles ¢,0,
that yield the ZYZ Euler angle decomposition o
this matrix Q as specified in (8.29). Find the
spherical angles (0, pa) that specify @ in the
{e1,e2,e3} basis. Show that those two sets o
angles (o, 04, pq) and (¢, 0,1) that characterize
the same Q are distinct.

Equation (8.51) provides the matrix Q wher
{el, e5, e3} is the rotation of {e1, e, es} by angle
« about direction &, with Q;; £ €] - e;. Here we
investigate the inverse construction: find @ anc
« given Q. This is called the axis-angle represen-
tation of a rotation matrix. Since & = a;e; car
be specified by two angles, this is another three-
angle representation of Q, distinct from the Euler
angle factorization into elementary rotation ma-
trices, in general. Show that

cosa= @=L cist (@i = jS)7

2 4sin v

where Q;; = Tr(Q) is the trace of Q, the sumr
of its diagonal elements (and of its eigenvalues)
Note that this provides 0 < a < 7 and the for-
mula for a; is indeterminate when o = .

(8.53

Explain and implement as a computer program
or pseudo-code, the following more geometric ap-
proach to finding the axis-angle parameters, é
and «, given the orthogonal matrix Q. Recal
(8.15) that e; and e; are rows i of Q and I, re
spectively, in the {e1, ez, es} basis.

(i) Compute (€] — e1), (e5 — e2), (e3 — e3) that
are orthogonal to @ since €] is the rotation of e,
about a. Pick the two largest in magnitude, g
and g say.

(ii) Let @ = p x ¢ then & = a/|al.

(iii) Let e; be the original basis vector corre-
sponding to p. Compute b = e; — G a - e; anc
b =b+ p then

a=atan2(a-bx b, b-b).

Show that a is determined even when o« = 7
Note that —7m < a < 7.

Demonstrate that a sequence of body-fixed ro-
tations as defined in (8.29) and (8.30) yields the
same result as the reverse sequence of space-fixec
rotations using a physical object (a book, a mode
airplane, etc.).



Matrices and Tensors

The basic concepts, notations, and results of matrix and vector algebra
are briefly reviewed in this chapter, then expanded to the coordinate-free
geometric vectors. Linear algebra and matrices are typically introduced
in the solution of systems of linear equations. Our first encounter with
matrices in this book arose from rotations of vectors in Chapter 8.

9.1 DMatrices

The matrix Q in Chapter 8 is a very special matrix, an orthogonal ma-
trix. An arbitrary 3-by-3 real matrix A is any array of nine independent
real numbers
aip a2 aig
A= a21 Q22 A23 . (91)
31 agz as3

More generally, an M-by-N matrix will have M rows and N columns and
M does not have to be equal to IV; that is, matrices can be rectangular.

Matrices are denoted in bold upper case sans serif fonts such as A and
Q, and by square brackets [ ]. The (i, 7) element of A is denoted A;; or
a;;. The matrix of elements may be defined in compact form as’

A= [Azg] or A= [aij].
By convention, vectors in R? are defined as 3-by-1 matrices

z
z3

which we may write as x = (21, x2, x3) but not [x1, 2, 23], which denotes
a 1-by-3 matrix, or row vector that is the transpose of the column vector:

[z1, 9, 23] = xT.

Matrix—vector multiplication

Equation (8.5b) shows how matrix—vector multiplication should be de-
fined. The matrix—vector product Ax, where A is 3-by-3 and x 3-by-1, is
a 3-by-1 vector b in R? whose ith component is the dot product of row
1 of matrix A with the column x,

9.1 Matrices

9.2 Some special matrices
9.3 Determinant

9.4 Matrix inverse and Ax=b
9.5 Gram—Schmidt and QR
9.6 Tensors

9.7 Eigenvectors

Exercises

9
9¢
9¢€
9%
101
10z
10¢
11¢

1a¢j is preferred when the full matri>
is displayed as in (9.1), but we prefel
A;; for compact index expressions witk

summation convention as in (9.2).
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where
Ajjx; = Ajxy + Ajpa + Ajzas

Summation over repeated indices is in the summation convention and 7 = 1,2,3. The product of a matrix
used in this chapter. with a (column) vector is performed row-by-column. This product is
defined only if the number of columns of A is equal to the number of
rows of x. A 3-by-3 matrix cannot multiply a 2-by-1 vector.
Since Ax and Bx are vectors, it follows from the laws of vector addition
and scaling that

v=Ax+Bx v, = Aijxj + Bijl‘j = (A” + Bij)mj = Cijl‘j,
v=coAx & V; = OéAi]‘.%‘j = (OéAij)l‘j = Cijl'j.
Thus, matrices should be added and scaled term by term
C:A+B¢>C”:AZJ+BU,

9.3
C:aA<:>C',;j:ozAij. ( )

This is valid only when A, B, and C are matrices of the same M-by-N
size, of course.

Matrix—Matrix multiplication

Two successive linear transformation of components, that is,
$: = AU Zj, then 1‘;/ = Bij l’;,

can be combined into one transformation from z; to z/
.13;/ = Blkx% = BikAkj Tj = Cij Xj-

Thus, the product BA of two matrices B and A is a matrix C whose
element C}; is the dot product of row 7 of B with column j of A:

C=BA < Cij = BikAkj~ (94)

The matrix product is done row-by-column, as for matrix—vector multi-
plication. This requires that the number of columns of the first matriz
in the product (B) equals the number of rows of the second matriz (A).
We can only multiply an M-by-N by an N-by-P, that is, the inner
dimensions must match.
In general,
AB # BA;

matrix multiplication does not commute since a;b; # a;b; unless i = j.
For example,

ar ag| |by  ba . aiby + asbs  aibs + asby
as agql| |bs ba|  |asby +asbs  asby + asbs

?é b1 bal| a1 as . biai + boas  bras + baay
bs ba| |as aa|  |bzar +bias bsas + bsas|’
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Matrix transpose

The transformation (8.5¢) involves the sum Q;;x”;, which is similar to the
matrix—vector multiplication except that the multiplication is column-
by-column. To write this as a row-by-column matrix—vector multiplica-
tion, we defined the transpose matrix A" such that

Al = Ay, (9.5)
that is, the columns of A become the rows of AT and vice versa. Then
x; = Ajixy = A;x; & x=ATX.

It is left as an exercise in index notation to show that the transpose of
a product is equal to the product of the transposes in reverse order,

(AB)T =BTAT. (9.6)

9.2 Some special matrices

Identity matrix

There is a unique matrix such that Ix = x, Vx. For x € R3, that is The symbol V means for all, or for any
1 00
I=]10 1 0|. (9.7)
0 0 1
Thus, the (i,7) element of the identity matrix is the Kronecker delta, Kronecker delta:
I = dyy. 9.8 _J1ifi=j
R (98) 8ij {0 if § # j.

The proof of uniqueness follows from picking x = e; = (1,0,0); then
Ie; = e; implies that the first column of I is e;. Picking x = e = (0, 1,0)
shows that the second column of I is ey; then x = e5 = (0,0, 1) implies
that its third column is ez (see also prob. 8.15 in §8).

Symmetric and antisymmetric matrices

A symmetric matriz A is equal to its transpose,

A= AT 54 Aij = Ajj,. (99)
For example,
a b ¢
A=1b d e|=AT
c e f

is symmetric. An antisymmetric matriz (or skew-symmetric) A is the
opposite of its transpose

A= —AT <~ Aij = _Aji~ (910)
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Aij = —€ijkak,

1
a; = —5€ik1 Akl

For example,

0 —as as
A=|as 0 —a|=-AT
—as9 a1 0

is antisymmetric.
That matrix is the matrix version of the vector operation a x (-) in
cartesian components; indeed, if v/ = a x v, then

V; = €ikjarv; = Aijjv; = —Aj;.

Thus, any 3-by-3 antisymmetric matrix corresponds to a cross product.
The diagonal elements of an antisymmetric matrix must be zero.

Orthogonal and permutation matrices

In Chapter 8, we encountered square orthogonal matrices Q such that
Q'Q=1=QQ".

A special kind of orthogonal matrices is the permutation matrices P that
perform a permutation of the components of a vector. For example

0 1 0 (% V2
Pv=10 0 1| [ve| = |us (9.11)
1 0 O VU3 U1

is a matrix that performs the (2, 3,1) permutation of (1,2, 3). Its inverse
is PT; indeed,

00 170 1 0
PP=1|10 0/|0 0 1| =L
01 0l[1 00
By itself, P yields the (3,1,2) permutation of (1,2,3)
0 0 1 (%1 V3
Plv=1{1 0 0| |va| = |0
0 1 0] |vs V2

The elements of a permutation matrix are all zero except for a single 1
somewhere along each row and each column.

9.3 Determinant

The mixed product of three vectors determines the signed volume of the
parallelepiped spanned by a,b, c. The connection with algebraic deter-
minants arises from writing the mixed product in cartesian components

a; az as aq bl C1
axb-c= eijkaibjck = b1 b2 b3 = |a2 b2 Co
¢ 2 c3 as by c3



as discussed in Chapter 6, where the components of a, b, ¢ can be
arranged as rows or columns. For a 3-by-3 matrix A with elements A;;
this means that

det(A) = Eijk;AilAjzAkS = GlmnAllAgmAgn = det(AT). (912)

This can be verified by explicit expansions of the sums for a 3-by-3
matrix, or by the following more abstract argument. We can reorder
any column-ordered term into a row-ordered term,

AitAja Akg — A1 Agm Aszn,

by performing the permutations that led from (1,2,3) — (7,7, k) in re-
verse order. Thus, the number of permutations is preserved and (I, m, n)
is even if (4,4, k) is even, and odd if (4, j, k) is odd. Thus,

€ijkAi1 AjoArs = €imnA11Asm Asn,
and (9.12) follows. For example, if (4,7, k) = (3,1, 2), then
Az1A12A23 = A12A23 Az

and (l7m7n) = (2337 1) 7é (i7ja k) = (37 1a2)7 however, €312 = €231 = 1.
Another useful identity is

€k At AjmArn = €imn det A = €mn€ijrAin Ajo Ars (9.13)

since the left-hand side is the determinant of the matrix A whose columns
(1,2,3) have been replaced by columns (I,m,n). That property then

yields
det(AB) = €51 (AuBin) (AjmBma2) (AknBn3)

= €ijk (AitAjmAin) (Bin B2 Bn3)
€ijk€imn Ai1Aj2Ars Bii B Brs
= det(A) det(B).
These more abstract arguments are useful to extend the results to
N-by-N matrices, indeed if A is N-by-N, then its determinant is the
N-tuple sums over repeated indices

(9.14)

det(A) = €j,j,..jn A1jy Azjy -+ Anjy = det(AT), (9.15)
where
€j1jo.jn = 580(J1, J2, -, Jn) = £1,

depending on whether (j1, jo,...,jn) is an even or odd permutation of
(1,2,...,N) and 0 otherwise.

9.4 Matrix inverse and Ax=b

If det(A) # 0, then there exists a unique matrix denoted A™" called the
inverse of A such that
A'A=1 (9.16)

9.4 Matriz inverse and Ax=b 97
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If it exists, then
Ax=b < x=A""b.
This implies that
AA"'b=b & AA' =1
since the left equality holds for any b, and I is unique (9.7). Hence, the
left inverse is the same as the right inverse

AT'A=1I=AA"",

and uniqueness of the inverse follows (exercise 9.7). It is also left as an
exercise (9.6) to prove that the inverse of a product is the product of
the inverses in reverse order,

(AB)"! =B 'A"! (9.17)

The matrix A~! can be computed column by column by solving the
linear systems of equation Ax; = e; where e; is the jth column of I,
although in general one is interested in finding x for a single b. That
Ax = b problem is a system of linear equations for x given the matrix A
and the vector b. There are two interpretations of that problem: (1) as
a search for the components (z1,...,2,) of b in the basis given by the
columns of A and (2) as a search for a point x that is the intersection of
certain planes perpendicular to the rows of A.

Linear combination of columns

Consider A as a row of columns, A = [a;,a2,a3], where a; is the jth
column of A, then

z1
Ax = [al as 33] To| = x1a1 + 2080 +x3a3 =Db
T3

and x = (z1, 22, z3) are the components of b in the basis {a1,az,as}.

Finding these components is possible in general only if {a;,as,as}
are linearly independent, that is iff det(a;,az,a3) = det(A) # 0. If
det(A) = 0, then the three columns are in the same plane and the
system will have a solution only if b is also in that plane. Actually,
there will be an infinite number of solutions in that case since there is
a nonzero combination aja; + azas + azaz = 0, and any multiple of
(a1, a1, a3) can be added to (z1,x2,x3) while preserving Ax = b.

We can find the components (z1,z2,x3) when det A # 0 by thinking
geometrically and projecting b on the reciprocal basis (6.17),

dz X as as X ai a; X as
7 detA T T TdetA T T TdetA (9.182)
yielding
z;=ri-b=r]b (9.18b)
and -
A_1 = [I’l ro rg] (918(‘,)

since r]a; = d;;. Thus the reciprocal vectors (9.18a) are the rows of
Al



Cramer’s rule

Formula (9.18b) for the solution of Ax = b can be written in terms of
determinants since a - (b x ¢) = det(a, b, c), and thereby generalized to
higher dimension. We find that

R det(b,a, a3) o — det(ay, b, as) - det(ay,az, b)
T detA T TP detA T TP T detA
and this is Cramer’s rule: the ith component of the solution x of Ax = b
is
det A
= —, 9.19
v det A ( )

where the matrix A® is the matrix A but with column 4 replaced by b.
Cramer’s rule can deduced directly from the algebraic properties of
determinants, for example,

det(b, ag, 33) = det(xlal —+ TodaAo =+ Trsasz, a2, 33)
=1 det(al, ao, 33) “+ x9 det(ag, ao, 33) + x3 det(ag, ag, 33)
=T det(al, ag, a3) =T det A,

using properties (6.4a) and (6.4b) of determinants. Cramer’s formula
(9.19) applies to N-by-N matrices.

Formula for matrix inverse

Carmer’s rule yields a formula for the matrix inverse A~! in terms of
determinants. This generalizes the cross-product formula (9.18¢) to n-
by-n matrices.

Since A~ is the solution X of AX = I, column j of A~ is the solution
x; of

AXj = €y,

where e; is column j of I. The (4,j) component of A~! is thus the i
component of x;. Using (9.19) that is

-1 _ det A(ZJ)

= - 9.20
R det A ’ ( )

where A is the matrix A but with column i replaced by e;, such that
column i of A7) ig 0, except for a 1 on row j. That special determinant
in the numerator,

det A(U) e (—1)i+iji,
is the cofactor of A;j, where Mj; is the determinant of the matrix ob-
tained by deleting row j and column i of A.

Cramer’s formula (9.20) holds in any dimension, but computing de-
terminants in dimension n can be impossibly costly. Formula (9.15)
contains n! = n(n —1)---2-1 terms, all the permutations of n distinct
elements. The factorial function grows very quickly with n,

31=6, 6!=720, 12!=479001600, 24!~6.210%, ...,

9.4 Matriz inverse and Ax=b 9¢
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2Recall that n-x = b is the equation of
a plane perpendicular to n and passing
through a point xg such that n-xg = b,
for instance the point xo = bn/|n|?,
which is, in fact, the closest to the ori-
gin.

so 24! is about equal to Avogadro’s constant! There is a famous asymp-
totic formula, Stirling’s formula, that gives

n
n! ~V2mn (Q)

> (9.21)

where f(n) ~ g(n) means lim, o (f(n)/g(n)) = 1. In any case, the
direct formula (9.15) for determinants is nice, but uses excessive calcu-
lations for n > 4. Determinants of large matrices, if needed, can be
calculated after reduction to triangular form or orthogonalization, as
discussed below.

Intersection of planes

The linear system of equations, Ax = b, can also be interpreted as an
intersection of planes. Here, we view A as a column of rows, but it may
be simpler then to transpose the problem and work with the columns of
AT that are the rows of A. Thus,

Ax=box'AT =b'

where xT and b' are now rows and the columns of AT = [n1, Ny, ng] are
the rows of A. The linear system is

np °X:b1
x AT = xT[nl,nQ,n3] =b"'={ ny-x=b
ng 'X:bg

and x is seen as the position vector of a point at the intersection of three
planes.? To find x, the standard procedure is elimination (row reduction)
where we combine the equations

I’I1-X=b1 n; -Xx :b1
Ny « X = b2 — (n2 — Lglnl) X = bg — L21b1 (922)
ng-x=bs (n3 —L3iny) - x =bg— L31by

picking the coeflicients Lg; and Lg; such that nf, = ny — Loyn; and
n; = n3 — L31n; are orthogonal to e; ,

e;-ny,=0=e;-nj,

that is, n, and nj; have a zero first component. At the next step, one
combines the last two equations defining n§ = n§ — L3on), with Lss such
that
ey ng =0.

Thus, the first and second components of n§ are zero. The final system
of equations is then upper triangular and easy to solve by backward
substitution. This elimination requires permutations of equations, in
general, in case e; - ny is zero or small compared to e; - ny or ej -
ng, for instance. That introduces a permutation matrix P. The final
decomposition is known as the LU or PLU decomposition of A,

A=PTLU,



where P is a permutation matrix, L is a lower triangular matrix, and U
is an upper triangular matrix. The determinant of A is then the product
of the diagonal elements of U times the sign of the permutation P.

9.5 Gram—Schmidt and QR

A better approach than Cramer’s rule for finding the components of b
in the basis {aj, as, ...}, and for computing determinants, is the Gram—
Schmidt orthogonalization that has already been used in exercises 3.38
and 6.25. Starting from any A = [a;,a,a3], we orthonormalize the
columns a; by subtracting the parallel projections as in §3 where a; =
a — (a - n)n is the component of a perpendicular to unit vector 7.

For three vectors [a1, a9, as3], the Gram—Schmidt algorithm proceeds
in three steps

ai
1 @ Tl a, =ay —az-q;q;, a3 =az—az-q;q,
a/2 1 / !
(2) a2 :m7 az =az —az-qxdy,  (9.23)
2
a//
(3) qs :737
af

where u - v = u'v is the dot (or inner) product of vector u and v.
The vectors q;, q,, g5 thus obtained form an orthonormal basis. If
we keep track of the coefficients in an upper triangular matrix R where

(1) ra=lai], r2=ax-qy, 7T13=2az-q,
(2) 722 |a’2|, T3 = ag < s, (9.24)

(3) 733 = |ag],

we obtain the so-called QR decomposition of A,

11 Ti2 T13
A=[a; a, a3]=[aq; a9, q3] | 0 732 r3| =QR.
0 0 723

To solve Ax = b using A = QR, project b onto the orthogonal basis
{9;,95,953}, that is, b’ = Qb in matrix notation, then backsolve the
upper triangular linear system Rx = b’, that is,

Ax=(QR)x=b=Rx=Q'b=0b"

Then
r3 = by/ras,
T2 = (b/2 - 7"23933)/7‘22, (9-25)
Ty = (bll — T12%2 — 7”13$3)/7”11~

The QR decomposition can also be applied to the rows of A, which are
the columns of AT. Thus, AT = QR, where the matrices Q and R will

9.5

Gram—Schmidt and QR 101
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be different from those for the columns of A, in general. The solution
to Ax=b < xTAT = b" can be obtained as follows

x'AT=x"QR=b" = R'Q'x=R"y =b.

Thus, one starts with a forward solve for y, since RT is lower triangular,
then x = Qy:

RTy:b:x:Qy.

The reader should consult Trefethen and Bau,? for example, for more
insights and information about numerical linear algebra.

9.6 Tensors

A tensor is an operator that yields a basis-invariant linear transforma-
tion of vectors. We begin with several fundamental examples of tensors
that have already been encountered implicitly in earlier vector opera-
tions.

Projection tensors

The vector projections of a vector v parallel or perpendicular to a vector
a, that is, the vector transformations

v—ov =v=a(a-v)

or

vov =v =v—v|,

are linear transformations of v. To separate the parallel and perpendic-
ular projection operations from the vector v on which they apply, we
write

'U” = EL(& . 'U) = 'PH -,

v, =v—a(ad-v)=PL-v,
thereby defining the parallel and perpendicular projection operators
. aa
a=—

a
aa

)
-a
I-aa=1—-—.
a-a

I
=}

P
(9.26)
P

Those P, P, and I operators are not vectors since their dot product
with a vector v yields a vector not a scalar. Those operators are tensors.
The tensor I is the identity tensor such that for any v

I-v=nw. (9.27)

3L. N. Trefethen and D. Bau, Numerical Linear Algebra, SIAM, 1997.



In a cartesian basis {eq,e2, €3} with a = a;e;, these tensors have the
cartesian components

— e A
s (9.28)
n ~ A a;a;
Pi‘zéi'—aia-zéi-— .
J J J J
agag

Thus, a tensor is represented by a matriz with respect to a specific basis.

Reflection and Rotation tensors

Other examples of tensors are reflections about a plane perpendicular
to a,

v'=v—-2a(a-v)=(PL—-P)) -v=-2aa)-v, (9.29)
and rotation by angle o about a direction a, from (4.18),

v =wv| +cosav, +sinad xwv

T (9.30)
= (cosal+(1—cosa)aa+sinaaxlI)-v=TR-v.
In a cartesian basis, @ X I is €;510101; = €505, and
vV=R-v & =R,
where
R;; = cosad;j + (1 — cos @) a;a; + sin a €5 5ay, (9.31)

is the cartesian matrix of the rotation tensor R, already encountered in
(8.50).

Tensor of inertia

The first tensor that students encounter in physics is usually the tensor
of inertia I that arises in the expression for the angular momentum of
a rigid system. Consider N particles with masses m;, position vectors
7y, and velocities v;, with [ = 1,..., N. The total angular momentum

of the system is*
N
L= Z T X M.
=1

If the system is rigid and rotating about a point that we picked as the
origin, then v; = w X r; where w may vary in time but is the same for
all rigidly connected particles. The angular momentum then reduces to

N

L= Z?"l X my wxrl Zml (rl-w)rl).

=1
Since w is the same for all [, we would like to pull it out from the sum
and write L = Z - w, but that requires introducing the concept of tensor
of inertia,

N
=> m((re-r)) I —mry). (9:32)
=1

9.6 Tensors 10¢

4Note that [ is a particle index here
not a cartesian component index. It
appears three times in each term so we
write the sum explicitly using > anc
cannot use the summation conventior
for those sums over particles.
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The symbol £ means equals by defini-
tion.

5Recall that in vector (or dyadic) no-
tation there is no concept of rows and
columns as in matrix notation in which
(9.36) has to be written

vi(ab") = (vTa)b" = ((ba")v)T.

Dyadic product

The tensors aa and 7;7; are special cases of the dyadic product ab of
two vectors a and b. In a coordinate-free form, the dyadic product ab
is defined by how it operates on an arbitrary vector v,

(ab) -v = a(b-v), (9.33)

and is naturally written ab in applied mathematics, physics, and en-
gineering. The dyadic product is also called the tensor product and
denoted @ ® b in the mathematical literature. In a cartesian basis with
a = a;e; and b = b;e;, we have

a(b-v) — a;(bjv;) = (aibj)v;,

so the dyadic product ab has cartesian components a;b; and is repre-
sented by the matrix

aiby aiba aibs aj
ab = a2b1 agbg &2b3 = | a2 [bl bQ bg} :abT. (934)
agbl a3b2 0,3b3 as

For example,

1 010
ejea= |0/ [0 1 0]=1]0 0 O (9.35a)
0 000

in the cartesian basis {e1, e2, e3}. For another cartesian basis {e], e}, e}
. /I o — /
such that €] = ¢;;e; and thus e; = g;;€],

q11 q11412  q11922 411432
erer = |qa| [z q22 @32 = |@q12 @age2 21032 (9.35b)
q31 31912 431922 4314932

and the matrix representation of the tensor eje, depends on the basis,
just like the components (vy, vy, v3) of a vector v depend on the basis.
A dyad ab can also be left multiplied by a vector and the result is
naturally®
v - (ab) = (v-a)b=(ba) - v. (9.36)

That is not equal to (9.33) for all v, unless a and b are parallel, so the
dyadic product does not commute

ab # ba.

The difference
ab — ba

is the commutator; it is itself a tensor whose action on any vector v is
equal to the cross product of v with a x b since

v X (axb)=a(b-v)—bla-v)=(ab—ba)-v,

but note the position of v in the cross product and in the tensor expres-
sions.



Linear transformations

A vector transformation v — w = T'(v) is linear if
T(Au+ pv) = AT(u) + pT(v) (9.37)

for any scalars A, p and vectors u, v. If a transformation 7'(v) is linear
it can be expressed as a tensor T dotted with v,

Tv)=T - v, (9.38)

as in examples (9.26), (9.29), (9.30).
A linear transformation is fully specified by its action on a basis. Let
{a1, a2, as} be an arbitrary basis and define

T(a;) £ T;; a;, (9.39)

so column j of [T};] contains the components of the transformed vector
b; = T(a;) in the chosen basis. Then, for any v = v;a;,

w =T(v) =T(vja;) = v;T(a;) = T;jv;a;,

using linearity of T'(+) and the summation convention. Thus, w = w;a;
with
w; = Tijv;,

and the nine Tj;’s indeed fully specify the linear transformation w =
T(v) for any v with respect to the basis {a;, as,as}.

Dyadic representations

The tensor T such that 7 - v = T'(v) can be written explicitly in terms
of T;; and dyadic products between the basis vectors {a1,as, a3} and
their reciprocals {1, as, a3} (6.17), as

T =T a;a;. (9.40a)

Indeed, for any v = v;a,, using (9.37), (9.39), and a; - @&; = d;5, so
v; = dj v,
T‘ v = ﬂjaidj V= Tijal- v; = T('l))

Equation (9.40a) also gives
Tij = dz . T caj. (940b)

An effective discussion of general bases requires introducing Ricci in-
dex notation (Ricci calculus) where upper indices are used to denote
reciprocal vectors @; = a' and (9.40a), (9.40b) are written as

Tsz?aiaj = Tj:ai'T'a]‘.

This will not be pursued here and we will restrict the following to carte-
sian bases such that e; - e; = d;;.

9.6 Tensors 10f
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For a cartesian basis {e1, es, es}, that is equal to its reciprocal, there
is no need to distinguish between upper and lower indices. In a cartesian
basis,

T = Tij e;e; < Tij =e€;- T - €, (941&)

and for any v = viey

T *V = Tij €,€; - Vg€ = eiTij(Sij}C = eiTijvj. (941b)

Symmetric and antisymmetric tensors

As for single dyads, left multiplication of a tensor by a vector is not
equal to right multiplication, in general,

v T £T -v,

but left multiplication defines the transpose T as the tensor such that,
for any v,

T vtv. T. (9.42)

A tensor is symmetric if T = T, that is, if
u-T-v=v-T - u, (9.43a)

for any u and v. In a cartesian basis, 7 = Tj;e;e;, this implies that

Tij = Tji. (9-43b)
A tensor is antisymmetric or skew-symmetric if T = —7T ', that is, if
v T -u=-u-T- v, (9.44a)

for any w and v. In a cartesian basis, 7" = T;;e;e;, this implies that
Ti; = —Tji. (9.44b)

An antisymmetric tensor A is equivalent to a cross product with a
(pseudo) vector w:

AT=-A & Av=wxw. (9.45)
In a cartesian basis, A;; = €Wk so the cartesian matrix A = —AT as
well.

Change of cartesian basis

Equation (9.40a) shows how to transform tensor components from one
basis to another. We restrict the discussion to cartesian bases. Given
two distinct cartesian bases {e1,es,es} and {e], e}, e5}, the starting
point are the identities

v = ve; = Ve, (9.46)

1)



(8.5a) for vectors, and

T =T;jeie; = Tj; eje], (9.47)

for tensors, where the bases are distinct but both cartesian so
/ /
€;-€; :51‘]‘ :ei-ej.

The vector component transformations follow from dotting (9.46) with
e; and e; to obtain

{% = (€} - ;) v; = Qi; vj, (9.48)

vi = (e; - €) v} = Qi v,
where Q = [Q;;] is an orthogonal matrix as discussed in §8.4. The tensor

component transformations follow from dotting (9.47) with e} on the left
and e} on the right to obtain

Tilj = (e} -ex) Tr (e - e;) = Qir T Q;I; (9.49)
In matrix notation, these component transformations read
v = Qu,
, - (9.50)
T =QTQ’,

where v and v’ are column vectors and T, Q, T, Q" = Q! are matrices.
The matrix transformation T/ = QTQ ™! is called a similarity transfor-
mation in matrix algebra. Similarity transformations do not change the
eigenvalues of a matrix.

Notation, notation, notation

We write the operation of a tensor T~ on a vector v in vector, index, and
matrix notations as
T -v="Tv;=Tv
and
(A T = Tjﬂ}j = VTT.
Some authors drop the dot and write T v for the action of a tensor 7 on
a vector v but that is a confusing mix of dyadic and matrix notations.

Indeed, if T is a single dyad T = ab, then
Tc=abc

is a triad or a third-order tensor whose components are a;bjci, that
is, a tensor whose dot product with a vector yields a dyad (abe) - v =
(ab)(c - v). Thus, in dyadic notation Te # T - c.

The vector and index notations do not have rows and columns. Thus,
the commutative dot product is written

a-b=b>b-a,
a;b; = bay,

a'b= bTa7

9.6 Tensors 107
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in vector, index, and matrix notations, the latter two assuming that the
basis is cartesian. If the basis is not cartesian then

a-b= Cbigijbj = aTGb,

where G = [g;;] = G' is the symmetric matrix of dot products between
the basis vectors (the metric of the basis), g;; = a; - a;. In matrix nota-
tion, the fundamental data structure is the matrix and the fundamental
operations are the row-by-column matrix multiplications and the trans-
pose operation that switches rows and columns. Vectors are N-by-1
column matrices by default.

Students will also encounter the double dot product that was originally
defined by Gibbs/Wilson® as

(ab) : (cd) = (a-c)(b-d) (9.51a)

for dyads. For second-order tensors A = A;;e;e; and B = Byexe; in a
cartesian basis, that is,

A: B = Az-jBkl(eZ- . ek)(ej . el) = AijBij = JCI‘(ABT)7

where tr(A) = A;; is the trace of the matrix, the sum of its diagonal
elements. Some authors prefer to define the double dot product as

(ab) : (cd) = (a-d)(b-c), (9.51b)
yielding
A: B= AijBkl(ei . el)(ej . ek) = Aiiji = tr(AB)

9.7 Eigenvectors

Transformations v — w = T(v) naturally lead to the question of
whether there exist vectors v that are invariant under the transforma-
tion. Strict invariance T'(v) = v is too restrictive to be generally useful,
but invariance up to a scaling factor A is an important concept with gen-
eral implications. Thus, given a linear transformation v — w = T'(v),
we search for special vectors v such that

T(v) = v,

for some scalar A. Such vectors, if they exist, are called eigenvectors
of the transformation and the scaling factors A are the corresponding
eigenvalues.

Geometric examples

Eigenvectors and eigenvalues for the parallel and perpendicular projec-
tions in (9.26) can be found by inspection. Clearly

(@a) -v =X



for v = @ with A = 1, and for any v-a = 0 with A = 0. The set of vectors
perpendicular to @ is an eigen-subspace for that tensor T = aa. We
can pick any two orthonormal vectors g, and g, in that plane and thus
define an orthonormal eigenbasis {q, gy, @}, that is, a basis consisting
of orthonormal eigenvectors of the linear transformation. The (A, v)
eigenvalue—eigenvector pairs are thus

()‘7'0) = (Alv q1)7 (A27 q2)a ()\Sa a’)
with
(0,0,1)  for T = aa,
()\1,)\2,A3) = (1,1,0) for T:I—d&, (952)
(1,1,-1) for T =1 —2aa.
For the rotation tensor (9.30), it is geometrically and algebraically

evident that
R-a=a.

Thus, A = 1 for v = a since vectors parallel to @ are unaffected by
rotation about a. Vectors perpendicular to a remain perpendicular to a
after rotation, but no such vector can be parallel to itself after rotation
unless the rotation angle a =0 or 7.

Let g, be any vector perpendicular to @ and gy = @xqy, so {q;,q-,a}
form a right-handed orthogonal basis, and consider rotation by o = 7/2;

in that case,
R% *q; =4y,
Rz-q;=—q;.
Eigenvectors for this 7/2 rotation operator, Rz, require a complex leap:
Rg (g1 +195) = —1(q; +1q3),

where 12 =12 = —1. Then, for rotation at arbitrary c,

R-(q, £1q5) = e%a(‘h +1q,),

where e¥'® = cosa +1sina. Thus, the (\,v) eigenvalue-eigenvector
pairs for rotation by « about a are
()‘7 v) = (e ", qy +1qy), (ew7 q; —1q5), (17 a’) (9'53)

where g, is any real vector orthogonal to @ and g, = a x g;. The
eigenvector corresponding to A = 1 is the rotation axis a, and the other
eigenvalues \ = e**® yield the rotation angle a.

Eigenvalue problem

The eigenvalue problem for an arbitrary linear transformation v — A-v
is to find A and v # 0 such that

A-v =)\

9.7 Eigenvectors 10¢

We write 2 for the imaginary unit here
such that 22 = —1, since we have beer
using indices ¢ and j in this section.
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If the eigenvectors form a complete basis, then they and their eigenval-
ues fully characterize A. The eigenvalue problem is nonlinear in the
eigenvalue A but linear in the eigenvector v that is thus determined up
to an arbitrary scaling factor.

Let A be the matrix of A in some basis, and v the components of v
in that same basis. The search for eigenvectors then become the matriz
etgenvalue problem

Av = )v, (9.54)

which is a system of 3-by-3 (or N-by-N) equations for three (or N)
unknowns A and v/|v|, since the amplitude of v drops out. This is not
quite a linear system since A and v depend on each other. However, v
can be eliminated,

(A—A)v=0 < det(A— ) =0. (9.55)

Indeed since v # 0, the eigenvalue A must be such that the columns (and
rows) of the matrix A — I are linearly dependent, so the determinant
must vanish.

For a 3-by-3 matrix A, using lower case a;; for the coefficients of A,

det()\I — A) = 6ijk(>\5i1 — ail)()\éjg — an)(A(Skg — akg)
=\ - )\2(61'23&11 + €153a52 + €12pax3)

+ A€ijzairase + €onaiiars + €1,a52ak3) — det A

1
=X - A2trA 4 A 3 ((tr A)? — tr A%) —det A, (9.56)

where trA = a;; and tr A% = a;pap (see Chapter 5, exercise 5.17).
Those traces and det A are invariants under similarity transformations
A — SAS™'. The coefficient of ) in (9.56) can also be recognized as the
sum of the cofactors of the diagonal elements.

If A is N-by-N, det(A — AI) is a polynomial of degree N in A called
the characteristic polynomial and det(A — AI) = 0 is the characteristic
equation. The fundamental theorem of algebra states that a polynomial
of degree N has N roots; however, some can be repeated and some
can be complex. If the matrix is real, then the complex roots come in
complex conjugate pairs; see (9.52) and (9.53) for example.

In theory—but in practice only for 2-by-2 matrices or matrices with
special structure—the eigenvector problem reduces to first finding the
eigenvalues A, then going back to the known A — AI matrix to find v,
for instance by row reduction. For more general matrices, the eigenvec-
tors and eigenvalues are obtained simultaneously through an iterative
algorithm based on repeated QR decompositions and similarity trans-
formations Q' (QR)Q = RQ = A, with some shifty accelerations.”

Diagonalization of symmetric matrices

Symmetric tensors and matrices feature prominently in many applica-
tions. The parallel and perpendicular projections tensors (9.26), the



reflection tensor (9.29), and the tensor of inertia (9.32) are symmetric,
for instance. A fundamental property of those symmetric linear opera-
tors is that they have real eigenvalues A and a complete set of orthogonal
etgenvectors.

First, we will show that A is real, then prove orthogonality and com-
pleteness of the eigenvectors. The concept of complexr conjugates is
needed. The complex conjugate of a scalar A = x + 1y, where z and
y are real and +? = —1, is denoted with an asterisk A* and defined as

N=z—wy

such that
AN =22 497 >0.

Likewise, a complex vector v € CV is v = x + 1y where x, y € RY are
real, and its complex conjugate is

v =x—ay,

such that
viev=x.x+y-y>0.

In matrix notation, this complex conjugate dot product is written

where v is the transpose conjugate of v; thus, (x +y)H = xT —yT.

We can now prove that A is real for a real symmetric matrix A = AT,
and more generally for a complex Hermitian matrix A = A", Indeed, if
Av = \v with v # 0, then vMAv = AvMv and thus

vl Av

A= ——.
viy

(9.57)
Now, if A" = A,
(vHAav)H =vHAav

since (uMAv)H = vHAPu for any u and v, and we assume that A" = A,
Hence, vH'Av is real since it is a number equal to its conjugate. It follows
from (9.57) that \ is real since vHv is also real. That was a quick proof!

Showing that a symmetric matrix always has a complete set of orthog-
onal eigenvectors, even if some eigenvalues are repeated, is a bit more
involved, but the proof is instructive. The idea is to start from one
eigenvector and transform the matrix into an orthonormal basis that
includes the known eigenvector. This effectively projects the N-by-N
matrix onto an orthogonal (N — 1)-by-(N — 1) subspace, and the pro-
jected matrix is still symmetric, so the argument can be repeated on a
matrix of size (N — 1)-by-(N —1).

We start from the fact that any matrix A has at least one \;, since
the fundamental theorem of algebra® guarantees that a (characteristic)

8518.4.
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polynomial such as (9.56) has at least one root A1, that has at least one
corresponding eigenvector vi # 0 since det(A — A1) =0,

AV1 = )\1V1.

The root A; could be repeated as for the identity matrix I for which
all eigenvalues A = 1 since Iv = v for any v. We assume that A is
real and symmetric in the following, so A\; and v; are real, but the proof
carries through for Hermitian matrices by replacing the transpose () by
transpose-conjugate (). Since vy # 0, it can be normalized so v]v; = 1.

Let q; = vi and pick an orthonormal basis Q = [q; a, q3]. The
eigenvalue problem can be orthogonally transformed

Av=2v = (Q'AQ)(Q"v) =A(QTv) = AV =V (9.58)
The transformed matrix A’ = Q' AQ is still real and symmetric since
(A)"=(Q"AQ)"=Q"A"Q = Q"AQ,
and it has a special structure. The elements a}; of its first column are
aly, = q/Ag; = A1q] gy = \id

since q; = v; is a A; eigenvector and the g, are orthogonal. The first
row has the same structure, by symmetry; thus,

M0 0 1
A=Q'AQ= |0 ahp dy|, vVi=Q'v,=|0], (9.59)
0 az aj 0

where
a/ij = qz'Tqu' = ququ' = a;‘r

So the 2-by-2 submatrix of A’ is symmetric, ab; = aj,, and therefore
has at least one real eigenvalue A5 and eigenvector

/ li / !
{022 a23] [922] -\ [922]

/ / / — N2 / )
A3zg  A33] |U32 U3

0
/A / /o /
A'v, = vy, vy = v,

yielding

Vs
The eigenvalue Ay may equal A\; but v} is obviously orthogonal to v} =
(1,0,0).
The procedure can be continued. Normalize vj, let q} = g, g5 = v}
and pick a qj orthogonal to q} and q5. Transform the eigenvalue problem
again, now with Q' = [q] a5 dj5],

AV =)\ — AV = (9.60)



where A” = QTA'Q’, v/ = Q'"V/, and

A0 0 1 0
A"=10 X 0], [v/ vj]= Q" Vi vh] =10 1|. (9.61)
0 0 al 0 0

In this 3-by-3 case, the procedure terminates here; A3 = a4 is the last
eigenvalue with eigenvector v = (0,0, 1) that is clearly orthogonal to v/
and vj. In that basis, V' = [v{ v§ vj] =1 The eigenvectors of the
original matrix A are v; = QQ'v/; they are the columns of the matrix

V= [Vl 2 Vg} =QQ'V' = QQ’
corresponding to eigenvalues A1, A2, A3, respectively, and

AV = [Avl AV2 AV3]

(9.62)
= [>\1V1 )\QVQ >\3V3} = VA,
where
A0 0
A=|0 X O
0 0 As

is a diagonal matrix and the matrix of eigenvectors V is orthogonal
ViV=I=VV"
Equation (9.62) can be written
VIAV=A & A=VAV".

Thus, a real symmetric matriz can be diagonalized by an orthogonal
matriz. The decomposition A = VAV is the eigenvalue decomposition
(EVD) or spectral decomposition of A.

If symmetric matrix A corresponds to tensor A = A;;e;e; in an or-
thonormal basis eq, es, e3, then its orthonormal eigenvectors

0; = Vjiej, e = Vijv; (9.63)

since the eigenvectors are the columns of V. Then its rows are the
components of e; in the eigenvector basis.” The symmetric tensor is

A= Aijeiej = M\ D101 + AoDaD2 + \30303, (964)

where the eigenvector expansion cannot be written using the summation
convention since the index appears three times in each term.

An important application of this result is that it is always possible to
find a cartesian basis in which the symmetric tensor of inertia (9.32)
is diagonal. The eigendirections corresponding to that basis are called
principal azes and the eigenvalues the principal moments of inertia in
that context. This is explored in this chapter’s exercises. The principal
axes are those about which the corresponding rigid body can rotate freely
without wobbling. That is discussed later in §11.4. Another application
is to the classification of quadratics.

9.7 Eigenvectors 11
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Classification of quadratic curves

A quadratic curve is the set of solutions (z, y) of a two-variable quadratic
polynomial
az? +bxy 4+ cy® +de +ey+ f =0, (9.65)

where a, b, ¢, d, e, and f are real constants. The sum of the quadratic
terms, called a quadratic form, can be written in matrix vector notation
as
240 2= o b fo 9.66
ax® +bry + ¢y’ = [z y}%bc ME (9.66)
and invariably involves a real symmetric matrix.
Let A1 < Ay be the eigenvalues of that symmetric matrix, and q; and
g, be the corresponding orthonormal eigenvectors. In that basis, the
(z,y) are orthogonally transformed to

m =[a, a] Bj

and the quadratic form becomes
az? + by + cy® = Mt + Ioxl. (9.67)

The linear and constant terms are modified according to the transfor-
mation of coordinates, dr + ey = 121 + Y2x2 for some new constants
1, Y2, and the quadratic equation reduces to

At + Ao + 1wy +y2u2 + f =0, (9.68)

in the new cartesian coordinates (z1,x2).

The quadratic is therefore an ellipse if A\; and Ay have the same sign, a
hyperbola when the eigenvalues have opposite sign, and a parabola when
one of the eigenvalues vanishes. Since

b

N[ =

My = = ac — b*/4,

a
1
5b

o

the quadratic is an ellipse when b> —4ac < 0, a hyperbola when b? —4ac >
0, and a parabola when b? — 4ac = 0.

Epilogue

The proof developed for real 3-by-3 symmetric matrices generalizes to
N-by-N matrices and to complex Hermitian matrices for which A" = A.
In that case the eigenvalues A are still real, but the eigenvectors V are
complex orthogonal, that is, V'V = I = VVH. All the steps of the proof
hold with Q" replaced by Q". The proof can also be adapted to anti-
Hermitian matrices with A" = —A, in which case the eigenvalues are
pure imaginary (plus a zero eigenvalue for odd N) and the eigenvectors
are complex orthogonal. Rotation matrices (9.53) are neither symmetric
nor antisymmetric in general, but have complex orthogonal eigenvectors.
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For arbitrary matrices, there is no guarantee that there will be a
complete set of eigenvectors, a fundamental example is A = [¢ L], known
as a Jordan block, that has only one eigenvector, although a random
matrix will almost certainly have a complete set of eigenvectors. An
arbitrary real matrix will have complex eigenvalues and eigenvectors in
general. A useful generalization of the eigenvector decomposition of a
matrix is the singular value decomposition (SVD). For an arbitrary 3-
by-3 tensor A, the SVD reads

and

where 4@, - @; = 0;; = ; - ©;. Thus, A+ 91 = 0174, and

A = 01’111'131 + 0'2112’1’52 + 0'3’(13173,

T PN ~ A A A~
A = 01V1U] + O2V2Us + ag3v3us,

AT'A"&l = 0‘1AT "El,l = 0’%’1’}1.

Likewise

T - N ~
A'A c Uy :UlA"Ul :J%UL

(9.69)

The singular values o; > 0 are real and positive, they are the local
extrema of |/A - ¥|, and thus the square roots of the eigenvalues of the
symmetric tensor (A" - .A). The right eigenvectors of A" + A are the
right singular vectors ¥;, and the left eigenvectors are the left singular
vectors ;.

Exercises

(9.1)

(9.2
(9.3)

(9.4)

Give examples of 2-by-2 and 3-by-3 symmetric and
antisymmetric matrices.

) If X" = [z1, 2, 23], calculate x"x and xx".

For x € R™, show that x"x and xx" are symmetric,
(i) explicitly using indices, (ii) by matrix manipu-
lations.

Prove (9.6) that (AB)" = BTAT using index nota-
tion.

Use (9.6) to prove that the product of two orthog-
onal matrices is an orthogonal matrix.

Prove that (AB)™' = B™'A~! using matrix nota-
tion (this is one easy line).

Prove that the inverse of a matrix, if it exists, is
unique by showing that if B and C are two matri-

ces such that AB = I = AC, then B = C (this is
one easy line).

(9.8) Show that detI =1 and

1
detA™ = ——.
¢ det A

(9.9) Verify that (9.20) correctly gives the inverse o

A=[2h] as

Al =

1 d -b
ad —bc |—c a |’

Specify the matrices AGY A(2 AL and A2

(9.10) Verify that (9.20) correctly gives the inverse of

1 0 0
A=|—-a3 1 0
(6] —Q1 1
as
1 0 0
Al = as 1 0
103 — (2 —Q1 1

Specify the matrices AGY AGD,
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(9.11)

(9.12)

(9.13)

(9.14)

(9.15)

(9.16)

(9.17)

(9.18)

(9.19)

(9.20)

(9.21)

Let A = [a1,a2] with a1, a2 two arbitrary non-
parallel column vectors in R®. Construct matrix
B whose two rows b1, ba are such that b, -a; = d;;.
Show that B is not unique. Construct an explicit
example where BA =1 but AB # 1.

Give a nontrivial example of a 3-by-3 orthogonal
and symmetric matrix (a trivial example is I).
What is the geometric meaning of such matrices?

Show that the permutation matrix that encodes
(1,2,3) — (2,3,1) has the index representation
P;j = 6:1025 + di2035 + 0:301;.

What is the matrix P encoding the permutation
(1,2,3,4) — (2,3,4,1)? What is an explicit index
expression for P;;?

Pick three nontrivial but arbitrary vectors in
R? (using Matlab’s randn(3) for instance, or by
choosing random vectors yourself); then construct
an orthonormal basis q;, q,, q5 using the Gram—
Schmidt procedure. Verify that the matrix Q =
[4;,d5, 93] is orthogonal. Note in particular that
the rows are orthogonal eventhough you orthogo-
nalized the columns only.

Pick two arbitrary vectors ai, az in R® and or-
thogonalize them to construct q,, q,. Consider
the 3-by-2 matrix Q = [q,,q,] and compute QQ"
and QTQ. Explain.

Let P =1 — aa and H = I — 2aa. Show that
v/ =P -v and v' = H - v are linear transforma-
tions. Show that H preserves all dot products but
P does not. Show this in two ways: using index
notation, and using matrix notation.

Let @ and b be arbitrary vectors and v, the per-
pendicular projection of v into the (a,b)-plane.
Show that the tensor T = &b + ba produces a
vector T - v that is the reflection of v, about the
bisectrix of angle (a, b).

Let {e},e5,e5} be a cartesian basis obtained by
rotating {e1, ez, es} about es by a. Sketch. Find
the matrix representations of the dyadic products
eiey and efe) in terms of both bases. Show and
briefly explain your work. Display the four 3-by-3
matrices.

Let {X,¥,2} be the usual cartesian basis. Show
that the identity tensor I, such that I - v = v for
any vector v, is I = XX+ y§ + 22Z.

Let {ai,az2,a3} be an arbitrary basis and
{@1,d2,ds} its reciprocal basis (6.17). (i) Show

(9.22)

(9.23)

(9.24)

(9.25)

(9.26)

(9.27)

(9.28)

(9.29)

that the identity tensor

I =aid; + azxa2 + azas

= aiai + dqa2 + @sas.

(i1) What is the geometric transformation corre-
sponding to a1@1 + a2a2?

Let {ai,a2,asz} be an arbitrary basis and
{a',a? a®} its reciprocal basis. Show that the
identity tensor is I = g”aiaj = gijaiaj, with
summation over repeated indices in one upper
and one lower position, where ¢ = a' - a’ and
gij = a; - a; are the metrics such that a; = gijaj,
a' = g”a;, and g7 ;i = 6} = gr;g’"

Show that (right-hand) rotation of v — v’ = R-v
by ¢ about Z corresponds to the tensor

R =22+ cosp (XX + §§) +sinp (% — %)

cosp —sing 0] [X
=[x § 2]|sing cosp 0| [§], (9.70)
0 0 1| |z

where {%X,¥,2} is the usual right-handed cartesian
basis.

Show that the tensor R that rotates the cartesian
basis vectors e; — e, = R -e; = Qije;, for Q as
in (8.35b), is (with the matrix product continued
on the second line)

cosp —sing 0
R = [el es eg] sin ¢ cosp 0
0 0 1
cosf@ 0 sinf| |er
0 1 0 e2 (9.71)
—sinf@ 0 cosf| |es

Show that w- (T :v)=(u-T) - v=u-T -v #
v+ T +u, in general.
If A and B are arbitrary tensors, show that
(A-B) =8BT.A4"T.
Let T = ai1b; + --- + anby, where the ay,
b, are arbitrary vectors. Show that its trace
tr(T) 2 e - T e = >, ar - by, and its trans-
pose T = > bas.
Let T = Tije;e; in a cartesian basis {e1,e2,es}.
Show that T;; = Tj; if and only if u-7T v = v-T -u
for any vectors u, v.
Let @ and b be orthogonal unit vectors, a-b= 0,
and é obtained by rotating b about @ by «/2 # 0.
Let ~a

Ry = 2bb — 1,

R.=2é¢—1,



(9.30)

(9.31)

and consider R = R. - Rs.

(i) What geometric operations do R and R. rep-
resent? Show and explain.

(ii) Show that RT-R = 1.

(iii) Show that R is the tensor for rotation about
a by a by showing that applying R to the intrinsic
basis a, B, ¢ rotates each vector by a about a.

(iv) Show that
R = aa + cos o (bb + An)
+sina (b — bi), (9.72a)

in terms of the intrinsic orthonormal basis

{a, B,ﬁ}, where A = @ x b, so that its matrix
R in that basis is
1 0 0
R= [0 cosa —sina (9.72b)
0 sina cosa

What are its components R;; in an arbitrary carte-
sian basis {e1, ez, e3}7

Equations (8.15) express one cartesian basis in
terms of another; define a tensor 7 that trans-
forms e; into e}, such that

T -e =e; = Qije;. (9.73a)
Show that T = T;;e;e; = Tj;eje), with
T = Qji = Qi; = Tj;. (9.73b)

Discuss why T;; = T}

iz
Tensors for body-fived rotations. Let e = Q;;e;
with [Q”] = Q = Q3Q>Q; such that

¢ =QPe?, o = Qe e = Qe

as in (8.29) and (8.30), for example. These Q ma-
trices correspond to the active rotation matrices

= Q], R; = QJ, R = QI, (8.34c), (9.73b).
Define the (body-fized) rotation tensors

B(l) = jol-)eie]-,

B® — R@.) m 5.1) (9.74a)
B® — Rff)ef)ef)

Show that

(1) BY, B@ BO® perform the successive body-
fized rotations corresponding to Q;, Q2, Qs, re-
spectively. That is, show that

BW. e; —e§1>,
B . o) _ @
(

BY . e (2) —e®

(9.32)

(9.33)

(9.34)

(9.35)
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(ii) the tensor R = B® . B® . BD yields
R.-e;=e” =el.

(iii) in the original basis {e1, €2, es}, the matrices
of these tensors are

Bl = Rl, BQ = QIRQQI, Bg = QIQ-QI—RSQQQM
R = B3B1B; = R,RsRs. (9.74b

A vector v = v;e; is transformed into R-v = v’ =
vije; with v/ = Rv.

Tensors for space-fized rotations. Let e; = Qj e,
with Q = Q3Q2Q; as in (8.29) and (8.30), for ex-
ample, corresponding to the active rotation matri-
ces R1 = Qf, R: = QJ, Rz = QJ, (8.34c), (9.73b)
Define the (space-fized) rotation tensors

8(1) = R(-l-)eiej,
s® R(Q)elej,
§® = RV ese;

(9.75a)

Show that the matrix of the successive rotatior
tensor S = SW.8@.8G) ip the basis {e1, ez, e3)
is

S = R;R2Rs. (9.75b’

A vector v = v;e; is transformed into S -v = v’ =
vije; with v/ = Sv.
Matrix S equals the matrix R for the body-fixec
rotations (9.74b), but the sequence of space-fixec
rotations is performed in reverse order from that
of the body-fixed rotations (9.74b), that is
B® .53 .80 g, g®@ B (9.75¢
Find the eigenvectors of ab and I — aab anc
their eigenvalues, where a, b are arbitrary vectors
Show that the eigenvectors are not orthogonal ir
general, and that the eigenvectors do not form &
complete basis if a + b = 0.
Show that the eigenvectors of ab+ba are a+b anc

a x b and that they are orthogonal, for arbitrary
nonparallel @ and b. What are the eigenvalues?

Show that the rotation eigenvectors v; in (9.53
are not orthogonal in the sense v; - v; = J;;
However, they are complex orthogonal in the sense
V] - v; x 0;5, where ()* denotes complex conjugatc
obtained by replacing + by — so (g; £1g,)* =
q, F1q,. Normalize v; so that v} - v; = d;;.
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(9.36)

(9.37)

(9.38)

(9.39)

(9.40)

(9.41)
(9.42)

(9.43)

Find the eigenvectors of ab — ba and their eigen-
values for arbitrary a and b. Are the eigenvectors
orthogonal? Are they complex orthogonal?

If A has matrix A in some basis, its matrix in some
other basis is A’ = SAS™! as shown in (9.50) for
cartesian bases. Show that the eigenvalues of A’
are the same as those of A. How are the eigenvec-
tors related?

Find all the eigenvalues and eigenvectors of
a 1 0
A=(0 b 1
0 0 ¢

Show that there is only eigenvector when a = b =
¢, that is when A is a Jordan block.

Find the eigenvectors and the singular vectors of
a 1
asl ]
Sketch the eigenvectors and the singular vectors

for a # b and for a = b.

Verify the eigenvalues (9.52) and (9.53) and their
corresponding eigenvectors by picking a suitable
orthonormal basis and finding the eigenvalues and
eigenvectors of the resulting 3-by-3 matrix.

Calculate the SVD of the cartesian matrices of
(9.52) and (9.53).

Explain and justify how Av = Av is transformed
to A'v' = Av' in (9.58).

Let A be symmetric and A-v = v, A-w = pw
with A # p. Show that v - w = 0.

(9.44)

(9.45)

(9.46)

(9.47)

Show that the tensor of inertia is symmetric and
positive definite, that is, v-Z-v > 0 for any v # 0.
Conclude that its eigenvalues are real and positive.

Show that the principal directions of the tensor
of inertia Z are the same as those of the tensor
P = >, murir;. How are the eigenvalues related?

Mass m; is at 71 = 21X 4+ 1Y + 21Z and mass mo
is at 72 = ar, for some a. Write the tensor of in-
ertia in vector form. Find its matrix with respect
to the cartesian basis X, ¥, z. Find the principal
axes and the principal moments of inertia.

Show that aa + bb is symmetric. Hence, that ten-
sor has orthonormal eigenvectors e, e5, e5. If a
and b are nonparallel, show that e5 = axb/|a x b|
is an eigenvector. Thus, e} and e are in the plane
of @ and b. If « is the angle from a to e}, right-
handed about e}, and # that between a and b,
show that

b2 sin 20

tan2a = ——+——
ansa a? 4 b2 cos 20’

and the eigenvalues are

A1 = a® cos® a + b cos® (0 — a),
A2 = a’sin® a + b® sin® (0 — «),

Az = 0.

What is « in the limits a < b, b < a, and a = b7
Do the results make sense to you in those limits?
Discuss. Considering limits provides checks on the
validity of the results. (Hint: €-(aa+bb)-e5 = 0.)
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Kinematics

10.1 Vector functions and their derivatives

Vector calculus deals with vector functions. We begin with vector func-
tions a(t) of one real variable ¢t. This a(t) is any vector function of ¢. It
could be a position vector at time ¢, a velocity at time ¢, an acceleration,
or a time-dependent force, for example. The tip of vector a(t) traces a
curve C with respect to its tail. The difference Aa = a(t') — a(t) is a
secant vector for that curve (Fig. 10.1).

da/dt

Fig. 10.1 Curve C of a(t) with secant Aa = a(t') — a(t) and derivative da/dt at t.

A vector function a(t) is continuous at t if

lim a(t') = a(t), (10.1)

t'—t

then the secant vector Aa = a(t') —a(t) goes to zero as At =t —t — 0.
The limit of the ratio Aa/At, if it exists, is the derivative of a(t) at t:

da , . a(t’) — al(t) . Aa

—_— = ——. 10.2
dt it Ao At (10.2)
The vector derivative da/d¢ is tangent to the curve at a(t) since it is

the limit of rescaled secant vectors Aa/At.

Differentiation rules

Rules for derivatives of vector functions are similar to those of scalar
functions. The derivative of a sum of vector functions is the sum of the
derivatives,

d d db
—(a+b):£+

& w T a (10.3)

10.1 Vector functions and
their derivatives 121

10.2 Magnitude and direction 12z

10.3 Cylindrical and spherical
directions 12¢

10.4 Velocity and acceleration 12¢€
10.5 Angular velocities 12¢

Exercises 12¢
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There are several kinds of products involving vectors, but the product
rules are all similar,

d da da
d da db
&(a-b)za-b+a-a7 (105)
d d db
E(axb):d—?xb—i—axa. (10.6)

The chain rule also applies. If a is a function of ¢ that is a function of

t, then
da da dy

T 10.
dt de dt’ (10.7)
and if a is a function of 61,605, --- , 6, that are functions of ¢ then
da da db, da db, da db,
e s Tt A R B 10.
a o6, &t oo, @t T ae, @ (108)

The proofs of these differentiation rules are similar to those for scalar
functions in elementary calculus. For example,

D gy = g O B() — alt) b0
dt st ¢
iy @) () —a(t) - b(t) + alt) - b(t') — a(t) - bt)
t'—t H— ¢
= <a(tt):f(t) (1) + alt) - ’W)
_da db
TR

if a(t) and b(t) are differentiable at ¢t. Proof of the chain rule (10.8)
requires existence and continuity of the partial derivatives da/00;.

10.2 Magnitude and direction

The derivative of a magnitude |a| is related to the vector derivative
da/dt as
dla] da
—_=a*—,
dt dt

since the chain rule and the product rule applied to |a| = v/a - a yield

dva-a 1 (2 da) . da

(10.9)

dt ~ 2Va-a T T

Thus, the rate of change of the magnitude |a| is the projection of da/dt
onto the direction a (Fig. 10.2).

The derivative da/dt of a unit vector is always orthogonal to & since
|a| = 1 for all ¢. This follows from (10.9) for @ = a, or directly from the

product rule,
da d [a-a
G —=——)=o. 10.1
“a dt(2)0 (10.10)
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Thus, da/dt is orthogonal to @ and there exists a vector w(t), defined
up to a multiple of a(t), such that

%‘t‘ = w(t)  a. (10.11)

da

The vector w(t) is the angular velocity of a. The vector w(t) varies in
magnitude and direction, in general. Angular velocities are discussed in
§10.3 and §10.5.

da/dt 5

The rate of change of an arbitrary vector a(t) arises from changes in
both its magnitude a = |a| and its direction @. The product rule gives

da d, . da _ da
E:a(aa):aa—kaa, (1012)

and it follows from (10.10) that these two vector components are or-

thogonal to each other (Fig. 10.2). Using (10.11), the general vector Fig. 10.2 Orthogonal components o

derivative (10.12) reads da/dt.
d d d
di; — ~(aa) = ch a+w(t) x a, (10.13)

highlighting that the rate of change of a(t) arises from two orthogonal
contributions: one in the direction of a due to a change in its magnitude
a = |al, and one orthogonal to a due to a rotation with angular velocity
w(t).

10.3 Cylindrical and spherical directions

The radius vector r = O? of an arbitrary point P with respect to origin
O, is
r=rf =pp+22 =X+ yy + 22 (10.14)

in spherical, cylindrical, and cartesian coordinates, respectively §7.1. For
a moving particle, r is a function of time ¢ but the cartesian direction
vectors X,¥,Z are (typically) fixed independent of the particle motion;
however, the radial directions # and p depend on the particle position
and, thus, vary with ¢ in general. The horizontal radial direction p
depends only on the azimuth ¢ while the radial direction # is a function
of the polar angle # and the azimuth ¢ (Fig. 10.3). Changes in p and
7 thus arise from 6 and ¢ varying with ¢. Hence, the time derivative of
(10.14) is

dr AP dp .

a TG TPty TS (10.15)

= IR+ Yy + 22,

where Newton’s compact dot notation has been used with

o dr_del . dr S dp L d%
T a4t T a P a YT a
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Fig. 10.3 3D view of cartesian
{%X,¥,2}, cylindrical {p,$,2} and
spherical {ﬁ,é,g&} bases. The vectors
{X,¥,2} do not depend on position, in
particular they do not depend on 6, .
The vectors {p, ¢} are orthogonal to Z
and depend only on ¢.

Fig. 10.4 Cartesian and cylindrical di-
rections. Top view.

Cylindrical directions
To evaluate dp/dt, define
S =2xp. (10.16)

Thus, {2, p, $} is a right-handed orthonormal basis (Fig. 10.4). If ¢ is
a function of ¢ then p and ¢ rotate about zZ at angular rotation rate ¢;
that is, p and @ both satisfy (10.11) with angular velocity

w(t) = pz. (10.17)
Thus,
b _
U S PEXP=0,
e (10.18)
= PEx@p=—pp

dp  dp dy dgp  dg dy

dt — dy dt’ dt  dy dt’
Then, from (10.18),
dp . .
1, " ixP=4
v (10.19)

dp . .

— =7 X (’p = —p

de

These results can also be obtained by differentiating

p= cospX+singy,

R o N (10.20)
@ =—sSmpX—+Ccospy.
Spherical directions
To evaluate d#/dt, define A
6=p¢xi (10.21)
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with @ = 2xp = (2x#)/sin 0, so {#,0, $} is a right-handed orthonormal
basis. The relationship between those direction vectors is illustrated in
Figs. 10.3 and 10.5. The radial #, polar 6, and azimuthal ¢ direction
vectors rotate rigidly since their magnitudes are fixed and the angles
between them are fixed. There are two sources of rotation now, ¢ Z and

995, and the angular velocity vector is

wt)=¢z+0¢.

Each of the basis vectors #, é, @, evolves according to the rotation equa-

tion (10.11), with w(t) given by (10.22), yielding

d# . o
(T::(<p2+0¢>><ﬁ:¢sinﬁ¢+00,

dé . A :
a:(92;24—095)><t9:<,bcos9<,2>—07°,

de ca poa . A s s A
a:(c)psz@(P)><<,o:—<pp:—cpsmﬁrfgacosﬁa.

Partial derivatives of the direction vectors with respect to angles can
be interpreted as rotations at unit angular rates, with (¢, 60) = (1,0) and

(10.22)

(10.23)

Fig. 10.5 Cylindrical and spherical di-
rections. Side view.

w =17 for 9/0p, and (p,0) = (0,1) and w = @ for §/90, yielding

or ..
%:zxr:sm&o,
gZZxécosf)gﬁ,
%i:zx¢:_ﬁ:—(sin9ﬁ+0059é),
and
%:@xﬁ:é,
(gz:gaxé:—ﬁ
%:@xcﬁzo.

These results can also be obtained from the chain rule

i _of, or A0 06, 00 . dp
a0 Tas” W ee Tap?
applied to

7= cosfz+sindp,

0= —sinfz + cos b p,

with p and ¢ defined in (10.20).

(10.24a)

(10.24b)

dg .

de

)

(10.25)
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Fig. 10.6 Rotation of a about 7.

10.4 Velocity and acceleration

The velocity of a particle with radius vector r(t) = z(t)X +y(t)§ + 2(t)2
is

dr

o = ROyt 22 (10.26)
in cartesian coordinates assuming that X, ¥, Z are fixed, but in cylindrical
coordinates the radius vector is r = p(t)p(t) + 2(t)z and using (10.18)

dr dp

dr o dp o Y 10.2
G PP TSP+ e Pt 22 (10.27)
In spherical coordinates r = r(¢)7(¢) and (10.23) gives

d d# .
d—; = fﬁ—l—?“d—; = 7t +rosind@+100. (10.28)
The acceleration d%r/dt? of a particle with radius vector r(t) has the
cartesian expression

d2
d—ézs’éf{—&-ijy—f—éiv (10.29)
but in cylindrical coordinates, the derivative of (10.27) using (10.18) is
d?r . L2\ A . LN A oA
Gz = (P=p2°) P+ (pP+2p3) @+ 22, (10.30)

In spherical coordinates, the derivative of (10.28) using (10.23) yields

2 .
% = (r — 6% — r¢? sin? 9) 7
+ (7"9 + 270 — 7% sin 6 cos 9) 6 (10.31)

+ (r@sind + 200 cos + 27 sin ) @.

10.5 Angular velocities

Precession, nutation, and spin

Angular velocities add up, as seen in (10.22). As another example,
consider a vector a rotating about #(t) at angular rate ¢ (Fig. 10.6),
then
(ji—(; =w(t)xa (10.32)
with
w(t) =¢a+0@+ . (10.33)

If #(t) is the direction of the axis of a spinning top, then ¥ is the
spin rate of the top about its axis, while ¢ and 6 are the precession
and nutation rates of its axis, respectively, and a(t) would then be any



material vector moving with the spinning top. Such a vector a(t) has
the explicit form

a(t) = acosn?(t) + asinn (cos¥(t) O(t) + siny(t) B(t)), (10.34)

where a = |a| is a fixed magnitude, 7 is the angle between a and 7, and
¥(t) is the varying azimuthal angle of @ in the (@, @) plane. The angles
n and 1 are the polar and azimuthal angles of a in the {é, @, 7} basis,
that is itself rotating with angular velocity (10.22).

The angle 1 and the unit vectors %, é, ¢ vary with time, but a and
7 are considered fixed in this example. The simple addition of angular

velocities in (10.33) can be understood as a result of the chain rule since

da Oa . Jda . Oa -
E*@W+%0+%¢, (1035&)

and the angle partial derivatives are rotations at unit angular rate with
all other angles fized. Thus,

da da da
%_zxa, 20 =P X %—rxa, (10.35b)

substituting into (10.35a) yields (10.32) with w(¢) as in (10.33).

Additional rotations

Of course, the polar angle 7 of arbitrary vector a(t) with respect to #(t)
could also vary with time, n = n(t), adding yet another rotation, in
which case the angular velocity for a(t) would be
w(t)=¢2+0G+ 97+, (10.36)

where 1,5 = —siny 0+ cos ¢ @ is the azimuthal direction vector in the
(8, ) plane (Fig. 10.7). The vector a(t) still has the explicit expression
(10.34) but now n, ¥, #,6,¢ vary with time ¢. The angular velocity
(10.36) can again be justified with the chain rule since @ is now a function
of (¢,0,1,n) that all depend on time ¢. Thus,

da_aa,+8aé+8a1j}+8a.

a ot T a0 oY T o™
Expressing the angle partial derivatives as unit angular rate rotations
about specific axes as in (10.35b) yields confirmation of (10.36).

Connection with rotation tensors

If a vector a(t) is rotating, then there exists a rotation tensor R(t) such
that
a(t) =R(t) - ao, (10.37a)
where ag = a(to), R(to) = I, and tg is an arbitrary initial time. The
tensor R is proper orthogonal; that is, det R = 1 and RT-R=1I=
R -RT for all t. Thus,
d

S(RRT)=R-RT+R-R =0,

10.5  Angular velocities 127

Fig. 10.7 Rotation by v about #.
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soR-R'is antisymmetric. Then

da

dt

=R-ap=R-R"-a(t) =w xa,

(10.37b)

since the action of an antisymmetric tensor in 3D equals a cross product
(9.45). If the rotation tensor is a product R = Ra + Rq, for example,

then

and

RZRz-Rl-‘ng-kl,

R-R'=Ra-R)+Ra-Ri-Ri Rs.

Additivity of angular velocities results from the product rule in this
point of view (exercise 10.18).

Exercises

(10.1)

(10.2)

(10.3)

(10.4)

(10.5)

Show that for any (sufficiently differentiable) vec-
tor function w(t)

du d fu-u
@ w g = g (55):
d%u d du
(b)uxﬁ—a( XE),and
O ux Qo du A du du
dt  de3  dt dt  dez )

Show that if u(¢) is any vector with constant mag-
nitude, then w - i—? =0, Vt.

If » = r#, show that

7 d;r = ﬁ and 7r d—r = ﬁ
at ~ dt a  at
Show that
al b1 C1
E a2 b2 C2
as b3 C3
a b a ay 1:71 c1 a1 b1 &
=|a2 b2 c2|+|az 1_32 ca|+ a2 by éaf.
as bz c3| |az bz c3| |az bz ¢é3

Show that if a(t), b(t), c(t) are three distinct so-
lutions w(t) of

du

dt
for the same w(t), then a x b - ¢ is constant. In-
terpret geometrically.

w(t) x u

(10.6)

(10.7)

(10.8)

(10.9)
(10.10)

(10.11)

(10.12)

(10.13)

If v(t) = dr/dt and r. is any constant vector, show
that
%((r — 7o) Xxmv) = (r—r.) X %(mv).

In mechanics, L = (r — r.) X mv is the angular
momentum with respect to the point 7., of the
particle of mass m with velocity v at position 7.
Consider 7(t) = acost + bsint + ¢, where a, b, ¢
are arbitrary constant vectors in 3D space. Sketch
r(t) and indicate all points where r-dr/dt = 0 for
c zero, and also when ¢ is nonzero.

The position of a particle at time t is given by
r(t) = acosO(t) + bsinb(t), with 0(t) = —7/2 +
(m/4) cost and a, b arbitrary constants. What are
the velocity and the acceleration of the particle?
Sketch the particle motion and a few representa-
tive position, velocity and acceleration vectors.

Verify (10.23) using (10.25).

Close this book. _Derive from scratch the partial
derivatives of #, 8, and ¢ with respect to 6 and .
True or false:

(i)g—”x”——i (ii)@—“xi——”
90— PXP="1% 50 = P X&=-P,
where the unit vectors are as in Fig. 10.3. Explain.

Verify (10.30) and (10.31) for the acceleration in
cylindrical and spherical coordinates.

A bead is rotating at constant angular velocity w
about a circular hoop. The hoop rotates about



(10.14)

(10.15)
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one of its diameters at constant angular velocity (10.16) Show that (10.34) with a and 7 fixed, solves

Q). What are the bead velocity and acceleration?
Sketch and show/explain your work.

If da/dt = w(t) x a with & fixed, show that |a|
and @ - a are constant, then pick a suitable basis
to show that

a(t) = al + ai cosa(t) + @& x af sina(t)

where a(t) = [/

to

w(s)ds and ag = a(to).

Fig. 10.8 Rotation of point P about fixed axis (A, w).
Top: 3D view; bottom: 2D view | w.

Uniform rotation. Point P rotates at constant an-
gular rate w about an azis that passes through the
fixed point A and is parallel to the constant unit
vector @ (Fig. 10.8). Show that its position vector

r(t) = OP with respect to a fixed origin O satisfies
i—: =wx(r—ra), (10.38)

——
where w = w® and r4 = OA. If Py is the position
at t = 0, show that

r(t)=7ra+ sg + 85 coswt + (& X sy sinwt.
(10.39)
Specify the center C, sg, and sg in terms of O, A,
Py, and @.

(10.17)

(10.18)

(10.19)

(10.20)

(10.21)

(10.22)

(10.32) with angular velocity (10.33).

Specify the tensor R for rotation about a fixed 7
by ©(t), and the matrix of R and that of R ir
the cartesian basis {X,¥,2}. Verify that for any
vector a
’R-RT-a:gbixa,

The spherical basis {é, @, 7} is related to the carte-
sian basis {X,¥,2} as {e],e5,e5} is to {e1, e2, €3]
in (8.35b). Use that matrix formulation to calcu-
late the time derivatives of the spherical directior
vectors for arbitrary o(t), 6(t) with fixed {X,¥,2}
Verify that your results recover (10.22), (10.23).

Uniqueness of w for a rigid frame. Let e;(t) de-
note a moving cartesian basis such that e;-e; = J;;
for all . Show that &; = w(¢) x e;, for a unique
w(t). One compact way to do so is to define
é; = A;;(t)ej, show that A;; is antisymmetric
then use (5.27).

Let e;(t) denote a moving cartesian basis witk
ei(t) = Qi;j(t)e;(0). Show that its angular velocity
is w(t) = wi(t)ei(t) with w; = %Ei]'k lele, that
is

. O w3 —w2
QQ'=|-ws 0 w (10.40
w2 —Ww1 O

Note the transpose compared to (9.45), and recal
(5.27), (5.26) and (8.35).

If M is any m-by-3 matrix, {X,y,2} is a cartesiar
basis, and @ = a1X + a2y + a3z is an arbitrary
vector, show/explain why

O as —as f(
M —as 0 al y
az —a1 O 2
a XX X
=M |axy| =axM|¥ (1041
a Xz Z

Let {X(¢),¥(t),2(¢)} be a cartesian basis attachec
to an airplane (Fig. 10.9) with angular velocity
w(t) = waX + wyy + w:Z in the moving airplane
frame. If «(t), 8(¢), and v(¢) are the Bryan an-
gles (8.30) specifying the attitude of the airplane
at time ¢t with respect to a fixed cartesian basis
{%0,¥0,20}, argue that

w(t) = czo+ B, (t) + 4 %a(t) (10.42a

and specify Zo, §,(¢t), and X2(t) in terms o
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(10.23)

(10.24)

{%,¥,2} at time ¢t. Deduce that

Wz —sinf3 0 1 &

wy| = |cosBsiny cosy O |B

Wy cosfBcosy —siny 0] [¥
(10.42b)

V4

Fig. 10.9 Yaw, pitch and roll.

Differentiate (8.31) for varying «, 8,7 with fixed
cartesian basis {Xo,¥,,2Z0}, and use (10.41) to
show that

d, ... s o 5

E{X7 Yy Z} = w(t) X {X7 Y, Z}
with w(t) as in (10.42a).
Equation (10.42b) shows that finding («,f,7)
from (ws,wy,w,) involves solving three coupled
nonlinear ODEs that, furthermore, are singular
when cos f = 0 (the “gimbal lock” issue). In that
case a direct numerical integration of

da

Fh =w(t) X a,

for a(t) = %k(t), y(t), Z(t), may be more straight-
forward. Euler’s method approximates this vector
differential equation by a time marching scheme:
knowing a = a(t) and w = w(t), we approximate
a(t + At) ~ a’ with

a' =a+ (wxa)At, (10.43)

for small but finite A¢, such that 0 < |w|At < 1,
then restart from a’ to find an approximation to
a(t+2At). A better method is semi-implicit Euler

ai = a1 + (w2a3 — wsaz) At,
as = as + (wgall - wlag) At, (10.44)

as = az + (w1a'2 — wgall) At,
with respect to a fized cartesian basis.

(a) Show that (10.42b) is singular for g = £m/2.

(b) Show that (10.43) is unstable in the sense that
|a’| > |a|, so the magnitude increases at each step.

(¢) Show that (10.44) preserves
a% + ag + ag — At(wiaz2a3 — waazar + wsaiaz)
by rewriting the system (10.44) in matrix form as
UTa’ = Ua,

for a certain upper triangular matrix U; then,
showing that

a'U'a’=a'Ua=(a")"Ua'.

(d) Optional. Implement (10.43) and (10.44) and
apply to (1) w(t) = Q2 and (2) w(t) = Oz + w,
where @ = (—sin(Qt) X + cos(Qt)y), for constant
w and . Find the exact solution in those cases.
Compare exact and numerical solutions.



Dynamics

11.1 Single particle

In classical mechanics, the motion of a particle of constant mass m is
governed by Newton’s law
F = ma, (11.1)

where F' is the resultant of the forces acting on the particle and

_dv d%r
T AT ae
is its acceleration, with r its position vector. Newton’s law is a wvector
differential equation for the particle position r(t) at time ¢ given the
mass m and the force F(t). We cover two elementary examples here,
then some fundamental examples in section 11.2, and the exercises.

Constant velocity

If F =0, then 1
v
a= W 0,
so the velocity of the particle is constant, v(t) = vg say, and its position
is given by the vector differential equation dr/dt = v(t) = vy whose
solution is
T(t) =17rg+ t’UQ, (112)

where r( is a constant of integration whose meaning is clear: it is the
position of the particle at time t = 0. If the particle is at Py at time tg
then

r(t) =ro+ (t — to)vo. (11.3)

The trajectory of the particle is a straight line parallel to vy (Fig. 11.1).

Constant acceleration

If F = F is constant, then the acceleration ag = Fy/m is constant and

d?r dv
= — ap. 11.4
a (114)
Integrating once gives
T =v = vg + tay,

11

11.1 Single particle

11.2 Central force motion
11.3 System of particles
11.4 Rigid body dynamics

Exercises

To

0

Fig. 11.1 Straight line (11.3).

131
132
13¢
13¢
142

Fig. 11.2 Parabola (11.5).
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0 14

Fig. 11.3 £ = (v2/g)sin2a.

and another integration yields
r(t) =710+ tve + 1 t*ay, (11.5)

where vy and r( are vector constants of integration. They are the ve-
locity and position at ¢t = 0, respectively. If the initial data rq and vg
are given at ¢, it suffices to replace ¢ by t — to in (11.5).

The trajectory is a parabola passing through P, parallel to vy at t = 0.
The parabolic motion is in the plane through r¢ that is parallel to vg
and ag but the origin O may not be in that plane (Fig. 11.2). We can
write this parabola in standard form by selecting cartesian axes such
that ro = 0, ag = —g¥ and vy = vo(cosak +sinay) (Fig. 11.3). Then
(11.5) becomes

r=xX+yy+z2z= —% gt3y + vp(cos aX + sin aF)t,
yielding the parametric equations
T = vgtcosa, y:votsina—th/Q.

Eliminating ¢ when cos o # 0 yields

g 2

y=x tana — —5——5—
203 cos? «

(11.6)

11.2 Central force motion

A force F = F(r)#, acting at point » = r#, that always points in
the radial direction # and whose magnitude F(r) depends only on the
distance r = |r| to the origin, is called a central force. The origin is
not an arbitrary point here: it is the location of the source of the force,
the Sun for planetary motion. Newton’s law for a particle of mass m
submitted to such a force is

m% = F(r) 7, (11.7)
where v = dr/dt and » = r# is the position vector of the particle. Hence
both r and # are functions of time ¢, in general. The motion resulting
from such a force conserves two fundamental quantities, angular mo-

mentum and energy, as we show thanks to a simple cross product, then
a dot product.

Conservation of angular momentum

The cross product of (11.7) with r yields

d
rxmd—;}:er(r)f:(),

since r X # = r# X # = 0. Using that result and the product rule yields
d

dt(rxmv):vxvarrxm—v:O.

dt



Therefore
r x mv = Ly, (11.8)

where Ly = Lg I:o = rg X mwg is a constant vector. The vector L =
r x muv is called angular momentum in physics. The fact that » x mwv is
constant implies that the motion is in the plane that passes through the
origin O and is perpendicular to Lg; the motion is planar. Constant L
also implies that “the radius vector sweeps equal areas in equal times.”
Indeed, vdt = dr is the displacement during the infinitesimal time span
dt. Thus,

Ly

rxuvdt=r xdr=—dt,
m

but ) I
_ _ =0
dA(t) = 5 |r(t) x dr(t)] o dt

is the infinitesimal triangular area swept by 7(¢) in time d¢ (Fig. 11.4).
This is Kepler’s law: the area swept by »(¢) in time At is independent
of the start time ¢; (Fig. 11.5):

t1+At t1+At
1 1 L L
/ dA(t) = / =0 =2 Ac
t

t 2m 2m

1

Conservation of energy

The dot product of (11.7) with v

d
md—;)-v—F(r)r“-v:O
yields
d Vv
= (m T+ V(r)) ~0. (11.9)
Equation (11.9) follows from the product rules
o _dguuy g _d
e dt\ 2 /7 dt — dt
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Fig. 11.4 dA = J|r x dr|.

Fig. 11.5 Kepler’s (2nd) law: “The
radius vector sweeps equal areas ir
equal times” follows from conservatior
of the “area sweep rate”: r(t) x v(t) =
2zdA/dt = Lo/m.
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IBalls roll from high to low elevation.
Heat flows from hot to cold tempera-
ture.

from (10.5), (10.9), and the chain rule
v _avdr_av,
dt ~ drdt dr

where V(r) is an antiderivative of —F(r) such that

v=—-F(r)#- v,

dv

— =—F(r). 11.10

= F() (11.10)
For example, V(r) = —1/r for the classic inverse square law F(r) =

—1/r?%. The function V(r) is called the potential, and the minus sign in
(11.10) is a physics convention so that the force points toward decreasing
potential .t

Equation (11.9) implies that

im|v> +V(r) = Ey (11.11)

is a constant called the total energy. The first term, m|v|?/2, is the
kinetic energy and the second term, V(r), is the potential energy which
is defined up to an arbitrary constant. V(r) and Ej can be negative
but m|v|?/2 > 0, so the physically admissible  domain is that where
V(T) < Eo.

Effective potential

Conservation of angular momentum (11.8) implies that the motion is
planar. Picking z = Ly as the angular momentum direction, and using
cylindrical coordinates with z = 0 and p = r in (10.27), or spherical
coordinates with § = 7/2 in (10.28), gives

Lo = |r x mv| = mr?p (11.12)
and
: 2 . L3
v|? =72 417" =i + 2,27
m=r

where the angular speed ¢ has been eliminated using (11.12). Substi-
tuting that expression for |v|? in (11.11) gives

L2
imi? + 2m3“2 + V(r) = Ey, (11.13)

which is a first order, nonlinear differential equation for r(t).

Conservation of angular momentum and energy has led to the reduc-
tion of the 3D, second order differential equation (11.7) for the vector
r(t) to the 1D, first order differential equation (11.13) for the scalar
r(t) = |r(t)]. The angular momentum and total energy constants are
determined by the initial position rg and velocity wvg,

Lo = |rg x mwvo|, Eo= smlve|* + V(ro). (11.14)

Equation (11.13) expresses conservation of energy for an equivalent
one-dimensional radial motion

imi? +U(r) = Ey, (11.15)



with effective potential
L§

V) = 2

+V(r) < Ey, (11.16)
since the kinetic energy £ms? > 0 in (11.15) implies that U(r) < Eq for
all time ¢. Angular momentum Lg thus provides a repulsive centrifugal
potential, L2/(2mr?).

Planetary motion

Planetary motion corresponds to F(r) = —k/r? for some constant k >
0.2 The potential is V(r) = —k/r in this case, and the effective potential

(11.16)
2
Ly _F (11.17)

2mr?2 7

U(r)

tends to +oo as r — 07 if Ly # 0, and to 0~ as r — +oo. It has a single
minimum

mk? L2
Ui=——75 at r=r,=—2. 11.18
212 T Tk (11.18)
We can nondimensionalize (11.13), with V(r) = —k/r, by dividing it by
|U.|, to obtain
dy\®> 1 2
— — ——=¢ 11.19
<d7) e T T (11.19)
where
r mk Lot mk2 EO 2EOL%
_r_mh Lo R, g = B0 . (11.20
X re L2 noT mr2 L3 T mk? ( )

are a nondimensional radius x, time 7, and total energy &g, respectively.
The non-dimensional effective potential (11.17) is
2

[|]U(T|) = % -z (11.21)

Analysis of Fig. 11.6 and eqn (11.19) shows that & > —1, and

11.2  Central force motion 13f

Fig. 11.6 Effective potential U/|Usx
(11.21) as a function of x = r/r«.

2k = Gm(M +m), where G is the grav-
itational constant and M is the mass o
the Sun.
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Fig. 11.7 Planet orbits for & = —1,
—0.5, 0, 0.5, with x = r/r«.

e —1 = & is uniform circular rotation at r = r, = L%/(mk), ¢ =
mk?/L3.

e —1 < & < 0is an oscillation between y; < 1 < xo where U(ry) =
U(re) = Eo; and

e 0 < & is an escape to infinity, perhaps after dropping to x; where
U(Tl) = Eo.

The planet position can be found by solving the ordinary differential
equation (ODE) (11.19) for r(t) = 7. x(7). The angular velocity follows
from (11.12), that reads

dep 1

— = — 11.22
dr X2 ( )
in terms of the nondimensional radius y and time 7. The planet or-
bit can be found by eliminating d7 between (11.19) and (11.22). The
substitution u = 1/x yields

+du
dyp = ——_—
V& +2u—u

A second substitution, u = ev + 1 with € = /1 + &g, transforms & +
2u —u? into €2(1 — v?); then dp = +dv/v/1 — v? integrates to ¢ — @ =
arcsin v, yielding

(11.23)

r 1
=—=— 11.24
X T 1—ccos @’ ( )
where ¢g = /2 was chosen so ¢ = 7 corresponds to the minimum
X = x1- A few orbits are plotted in Fig. 11.7 for & = —1, —0.5, 0, and
0.5. Tt is left as an exercise to show that these correspond to a circle, an
ellipse, a parabola, and a hyperbola, respectively.




LRL vector

There is another conserved quantity for planetary motion, in addition
to angular momentum and energy. It is the vector

A(t)=px L—mkr/r=A, (11.25)

where p = mwv is the momentum, L = r X mwv the angular momentum
and k is the central force constant F = —k#/r? = p. The vector A is
called the LRL vector after Laplace, Runge, and Lenz.? It is a dynamical
invariant since

dA dp dL d(r/r)
“e_Por & mk
TR R L T
k . mk mk .
:—r—er(rxm'u)—T'v—i-ﬁrr,
B mk mk mk mk B
_r2( v)r+—v——v+ o 7r=0,
using p = —k#/r2, L=0,7=wv, and # - v = 7.

Vector A points from the attracting center (the Sun at O) to the
orbit’s perihelion, the point of nearest approach to the Sun where |r| is
minimum, and thus where r-v = 0. Indeed, let » = r; at the perihelion,
then L = r; X mwv; and

k k
A =mvy X (ry X mvy) — m—rl =m <m|vl|2 — ) 1,
T1 T1

since r; + v1 = 0 at the perihelion P; (Fig. 11.8). The perihelion ra-
dius 7 and speed |v1| can be expressed in terms of the total energy
Ey = im|vy|? — k/ry and angular momentum Lo = mr|vy], (11.51).
Substituting those r; and |v1| values into A gives

A =mke i, (11.26)

where € = /1 + & with & = (2EoL3)/(mk?) (11.20).
The planetary orbit follows from a dot product of (11.25) with 7,

r-A=r-(mvx Ly —mkr=(r x mv)-Ly—mkr
= L2 —mkr.
Substituting for A from (11.26), and dividing by mk, yields
er (1) =r,—r, (11.27)

where r, = L3/(mk). Since # - #; = — cosp, this is the orbit equation
(11.24).

Planetary motion is a significant problem in the history of mathe-
matics and physics. It was solved by Newton using his new calculus
methods, as well as elaborate classical geometry arguments. Vector cal-
culus yields the main results with a few dot, cross, and double cross
products, and the vector differentiation rules. There is more, of course,
orbit transfers and Lagrangian points for instance, but those must be
left for later studies in astrodynamics and celestial mechanics.

11.2  Central force motion 13

33ce E. B. Wilson, Vector Analysis
§61 (1901), for probably the first vec
tor calculus proof. See H. Goldstein
Am. J. Phys. 44 (1976) for some his
tory on the many rediscoveries of A.

Fig. 11.8 Perihelion: r1-v1 =0 at P;
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5 Also known as “action-reaction.”

11.3 System of particles

Important results can be derived for the dynamics of several particles
from the center of mass concept, and the action—reaction law.

Consider N particles of constant mass m; at positions r;, [ =1,..., N.
The net force acting on particle number [ is F';, and Newton’s law for
each particle reads m;#; = F;. Summing over all I’s yields*

N N
Zmﬂ'«'l = ZFI. (11.28)
=1 =1

Great cancellations occur on both sides.

On the left side of (11.28), let r; = r. + s;, where 7. is the center of
mass and s; is the position vector of particle [ with respect to the center
of mass. Then by definition of the center of mass r,

Mrczzmﬂ“l szl (re +s1) :M"“c"‘zmlsh
1 1

l

where M = )7, my is the total mass, and thus ), m;s; = 0. Then, since
the masses m; are constants

2
Zmﬁ‘l = % (Z mlrl> = M’Pc
l l

On the right side of (11.28), by Newton’s third law,® all internal forces
cancel out and the resultant is therefore the sum of all external forces
only >, F1 =3, Fl(e) = F'©). Therefore (11.28) reduces to

M#, = F©), (11.29)

where M is the total mass and F(® is the resultant of all external forces
acting on all the particles. The motion of the center of mass of a system
of particles is that of a single particle of mass M with position vector 7,
under the action of the sum of all external forces. This is a fundamental
theorem of mechanics.

There are also great cancellations for the motion about the center of
mass. This involves considering the net angular momentum and torque
about the center of mass. Taking the cross-product of Newton’s law,
my¥; = F;, with s; for each particle and summing over all particles

gives
Zsl X mﬂ"l = ZS[ X Fl. (1130)
l l

On the left side, r; = r. + s; with >, m;s; = 0. Therefore

d
ZI:Sleg’FZ = Xl:mlSlX(’i’:c—Fgl) = Xl:mlslxé’l = a <zl: 8 X mlél> .

4Recall that summing over particles is not a vector operation, so we do not and often cannot use summation convention for
sums over particles. For example, (11.28) has a repeated summation index on the left but not on the right!



This last expression is the rate of change of the total angular momentum
about the center of mass,

Lo=> (s xm). (11.31)
l

On the right side of (11.30), one can argue that the (internal) force on
particle k exerted by particle [ is in the direction of the relative position
of [ with respect to k, that is,

fr = am(ry —ry).

By action-reaction the force from k on [ is f;;, = —f;;, and the net
contribution to the torque from the internal forces will cancel out:

T X g+ X fio=(re — 1) X £y = 0.

This is true with respect to any point, and in particular with respect to
the center of mass. Hence, for the motion about the center of mass we
have

dL,

—¢ =7 11.32

= (11.32)
where T§€> =>,8 X Fl(e) is the net torque about the center of mass
due to external forces only. This is another fundamental theorem of
mechanics, where the rate of change of the total angular momentum
about the center of mass is equal to the total torque due to the external

forces only.

11.4 Rigid body dynamics

The two vector differential equations for motion of the center of mass,
(11.29), and evolution of the angular momentum about the center of
mass, (11.32), are sufficient to determine the motion of a rigid body.

A rigid body is such that all lengths and angles are preserved within
the bo;dy}. If Poi> and P, are any three points of the rigid body, and
a = PyP,, b= PyP,, then a - b is constant. The evolution of any vector
a tied to the body is thus a rotation and

da

dt
for the same angular velocity w(t) independent of a, as shown in exercise
10.19.

The center of mass of a rigid body moves according to the sum of the
external forces, as for a system of particles. A continuous rigid body,
such as a rock, can be considered as a continuous distribution of mass,
with mass dm(s) at point s, and the sum over all s becomes a three-
dimensional integral over all points s in the domain V' of the body,

Zmlsl—>/sdm(s),
; v

w(t) x a,

11.4  Rigid body dynamics 13¢
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where dm(s) is the mass measure of the infinitesimal volume element
dV(s) at point s, or in other words dm = pdV, where p(s) is the mass
density at point s.

For the motion about the center of mass, the position vectors s; are
frozen into the body; hence, §; = w x s; for any point of the body. The
total angular momentum about the center of mass (11.31) for a rigid
system of particles then reads

L.= Zmlsl X (w X 8) = Zml (|sif°w — s (8- w)),  (11.33)
] ]
or, for a continuous rigid body,

L.= /v (|s|°w — s (s-w)) dm(s). (11.34)

Since the angular velocity w is unique for any vector s tied to the body,
it does not depend on s and we can pull it out from the sum or integral.
This requires the concept of tensor of inertia discussed in §9.6, yielding

L. =T, w, (11.35)

where
Zo=> m((si-s)I—sis1), (11.36)
l

or

Z. = /V ((s-s)I—ss)dm(s), (11.37)

for a rigidly connected system of point masses, or a continuous rigid
body, respectively.

The tensor Z, is symmetric positive definite; thus, it has real positive
eigenvalues and orthogonal eigenvectors (9.64). Let Z;,Z5,7Z3 be the
eigenvalues with ey, e, e3 the corresponding eigenvectors. Then

Ic = Il eie; + IQ €eges + Ig €ses. (1138)

The eigenvalues 77,735,753 are called the principal moments of inertia,
and they are constants since they describe the distribution of mass about
axes fixed in the body.® The eigenvectors e, s, e3 are fixed in the body;
thus, they vary with time ¢ if the body is rotating.

If there is no net torque about the center of mass, then L, = Z, - w
is constant; that is,

d d

a (IC . (.U) = & (I1w1e1 + IQLL)QGQ + Igw;geg) = 0, (1139)
where w = wye; +wses + wses is the angular velocity in the eigenvector
frame. The angular velocity w of the rigid body is a function of time, in
general, and its rate of change arises from the changes of the components

61f {e1, e2,e3} is any orthonormal basis moving with the rigid body, then the components of the inertia tensor Z;; = €;+Z.-e; =
Z;; are constants in that basis. Thus, its eigenvalues are constants also.
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(w1, ws,ws3) in the body frame, as well as the rotation of the body frame
{e1,e3,e3}. The rates of change of the latter are simply &; = w X e;.
Equation (11.39) thus expands to

Ty (wier +wiér) + To(woes + wols) + I3(wses + wsés) = 0,
since the principal moments of inertia are constants. Projecting onto
{e1,e2,e3}, and using &, - e; = (w X €;) - €j = €Wy, yields
Tian = (o — I3) wows,
IQ(,UQ = (I3 — I1) Wawi, (1140)
Igd)g == (Il - IQ) Wiwsa.

These are Fuler’s equations for the torque-free motion of a rigid body
about its center of mass, as a rock or any solid object thrown into the
air. The dynamics conserves angular kinetic energy, F. = %w L. w,

d

7 (Tiwi + Tows + Tzw3) =0 (11.41)
and angular momentum, L.+ L. = (w-Z.) - (Z. - w),

d

I (Tiw? + 3w + T3w3) = 0. (11.42)

Euler’s equations (11.40) show that rotation about any principal axis
is a fixed point; that is,

(w1, wa,ws) = (£2,0,0), (0,€,0), and (0,0, ), (11.43)

are the steady solutions, for any constant 2. However rotation about the
axis corresponding to the middle moment of inertia is unstable. Indeed,
if we label the principal moments of inertia such that 0 < 7Z; < 7y < 73,
then linearization of (11.40) about (0, £2,0) yields

Ty = (Ly — I3) Quws,
160 = (Zo = Ia) ws (11.44)
I3LU3 = (Il - Ig)le,
that reduces to the second order ODE
Ilzg (:«'}1 = (Il - IQ) (IQ - I3) QQ w1, (1145)

\%

which has exponentially growing solutions whenever (Z; — Z») (Zo — Z3)
0 which is the case if Z5 is the middle principal moment. The lineariza-
tion (11.44) and the exponential growth of wy and ws are only valid as
long as (Zs—1I;) fot w1 (tws (') dt’ is small compared to Zo). Otherwise,
wo cannot be assumed to be fixed at  and the full nonlinear system
(11.40) needs to be considered.

Solutions of the full nonlinear system are typically periodic solutions.
In fact, the two quadratic invariants (11.41) and (11.42) imply that, in
the cartesian space with coordinates x; = L;/|L| = e; - L./|L.|, that is

(Zhw1, Tows, Tsws)
VIR? + T3wE + 3w}’

($17$2,9E3) =
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the orbits consists of the intersection of the unit sphere (11.42)

with the ellipsoid (11.41)

x] a3+ a2 =1, (11.46)
2 2 2
Ty | *y I3
24+243-¢C 11.47
L+%+% ’ ( )

such that 7, <o < ;7 1 Thus, the ellipsoid always intersects the

sphere.

Exercises

(11.1)

(11.2)
(11.3)

(11.4)

(11.5)

(11.6)

(11.7)

(11.8)

A particle of mass m is thrown at speed vy from
a height ho above the ground. At what angle
«a should the particle be thrown to maximize
the horizontal distance traveled when it hits the
ground? Show your reasoning.

Give a closed book, step-by-step derivation of
(11.11) from (11.7).

Give a closed book, step-by-step derivation of
(11.23) from (11.8) and (11.11).

Our study of planetary motion has implicitly as-
sumed that Lo # 0. Repeat the analysis when
Lo = 0. Find and describe the orbits.

A particle of mass m at position r moves under
the action of a force F' = —kr/r®. If 7(0) = 7o,
what is the velocity v(0) of minimum magnitude
that yields escape to infinity? Show your deriva-
tion. (Ans.: |vg| = \/2k/(mro).)

A particle of mass m at position r moves under
the action of a force F' = —kr/r®. If 7(0) = 7o,
what is the magnitude and direction of v(0) that
will lead to the particle traveling (i) in a circu-
lar orbit? (ii) in a parabolic orbit? Show your
reasoning.

Radius 7. = L3/(mk) and frequency Q. =
Lo/(mr?) = mk?/L3 are defined in (11.19). The
radius . is that of a circular orbit with angular
momentum Lg. Show that . is the angular fre-
quency for that circular orbit. Thus, T = 27/,
is its period, and v« = Q.7. = k/ Lo is the planet
speed in its circular orbit.

In cartesian coordinates, x = rcosp, y = rsin g,

show that (11.24) is

(1 —€)a® = 2er.x +y° =712, (11.48a)
For € = 1, this is a parabola with
o =1y* —r2. (11.48Db)

For € # 1, completing the square yields

2 2
1-¢%) (as - %) +y7 = i*ez. (11.48¢)

Show that (11.48c) is an ellipse when 0 < e < 1

with ) ,

(z—0o) |y

Tt g =1 (11.48d)
and a hyperbola when € > 1 with

(z—c)? ¢

where a = r./|1 — ?| and b = 7. //|1 — €2] are
the principal radii, and ¢ = er./(1 — €?) is the
location of the center C' from the focus F' in the
major direction. Note that ¢ < 0 for e > 1.

Here (0,0) is a focus and the centers of the el-
lipses and hyperbolas are at (c,0). The vertices
areat y =0,z =cta =r./(£1 —¢). Thus, a
vertex has a nearest focus at a distance r./(14¢)
in the major direction. The shape of the conic is
set by the eccentricity €, with e = /1 — b?/a? for
an ellipse, and € = /1 + b2/a? for a hyperbola.
Its size is set by 7. = b*/a, the semi-latus rectum,
or focal halfwidth (Figs. 11.7 and 11.9).



(11.9)

(11.10)

(11.11)

Tx
v F C,
Te €Ty
1+e¢ 1— €2
T

Fig. 11.9 Vertex V, focus F, center C, eccentricity
¢, and focal halfwidth 7.

The area of an ellipse of major radius a and mi-
nor radius b is wab. Use the previous problems
and Kepler’s law of areas 11.5 to deduce Kepler’s
thirrd law that the square of the period T' of an
elliptic orbit is proportional to the cube of its
major radius

2 471'2m 3 471'2 3
T = a” = a’,

k G(M +m) (11.49)

since k = Gm(M + m). So T is (almost) inde-
pendent of the planet mass m < M.

For planetary motion with »(t) = r.x# as defined
in (11.20) and (11.24), show that
v/ve = —esinp?+ (1 —ecosp) @, (11.50)
where € = /1 + & is the eccentricity and v, =
k/Lo.
Show that the perihelion radius r1 and speed v
are
ri=71./(1+¢€), v = (14+¢€)v., (11.51)
where 7. = L3/(mk), v. = k/Lo, and ¢ =
V14 &, with & = 2EqL3/(mk?). In the elliptic
case 0 < e < 1, show that the aphelion radius r2
and speed vz are
ro=r./(1—¢), v = (1 — €) vs,
and the ellipse diameter r1 + r2 = 2a = —2k/Ey
is independent of angular momentum L.

(11.12)

(11.13)

(11.14)

(11.15)

(11.16)

(11.17)

(11.18)
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The Coulomb force between electrically chargec
particles also follows the inverse square law, but
the force is repulsive F' = k#/r?, with k > 0 i
the charges are of the same sign. Find the poten-
tial V(r) and draw an effective potential diagram
Find the orbits. (One can still nondimensionalize
(11.13) by multiplying it by 2L3/(mk?) and usc
L3/(mk) as a length scale, and L3/(mk?) as ¢
time scale, when Lo # 0.)

What are constants of motion for dr/dt = w x 7
with w constant? Show that d®r /dt* = —w?r
where r, is the component of r perpendicular tc
w and w = |w|. Find the force F' that sustains
that motion for a particle of mass m, according
to Newton’s law. Is F' a central force?

What are constants of motion for d?r/dt? =
—w?r with w real and constant? How does this
differ from exercise 11.137 Find the general solu-
tion 7(t).

What are constants of motion for d%r/dt* = w?r
with w real and constant? Find the general solu-
tion r(t).

A particle of mass m and electric charge ¢ mov-
ing at velocity v in a magnetic field B experiences
the Lorentz force F' = qv x B, and Newton’s lawn
yields the v(t) evolution equation as

mi—: =qv X B.
Show that kinetic energy is conserved but angulai
momentum is not, in general. If m, ¢ and B are
constants, solve for v(t) then for the particle po-
sition 7(t). Express your answer in terms of the
initial conditions r(0) = r¢ and v(0) = vo. Show
that the particle trajectories are helices, and that
the particle angular rotation rate about the mag-
netic field B is w = |¢B|/m.

Investigate mdv/dt = F = —k(r — £y)# for con-
stant m and arbitrary initial conditions r(0) = 7¢
and v(0) = vo, where v = dr/dt, r = r#, witk
k, o constant. This F' corresponds to a spring
of stiffness k£ and rest length ¢o. What are twc
constants of motion? Can you define a potentia
V (r) for this problem? What types of motion dc
you expect? Sketch a few representative orbits.

(11.52

A bead of constant mass m is sliding without fric-
tion along a circular hoop of radius R that rotates
about the vertical diameter at constant angula
velocity 2. The only external force acting on the
particle is gravity —mgZz. If 6(¢) specifies the an-
gular position of the particle around the hoop
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(11.19)

(11.20)

(11.21)

use Newton’s law to derive the second order dif-
ferential equation for 8(¢). What is the force from
the hoop on the particle? Find all the possible
equilibrium positions for which 6 remains con-
stant.

If fi, = ar (ri — %), where ag = o can be
a function of the distance |r; — 7|, show that
Sk X fri+si1x f, =0, where s is the position vec-
tor from the center of mass such that » = r. + s.

For a two-particle system with force f,, =
F(r)?# = —f,,, where r = r# = r2 — r1, show
that (1) the center of mass moves in a straight
line, (2) the angular momentum about the cen-
ter of mass L. is conserved, and (3) r(t) evolves
according to

d?r mimsa
m— = F(r)f with m=———".
de? ( ) mi1 + mae
Consider a discrete rigid system of constant
masses my at positions r;, [ = 1,..., N. Show

(11.22)

(11.23)

(11.24)

(11.25)

that the gravity forces, F; = m;g, with g the
constant acceleration of gravity, do not produce
any net torque about the center of mass.

Verify conservation of angular kinetic energy and
momentum (11.41) and (11.42).

Show why Z; ' < C < Z; ' in (11.47), and why
the ellipsoid always intersects the unit sphere.

Use the quadratic invariants (11.46) and (11.47),
to show that (11.43) are steady states.

Show that there are only two points on the unit
sphere and the ellipsoid (11.47) when C' = Z5*,
and when C' = Z;', but that there are two great
circles of points when C = Z,'. Sketch the
corresponding orbits locally near (0,1,0), pro-
jected onto the tangent plane to the sphere at
that point, and indicate the direction of motion
along those orbits, deduced using Euler’s equa-
tions (11.40) near that point.



Curves

12.1 Representations

The simplest curve is a straight line that can be defined implicitly as
the intersection of two planes (Fig. 12.1)

-1 = hy,
'ﬁ'Q T = h27
where 7i is a unit normal to the plane and h is the distance from the
origin to the plane in the direction #a. Definition (12.1) is implicit; it

does not specify the position vector r, only equations that » must satisfy.
The parametric equation of a line is (Fig. 12.2)

(12.1)

’I’(t) =179+ t’Uo, (122)
where 7 is the position vector of any reference point P, on the line, vg
is a vector parallel to the line, and ¢ is a real variable in —co < t < 0.
A parametric representation is explicit; selecting any t value yields the
position vector r(t) of a point on the line, for example, r(0) = rq and
r(1.5) = 7o + 1.5vg. The speed |vg| # 0 is arbitrary, and the same line
can be parametrized as

r(s) =ro + s o, (12.3)
where s is now the signed distance along the line, with s = 0 at Py and
s > 0 in the direction 9g. Exercise 12.1 asks to find the relation between
the two representations (12.1) and (12.2).

In general, a curve C can be defined by a continuous vector function
r(t) of a real variable ¢ in an interval I = (to,ts),

c={per cﬁ:r(t),teIcR},

as in example (12.2). It is useful to think of ¢ as time and 7(t) as the
position of a particle at time ¢, although the parameter may not have
units of time. The vector function 7(t) is a parametric representation
of curve C, and ¢ is then the coordinate of point P on C in that repre-
sentation. An implicit definition, fi(r) = 0 = f2(r), may have several
disconnected sets as solutions; for example, the intersections between
two ellipsoids can be the empty set, one tangent point, or one or two
closed curves.

12.1 Representations 14¢
12.2 Classic curves 14¢
12.3 Flexible curves 151
12.4 Speeding through curves 15¢
12.5 Line integrals 15¢
12.6 Hanging from curves 16%
Exercises 17C

Fig. 12.1 Two planes, one line (12.1).

Fig. 12.2 Parametric line (12.2).
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Fig. 12.3 r(t), Ar, .

The use of the word parameter to describe the real independent vari-
able t in r(t) originates from the fact that if a curve is defined implicitly
by fi(r) =0 = fa(r), then r(t) with ¢ € I is a one-parameter set of
solutions r to those equations, that is,

flr#) =0= fa(r(t)), vtel.

Parametrizing a curve is constructing an explicit vector function 7(t)
that represents it. Thus, (12.2) with (12.74) is a parametrization of the
line defined implicitly by (12.1).

The word “parameter” is also used to refer to the constants that spec-
ify a particular object in a given representation; thus, r¢ and v in (12.2)
are the parameters that determine a specific line, and the variable t is
then the coordinate of a point on that line in that representation (12.2).

Secant and tangent vectors

Given a parametrization r(t), the displacement vector
Ar =7r(t+ At) — r(t)

is a secant vector connecting two points on the curve (Fig. 12.3), and
Ar — 0 when At — 0, if the curve is continuous. Dividing Ar by its
magnitude |Ar| gives a unit vector, whose limit,

T R
lim —— =t 124
At—0+ |AT‘ ’ ( )
is the unit tangent to the curve at r(t), with t pointing in the direction

of increasing ¢t. Dividing Ar(t) by At, yields the derivative

dr Ar N
— — lim — =t 12.5
dt ~ arso Ar 0T (12.5)
that is, a vector whose direction is the unit tangent £ to the curve at
that r(t). Its magnitude is the “speed,”

A
v = lim —l ul

atSo [AL] (12.6)

whose value depends on how fast we are traveling along the curve at
that point. It is an actual speed only if ¢ is time, not just time-like. If
those limits exist, the curve is differentiable at that point.

Smooth, piecewise smooth, and fractal curves
Newtonian particle trajectories defined by the vector differential equa-
tion

mit = F(r,r)
have an r(t) that is C2, twice continuously differentiable, if the force
function F(r,v) is continuous with respect to its arguments, so 7 exists



and is continuous. Collisions are modeled by impulses—Dirac delta func-
tions F = Apd(t —t.) at the time and place of impact, where Ap is the
impulse with units of momentum. The acceleration is nominally infinite
at the collision time. The momentum p = m7 changes discontinuously
by Ap across the collision, but r(¢) is continuous. In vector calculus, we
consider curves that are at least piecewise C2. A few collisions once in
a while are OK, but not constantly!

Brownian motion is the motion of a particle small enough to feel the
jarring effect of relentless collisions with fluid molecules. A mathemat-
ical model of such motion is a random walk of step df = v/odt in time
dt, such that

r(t+dt) —r(t) = aVodt,

where a is a random direction and ¢ has units of length square over time,
L?/T. The resulting particle motion 7(¢) is continuous but nowhere
differentiable since dr(t) ~ v/dt. Such individual curves are modeled
and studied with stochastic differential equations. The coefficient ¢ > 0
is a diffusion constant.'

The Koch curve is a deterministic example of a fractal curve, continu-
ous everywhere yet nowhere differentiable (Fig. 12.4). There is even the
Peano curve (Fig. 12.5) and the Hilbert curve that fill the entire surface
of a square! These examples show that mere continuity of the parametric
function r(t) is not sufficient for our intuitive notion of “curve.”

12.1 Representations 147

IThe diffusion constant is defined as
v = 0/(2d) in a space of dimensior
d, so that the diffusion equation that
measures the probability of observing ¢
particle at a certain point at a certair
time, has the same diffusion constant
irrespective of dimension.

Fig. 12.4 Five iterations toward the Koch curve (based on code by Martin Geisler, Fractals with MetaPost,

http://mgeisler.net/downloads/metafractals/metafractals.pdf).
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Fig. 12.5 Peano map of t = [1—3,2—1,... 326k — 1] /32k for k = 1,2,3. The Peano curve is a continuous map of the
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interval 0 <t <1 to the unit square [0, 1] x [0, 1].
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Fig. 12.6 Conic section.

&

A

Fig. 12.7 Conic side view.

dr/dé

Fig. 12.8 Circle (12.9).

12.2 Classic curves

A classic family of curves arises from all possible intersections of a cone
with a plane (Fig. 12.6). These are the circle, ellipse, parabola, and
hyperbola, collectively referred to as the conics, or conic sections. The
implicit equations for these conics are thus

{ - (r rA) cosf|r —r4|, (12.7a)
n-r= hO,

where @& is the direction of the cone axis, A is the cone vertex (or apez),
and 6 is the cone angle (or aperture), with 0 < 6 < 7/2. The plane
is normal to 7 and at distance hg from the origin, that is, distance
h=hyg—"-7r4 from A in the fi direction.

In cartesian coordinates with the origin at A so r—r4 = 2X+yy + 22,
picking Z =7 and § - @ = 0, so @ = cosaX + sina z, for some « in
[-7/2,7/2] (Fig. 12.7), eqns (12.7a) reduce to z = h, and

xcosa+ hsina = cos /a2 + y? + h2. (12.7b)

Squaring both sides,? and completing the square yields

Shtana’ r2
(1—62) (Z‘— ]_—62> +y2 = 1—627 (1270)

where € = cosa/cosf, and r. = htanf. This is (11.48c), shifted in z
so (0,0) is at the cone apex not the focus, and € is the eccentricity and
r4 the focal halfwidth. It is an ellipse when o > 6 (0 < € < 1), and a
hyperbola when o < 6 (e > 1). For a = 0 (e = 1), (12.7b) yields the
parabola

2r,(z — xp) = (y* —r?), (12.7d)

which is in form (11.48b) with r, = htan 6 and focus at zp = h/(2tan6).

We now consider convenient coordinate independent parameteriza-
tions for each of the conics, in addition to the universal polar parame-
terization (11.24)

T« COSQ

T4 Sin 3

r(p)=rp+ (12.8)

a ’
1—e€ecosyp 1 —e€ecosyp

where rp is the position vector of the focus F, @ the major principal
direction, and b the minor principal direction, orthogonal to a.

Circle

The circle of radius a centered at O has the implicit equation z2 + y? =
a?, and can be parameterized by x = acosf, y = asinf, giving the
position vector r = zX + y¥y as (Fig. 12.8)

2S0 @ — & and the cone becomes a double cone, and a hyperbola has two branches
of solutions.



r(0) = ax cosf + ay sin b, (12.9)

where 6 is the angle between X and r. The “velocity”
dr
de
is the tangent vector to the circle at (), with r - dr/df = 0 for any 0,
since 7 - 7 = a? is constant.

= —aX sinf + ay cosb,

Ellipse

The circle parameterization is easily extended to an arbitrary ellipse
centered at C' with major radius vector @ and minor radius vector b,
perpendicular to a (Fig. 12.9),

r(0) =rc + a cosf + b sind. (12.10)

The parameter 6 is an angle, but it is not the angle between a and
(r —r¢), unless |a| = |b| (see exercise 12.4). If we pick cartesian coor-
dinates with C' as the originand X = @, § = B, thenro =0, r = zX+yy,
and (12.10) becomes

_ 0 2 2
RSP TSE S § (12.11)
y = bsinf a

which is the standard cartesian equation of an ellipse.
The vector equation (12.10) is coordinate independent. In cartesian
coordinates, with (Fig. 12.10)

e =% X+Y.y, a=acosaX+asinay, b= -bsinaXx+bcosay,
separating the X and § components of (12.10) yields

{m:xc+acosacose—bsinasin9, (12.12)

Y =Y.+ asinacosfd + bcosasinb,

which can be written in matrix form as

cosa —sinal| [a 0| [cosf T — X,
[sina cosoz] [0 b] [sinQ] o {y—yc] ' (12.13)

12.2  Classic curves 14¢

Fig. 12.9 An ellipse centered at C witl
principal radii @ and b (12.10).

Fig. 12.10 Orientation of major anc
minor radius vectors a and b.
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Fig. 12.11 Hyperbolic branch with
center C and principal directions a and
b (12.15).

We recognize the first matrix as a rotation matrix whose inverse is its
transpose. The second matrix is invertible when a and b are nonzero.
Multiplying by the inverses of those matrices gives (cos#,sin@), then
eliminating @ using cos? f+sin” § = 1 yields the general implicit equation
for an ellipse in the (z,y) plane

2 2

.. 92 c 2
COS™ «x ST « ST o« COS™ «x
($ - x0)2 ( a2 + b2 ) + (y - yc)2 ( a2 + b2 )

+ (2 — 2)(y — ye) sin 2« <a12 - b12> =1 (12.14)

The vector equation (12.10) is even more general since it applies to
ellipses in 3D (and even in R™), and a and b do not even have to be
orthogonal for the curve to be an ellipse (exercise 12.13), but then Py is
not a vertex.

Hyperbola
Replacing cos and sin by cosh and sinh in (12.10)
r(t) =rc + a cosht + b sinht (12.15)

yields a hyperbolic branch in the C,a,b plane (Fig. 12.11), where the
hyperbolic cosine and sine are defined as

t —t t -t
cosht = =% gnnr=S"¢ (12.16)
2 2
thus
cosh?t — sinh?¢ = 1
and

gcosht = sinh ¢, gsinht = cosht,
dt dt

for any t, as is easily verified. The reduction of (12.15) to the standard
implicit equation of a hyperbola is left as an exercise. As for the ellipse,
a and b do not have to be perpendicular for (12.15) to be a hyperbola,
but then P is not a vertex.



Parabola

The parabola has already been discussed in (11.5). If Py is its vertex,
as it was for the ellipse and hyperbola above, and a is its “acceleration”
direction, then it can be written (Fig. 12.12)

rit)=ro+st’a+tb, (12.17)

with @ - b = 0. Again, @ and b do not have to be perpendicular for
(12.17) to be a parabola, but then Py is not the vertex (Fig. 11.2).

12.3 Flexible curves

The conics are true classics. They have been studied for millennia from
centuries BC to the Renaissance, and beyond. They turned out to be the
orbits of planets and comets. Their optical properties are exploited in
mirrors, telescopes, and antennas. Many other beautiful curves defined
by explicit r(¢) functions have been studied, but ship, airplane, and
automobile design and construction, then computer graphics, required
more flexible curves, easier to assemble and reproduce.

_
e

Fig. 12.13 Piecewise linear approximation to a smooth curve C.

To represent an arbitrary curve C, we can sample it at points Py, ..., Py
and simply connect successive points by straight lines, as in Fig. 12.13.
This is a piecewise linear approximation to the curve, and naturally we
would take more sampling points where the curve changes direction more
rapidly. It is straightforward to construct an analytical representation
for the piecewise linear curve. Since a straight line segment from point
A to point B is most simply parametrized as

r(t)=ra+tlrg—ra)=(1—t)ra+trp,

with ¢ =0 at A and t = 1 at B, we can parametrize the full piecewise
linear curve as
r(t) = (1= ty)rp—1 + tiry, (12.18)

where ¢, = t — [t] = tmod 1, with 0 < ¢ < N for N segments and
|t| the integer part of ¢, so tx runs from 0 to 1 in segment k. This
is a simple approach but a satisfactory representation of the curve will
typically require a lot of sampling data. The curve (12.18) is continuous
but the tangent vectors jump at the nodes 7.

A smoother approach is to represent the curve with higher order piece-
wise polynomials so we can ensure continuity of 7(¢) and dr/dt at the

12.3  Flexible curves 151

P /

To

Fig. 12.12 Parabola (12.17).
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nodes. Clearly this requires two more (vector) degrees of freedom and
piecewise cubic polynomials. For example, curve C in Fig. 12.13 can be
represented more smoothly and with less data as the cubic Bézier curve

Pierre Bézier was an engineer work-

ing for French automobile company Re- r(t)=(1— t>3"“A +3(1 — t)2t ,,«jg +3(1 — t)th,«g + t3r,«B7 (12.19)
nault. He used and popularized the

curves nzixmed after him. rF.he piece_wise shown in Fig. 12.14, where fr(()) = 74, ’l“(l) = rp are the start and

polynomial curve (12.21) is essentially o1\ q points, and r, 75 are interior control points that determine the

cubic Hermite interpolation. . .
tangents at 74 and r g, respectively. Indeed, d/d¢ of (12.19) yields

#(0) = 3(r} —ra), 7(1) =3(rp —rp). (12.20)

oo
At
Fig. 12.14 Cubic Bézier representation of C, with its four control points (12.19).

The cubic Bézier curves can be combined to create piecewise cubic
polynomials for more complex curves, with the explicit formula

r(t) = (1—tp)>re_1 +3(1—tp) 2t i +3(1 —tp)tir, + 137y, (12.21)

where tp, =t— |t| =t mod 1, with 0 < ¢ < N for N cubic Bézier curves
and |t] the integer part of ¢, as in (12.18). The piecewise cubic curve
(12.21) is continuous at the nodes 7, and has continuous tangents there
if r}, and its pre- and post-controls points, 7, r;‘, are on the same line,
but this is not required to allow corners and cusps, as in Fig. 12.15 which
is composed of four cubic Bézier curves.

Fig. 12.15 Piecewise cubic Bézier.

Bernstein polynomials

The cubic t-polynomials in (12.19) are cubic Bernstein polynomials By, 3(t),
with

n

Bin(t) = <k> (1 —t)y"Fek = m(l — )Rtk (12.22)

where k! = k(k—1)...1 s the factorial, (}) are the binomial coefficients,
and 0! = 1. Their origin is clear: if all the control points are identical
Ty = rjg = rp = Tp, then we want r(t) = r4 for all ¢, so all the
polynomials should add up to 1, and that is guaranteed by the binomial
expansion

1=(1—t)+t)" = Zn: (Z) (1 — )k, (12.23)

k=0



The Bernstein polynomials obey the recurrence relation
Bk,n(t) = (1 - t) Bk,n—l(t) + tBk—l,n—l(t)a (1224)

which is the basis of De Casteljau’s recursive algorithm.They also satisfy
a simple recurrence for derivatives

d

aBkm(t) =n(By-1,n-1(t) = Brn-1(t)). (12.25)
To facilitate use of these recurrences, the Bernstein polynomial By, ,(t)
is defined to be 0 if k£ < 0 or n < 0 or k > n; then for example, (12.24)
and (12.25) correctly yield

By =(1—1t)Bon-1, Byn = —nBgp—1.

E »
De Casteljau’s algorithm

The cubic Bézier curve (12.19) can be written
’I‘(t) =17y B()’g(t) —+7ry Bl’3(f) + 7o Bg’g(t) + 73 B373(t), (1226)

in terms of the cubic Bernstein polynomials By, 3(t), where the four con-
trol points A, AT, B~, B are now labelled 0, 1, 2, 3 to match the
Bernstein index k and facilitate the following discussion.

The recurrence (12.24) allows (12.26) to be written as

r(t) =7ros(t) = (1 —t)roa(t) +tri2(t), (12.27a)
where
TO’Q(t) = TOBO’Q(t) + ’I“lBLQ(t) + TQBQ)Q(t),
r12(t) = r1Bo2(t) + r2B2(t) + r3Baa(t),
are two quadratic Bézier curves with three control points, (rg,r1,72)
for ro2(t), and (rq, 72, 73) for 71 2(t). Here, the first index of 7y, (t) is
the starting point 7, and the second is the polynomial degree n, with

r0,3(t) = r(t) in (12.26). The quadratic Bézier curves can themselves be
expressed in terms of linear Bézier curves as

7’072(t) = (1 — t) ’I"071(t) + “’1,1(15),

12.27b
7"172(1*,) = (1 — t) Tl,l(t) + t?"271(t), ( )
where
7"071(0 = T'()Bo,l(t) + 7‘131,1(15) = (1 — t) To —+ trl,
Tl,l(ﬁ) = TlBo,l(l‘,) + ?‘23171(t) = (1 - t) ry+1tra, (12270)
’1“2’1(?5) = ’I“QB()J(t) + T3B1’1(t) = (1 - t) ro +trs.

Equations (12.27) yield the cubic Bézier curve as successive linear ap-
proximations. The algorithm is illustrated in Fig. 12.16, and can also
be visualized geometrically as done in Fig. 12.17.

12.3  Flexible curves 15¢

Paul De Casteljau was a mathemati-
cian who worked for French automo
bile company Citroén. He is creditec
with developing the concept and al-
gorithms for the curves named afte:
Bézier. Others developed similar con-
cepts at about the same time, includ-
ing work on splines by Schoenberg ir
the 1940s and de Boor in the late 50s
then at General Motors.
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Fig. 12.16 Recurrence (12.27) to eval-
uate 70,3(t).

Fig. 12.17 Recurrence (12.27) to eval-
uate 7o 3(t), here for t = 1/3, with Py, ,,
at relative distance t along line segment
[Pin—15Prti,n—1]-

Py

The recursion has other benefits. One benefit is that the velocity and
acceleration at 7 3(t) are simply

70,3(t) = 3 (r1,2(t) — 70,2(%)),
’Fo’g(t) =6 (Tz’l(t) — 2"“1’1(15) + To’l(t)).

Another is that to split a cubic Bézier curve with control points Py, Py,
P,, Ps, at any one of its points Py 3(¢), the control points for the split
cubics are simply Py, Po,1, Po2, Fo,3 for the first cubic, and Py 3, P 2,
P51, P; for the second. That is how Fig. 12.17 was plotted with the
first cubic solid, and the second dashed.

Piecewise cubic Bézier curves are an example of cubic splines, widely
used in computer graphics. A broader class of such functions are B-
splines that are also defined by recurrence, a special case of which is the
Bernstein polynomial recurrence (12.24). B-splines can be constructed
to automatically ensure continuity of the second derivatives (acceler-
ations) at the connection betweens polynomial pieces. The reader is
referred to de Boor’s book.?

(12.28)

3Carl de Boor, A Practical Guide to Splines, Springer-Verlag, 2001.



12.4 Speeding through curves

The position vector r(t) of a particle P at time t contains information
about its trajectory, that is, the curve along which it is traveling, as
well as information about speed and acceleration that are proper to the
particle. Different cars traveling on the same road will have different
r(t), but the underlying curve is the same. Here, we separate those
particle-specific speed and acceleration from the intrinsic characteristics
of the underlying curve. Arclength, the distance along the curve, is the
fundamental quantity that allows separation of speed from geometry.

Speed and arclength

Arclength s can be defined in terms of the speed v(t) = |v(t)| by the
scalar differential equation

ds _ dr

D . 12.2
% =Y " >0 ( 9)

This definition picks the direction of increasing s as the direction of travel
as t increases. Thus arclength s is a monotonically increasing function
of ¢t and there is a one-to-one correspondence between s and ¢ (Fig.
12.18), assuming that r(t) is monotonically moving along the curve; no
stopping and backtracking allowed when curve mapping! Forward we
go, assuming that you are up to speed on your chain rule.

The successive time derivatives of the position vector r(t) are well
known: v = 7 = dr/dt is the velocity, a = # is the acceleration, and
j = 7 is the jerk. The velocity v = 7 can be written in terms of speed
v = |7*| and tangent direction to the curve £,

dr dsdr A
where d drdt
-~ r r
t=—= 12.31
ds  Jdr/di] (12.31)

points in the direction of increasing s and t¢.

Acceleration and curvature

The acceleration a = ¥ is the time rate of change of velocity, and the
chain rule gives

_dv  dsdv  d(vE)  dv, Ldi

= —_—am ——— P— 7t R
CE T ads Tds Cas U ds (12.32)
= ld(UQ) t+ kv
2 ds ’

where
fi. (12.33a)

12.4  Speeding through curves 15f

Fig. 12.18 Arclength s is distance
along the curve, from an arbitrary
starting point. Distance over time is
speed, ds/dt = |v(t)].
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Fig. 12.19 Curvature x is the rate of
rotation of the tangent with respect to
distance along the curve d = kds.

Fig. 12.20 Velocity v and acceleration
a (top). Unit tangent £ and normal 7
(bottom).

Equation (12.33a) defines the magnitude s and direction 7 of the vector
dt/ds. Since t-£ = 1, we have #-d#/ds = 0; thus, 7 is perpendicular to
t. Indeed 7 points in the direction of the turn and is a unit vector that
is normal (or orthogonal, or perpendicular) to the curve at r(t). The
curvature

dé

=|— 12.33b
=l (1233)

has units of inverse length, and can thus be written as k = 1/R, where
R = R(s) is the local radius of curvature. Curvature is the turning rate
of the tangent per unit arclength (Fig. 12.19),

dt = A rds = ndg. (12.33c¢)

Figure 12.20 illustrates v, a, £ and 7 for a curve r(t) defined as a cubic
Bézier (12.19). Note that 7 reverses abruptly at an inflection point, but
kM is continuous since k = 0 at an inflection.

With these definitions, expression (12.32) yields a decomposition of
the acceleration a in terms of a component in the curve direction t and
a component in the turn direction 7o. Physics students will recognize the
7 component, kv? = v?/R, as the centripetal acceleration of the particle.
The £ component foreshadows the work energy theorem; the £ component
of the applied force F' = ma is the rate of change of the kinetic energy
d(3mv?)/ds. Expression (12.32) is general, holding for any C? curve,
not just for uniform circular motion where a = A v?/R = Aw?R is
purely centripetal and of constant magnitude. Expression (12.32) holds
for curvature k = k(s), and speed v = v(s) that vary along the curve,
in general.

Jerk and torsion

Next comes the jerk j = 7, the rate of change of acceleration. The
chain rule, the previous results (12.30) for v and (12.32) for a, and some
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perseverance, yield

_da_dsda
T= @ T dtds
20,2 ¢ 2 N
:Ed (v )f UZ@Q—FUd(m} )ﬁ—|—m/3d—n
2 ds? ds ds ds ds (12.34)
Ud2(v2)A+ d(kv?) . 5dn ‘
=— Kv° ——
2 ds? ds ds
d2 2 R d 3 R
= <§ d(st) —/921)3> t+ (gz )'fz+/<c7v3b
with 4
(TZ —7b— ki (12.35)

in terms of the binormal b = £ x f and the torsion 7(s). Equation
(12.35) defines 7 and b. Since 7 is a unit vector, it must be orthogonal
to its derivative; thus, dfv/ds cannot have any # component, but it can
have a component, and a b component. The £ component of 7 has to
be (—k) since £ - 72 = 0 always, thus the derivative of £ - 7 is also zero,
and by the product rule that imposes

dt . . dn _ N _
P n—l—t-g—/ﬁ—l—t-g =0.
In general, dfin/ds can have a b component as well, orthogonal to both
t and 7. We call that component 7, the torsion. The binormal b is
constant and the torsion 7 = 0 for a planar curve, such that £ and 7
stay in a plane that is, in fact, orthogonal to b.

Curvature and torsion shortcuts

We can stop before we snap.* Three derivatives of r(¢) is enough. The 4Snap is the time derivative of jerk
first derivative, v = 7, gives the speed v = |#*| and unit tangent £ = #+/v.  that is d*r/dt*.

The second derivative, @ = ¥, then gives the curvature x and binormal

b through a cross product with v. Indeed, their expressions in terms of

t and 7, (12.30) and (12.32), yield

vxa=7x¥=rovb, (12.36)

and thus provides the curvature x and binormal i), directly, without
explicit use of arclength that invariably involves square roots since ds =
Vdr - dr. The normal then follows from # = b x £. The dot product of
(12.36) with the jerk (12.34), then yields the torsion T,

(vxa)-j=@Fx¥) 7= (k2T (12.37)
We need to compute one square root, to find v from v? = 7 - 7, but we

do not need to labor through repeated derivatives of square roots. A
cross product (12.36), and a mixed product (12.37), avoid that.
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Fig. 12.21 Frenet frame rotates about
t at rate 7, and b at rate .

Jean Frenet and Joseph Serret, French
mathematicians who discovered the for-
mula named after them around 1850.

5 Siouz Falls, ND.

Frenet—Serret frame and formula

The triad {£, A, b} forms a right-handed orthonormal basis at 7(s), called
the Frenet frame (Fig, 12.21). The Frenet frame rotates as r(s) moves
along the curve; its basis vectors evolve according to the Frenet—Serret
formulas, (12.33a), (12.35), best written in matrix form as

d t 0 x O0]T¢
% al=|-x 0 1| |7, (12.38)
S1b 0 -7 0] |b

where dB/ ds follows from the product rule applied to the definition b =
t x . The matrix in (12.38) is antisymmetric, and therefore equivalent
to a cross product with the angular rotation rate vector w(s) = 7 + «b.
Indeed, each of the basis vectors, £(s), A(s), b(s), evolves according to
the differential equation

i—z =w(s) X u= (Tf+ /{l;) X u, (12.39)
which corresponds to rotation about £ at rate 7, and about b at rate .
The angular rotation rate w has units of inverse length here; it is a rate
of rotation per unit arclength, not time.

The representation of a curve C in terms of its arclength, » = r(s),
is unique up to a choice of origin for s, positive direction, and unit
of length. Think, for instance, of the coordinates of points along US
Highway 90, from Boston to Seattle. If s = 0 is Madison, Wisconsin,
with s > 0 heading west, then 435 miles is a unique location.® But 7(s)
is usually not a nice explicit function, except for the simplest curves
such as straight lines and circles. By contrast, an infinite number of
r(t) functions can describe the same curve C; for example, r(¢) could
represent the positions of different cars and trucks driving along the
same highway at different speeds v(t).

12.5 Line integrals

A line integral, also called a path integral, is an integral along a curve C.
This is confusing to many students who have been drilled to think of an



integral as the area under a curve. To avoid conceptual confusion, it is
best to adopt the more general view of an integral as the limit of a sum.
A standard line integral over a curve C is

/ F(r)-dr, (12.40)
c

where F(r) is a vector field, a vector function of position vector r, such
as the gravity field F(r) = —kr/r3, or some other force field. In those
forceful cases, the line integral is a scalar interpreted as the work done
by the force on a particle moving along that curve.

Fy, Fy

The integral is readily understood as a Riemann sum. Sampling the
curve at successive points, or nodes, Py,..., Py, with position vectors
ro,...,TnN, along the curve (Fig. 12.22), we define the integral as the
limit of a sum

N
/CF(r) cdr = |A¥iﬁio nz::l F,-Ar,, (12.41a)

where Ar,, = r, — r,_1 is the secant vector from P,_; to P,, and F,
is an estimate of the average value of F(r) along the arc from P,,_; to
P,. A simple choice is F,, = F,,_1, or F,, = F,,, where F; = F(r;),
but better choices are the trapezoidal rule that uses the average nodal
values,

F,=3(F.,-1+F,), (12.41b)

or the midpoint rule that uses the function evaluated at the secant mid-
point,

F,=F (3(rn_1+m)). (12.41c)
These different choices for F',, give finite sums that converge to the same
limit, but the trapezoidal and midpoint rules will converge faster for
sufficiently smooth curves and functions, and give more accurate finite
sum approximations, as studied in numerical analysis.

The Riemann sum definition only requires being able to sample the
curve, and the function values, at nodes P,. If an explicit representation
r(t) is known for the curve, then the sampling can be done by selecting
a sequence ty < t; < --- < ty = ty, and the limit |Ar,| — 0 becomes
a limit At,, — 0, assuming that 7(¢) is differentiable. In the limit, this
reduces the line integral to a regular scalar integral over t,

/ Fory-dr= [ jia, (12.42a)
C to
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Fig. 12.22 Line integral as limit of ¢
sum (12.41a), here with N = 6.
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where
f(t) = F(r() - 5

with r(to) the starting point of curve C, and r(¢s) its end point. This is
a change of variable, from r along C to t in the interval [to, ], with
dr
dr = —dt. 12.43

= (12.43)
It is useful to think of the differential dr, called the line element, as
an infinitesimal secant vector, tangent to the curve at point r and of
magnitude |dr| = ds, the arclength element with

(12.42b)

ds = |dr| = Vdr - dr = \/da? + dy? + d=2. (12.44)

The arclength element |dr| = ds should not be confused with the differ-
ential of distance to the origin r, dr, which is

d d
dr:d|r|:d(\/x2+y2+22):x ztydy+e Z:f-dr, (12.45)

/x2_|_y2 +22

which is the differential form of (10.9).

Other types of line integrals

Other types of line integrals arise in applications, besides the “work
integral” (12.40). For example,

/Cf(r) dr, /CF(r) dr|, /Cf(r)dr, /CF(r)xdr.

The first one gives a scalar result; one example is arclength discussed
hereafter. The latter three integrals would give vector results. We can
make sense of these integrals from the limit of a sum definition. They
will show up in some examples later, and in applications in this textbook
and in other fields.

Examples of line integrals

The line integral equivalent of faba:dx = (b — a?)/2 is (12.40) with
F(r) = r along the straight line from point A to point B, with position
vectors r 4 = a and rg = b; then

C:r(t)=a+tb-—a), dr(t) = (b—a) dt,

with ¢ =0 — 1, and (12.42) yields

/cr-dr:/o (a+t(b—a))-(b—a)dt (12.46)
:a-(b—a)—i—%(b—a)-(b—a): (b:-b—a-a).

1
2

That is straightforward, yet more algebra than necessary in this case.
This is a very special F(r) = 7, so special that this line integral is



actually independent of the path from A to B. Indeed, for any curve C
from A to B

/r-drz%/d(T-T)z%(rB-rB—rA-rA) (12.47)
c c

using differentials as in (12.45), This is a special case of the general result
that

/C df(P) = [(B) - f(A), (12.48)

for a curve C that starts at point A and ends at point B, where f(P)
is the value of a function at point P of C. That integral is a sum of
differences along the curve, that is,

/df(P) = A}im ((fl - f(A)) + (f2 - fl) +-+ (f(B) - fN—1))
C —00
= A}im (f(B) - f(A)) = f(B) — f(A),

with fr = f(Ps). The collapsing sum of successive differences is known
as a telescoping sum, and we are essentially rehashing the fundamental
theorem of calculus.

We can also calculate the integral by calling on whatever 7(¢) might
specify the curve, without the need for knowing r(t) explicitly. Indeed,

B ts dr(t) LB d(r 1)
/cr-dr—/tA r(t) - g dt = /tA —3 dt (12.49)

=1(rp-rp—Ta-TA),

with a more explicit use of the fundamental theorem of calculus

ba
Y= [[aswy=10) - s, (12:50)

a

Either way, we recover (12.46) whatever the curve from A to B. But, this
path independence only holds for very special vector fields F'(r) called
conservative vector fields.

Work of a central force

Central force fields, F(r) = F(r)7 where r = r#, are a class of con-
servative fields. The previous example F(r) = r = r# is in that class,
as is the inverse square law F(r) = —#/r? arising in Newton’s law of
gravitation, and Coulomb’s law in electrostatics.

As in (11.10), we can introduce a potential V(r) such that dV/dr =
—F(r), a scalar function of one scalar variable. For such a central force
field, the work integral then evaluates to the potential difference. Using

(12.45),
/F dr—/ r)f - dr—/F

(12.51)
/—dr— ra)—V(rs),

12.5 Line integrals 161
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Fig. 12.23 %(w xr)-dr=2wA| .
C

Fig. 12.24 AdA =

1
2

r x dr.

and the integral is path independent; it has the same value for any curve
C from point A to point B. Conservative vector fields F'(r), and path in-
dependence, are characterized by zero curl and Stokes’ theorem (16.61).
Next, we consider a nonconservative vector field.

Rigid body circulation

The vector field v(r) = w x r, with w independent of r, is a simple
example of a nonconservative vector field. We recognize it as the velocity
field of uniform rotation, also called rigid (or solid) body rotation, about
an axis passing through the origin in the direction @. Thus, we denote it
v for velocity, instead of F' for force, or field. The standard line integral
(12.40) for v instead of F is called the circulation of v about the curve
C. Velocities circulate along curves, they do not “work”.

In cylindrical coordinates with Z in the direction of w = wZ and, from
(10.27),

r=pp(p) +22, dr=pdp+@pdp+2dsz,

thus, v = w x r = wpp and (Fig. 12.23)

/v-dr:/(wxr)-dr:w/dego:%JAJ_. (12.52)
c c c

If C is a full circle of radius R perpendicular to Z and centered on the
z axis, for example, then the integral is 2mR?w, and thus not zero as
it would be for a conservative vector field. For a more general curve C,
(12.52) is 2wA | , where A is the signed area swept by the radius vector
projected onto the plane perpendicular to w, that is, the area swept by
the vector p=7r, =r — &(r - @), as discussed hereafter.

Area swept by radius vector

Since (w x r)-dr = w- (r x dr), from the mixed product identity (6.2b),
and w was assumed constant, (12.52) is equal to the dot product of w
with the integral

al f dr(t)
rxdr= Ilim X Ar; = r(t) X dt. (12.53
/c |Ar]—0 ; : : /to ( ®) dt ) ( )

Now

T X A‘T‘l = 2AA[ 'fl,l,

where AA; is the area of the triangle with sides r and Ar; = rj 1 — 7y,
and 7; is the unit normal to that triangle (Fig. 12.24).

If r stays in a plane perpendicular to 71, then r - 2 = 0 and all the
7y, = £7n, so the integral (12.53) is 2An, where A is the sum of the
signed areas swept by r, Fig. 12.25 (cf. Kepler’s law, Fig. 11.5). The
area is positive when r sweeps counterclockwise about 7, and negative



Ar

7

when it sweeps clockwise. More generally, if the curve is planar, then
r - 1o = h for some constant unit vector 7 and real number h, and

/r x dr =hn x (ry —rg) + 247, (12.54)
c

where A is the area swept by the vector 7, = r — hf, and r1 — rq is
the secant vector from the starting point to the end point of C (exercise
12.53).

If the curve C is not planar, then

&-/rxdr:&-/m_xdm_zléh_ (12.55)
c c

for any constant unit vector @, where A is the area swept by the radius
vector projected onto a plane perpendicular to a, that is, the vector
p=7r, =r—a(r-a). The area is positive if 7 sweeps counterclockwise
about @, and negative if it sweeps clockwise (Fig. 12.26). This is (12.52)
forv=axrsinceaxr-dr=a-r xdr.

If a curve C loops around the @ axis through the origin several times,
then 7, will sweep the same area multiple times and these must be
counted with the correct multiplicity. For example, for the helix with
radius R and height H

C:r(t) = R(cos(2knt) X + sin(2knt) §) + Htz, t=0— 1.

The vector r; = R (cos 2knt X + sin 2k7t §) will sweep the disk of radius
R, k times and the area of that disk must be counted k times; thus, for
that helical C,

i-/rxdr:2k7rR2.
c

Winding number and angle functions

The line integral (12.55) is related to another integral that yields the
winding number k of a curve C about an axis passing through the origin

in direction a,
1 axr
ks — [ s -dr. 12.56
271'/C laxrz (12.56)

If the curve C is closed, then k is an integer counting the number of
counterclockwise turns of C about the axis (O, @) passing through the

12.5 Line integrals 16:

Fig. 12.25 Area swept by radius vec

tor.

Fig. 12.26
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Fig. 12.28 /dgp =0.
C

CL

origin O in direction a. Each counterclockwise loop around the axis
contributes 41, and each clockwise loop —1 to the winding number k.

To show that, consider cylindrical coordinates (p, ¢, z) and directions
(p,p,2) withz =a;thenaxr=2xr=p@ and (& x r)-dr = p?dy,
as derived for (12.52), yielding

axrT
/|axr\2 d’"‘/d“”

The right hand side is the sum of the azimuthal angle increments dy
along the curve C. This is similar to (12.48); however, here the azimuthal
angle ¢ has to be considered as a continuous functlon of arclength along
the curve C, and thus a multivalued function of point P, defined up to
a multiple of 2. Thus if a curve comes back to the same point P, or
the same radial from O more generally, after looping around the axis
(O, a), then the sum of the dg’s is clearly 27, not 0 (Fig. 12.27). Each
counterclockwise loop contributes +27, and each clockwise loop —27
(Fig. 12.28).

The integrand (@ x r)/|a x r|? is a vector field, uniquely defined, con-
tinuous and differentiable at all r such that |a x r| # 0, but it is not
(quite) a conservative vector field.® For a conservative field, the line
integral (12.41) depends only on the end points, and is thus invariant to
deformations of the curve C that preserve the end points, and vanishes
if the end points coincide. The integral (12.56) is invariant under de-
formations of the curve C that preserve the number of loops around the
axis (O, a).

In magnetostatics, a steady line current J flowing in direction a,
from —oo to 400 through the origin, induces a magnetic field B(r) =
woJ/(2m) (@ x r)/|a x r|?. The circulation of that magnetic field about
a simple closed loop C enclosing the line current is

qu axr
B.dr «dr = pod. 12.57
51{ or Jola x r|? "= Ho ( )

This is Ampere’s law, and integral (12.56).

Turning number and total curvature

Another related integral is the turning number m of the tangent to a
curve about a fixed direction a,

1 axt .
mé—/%-dt, (12.58)
27 Jo |a x &2

where £ = dr/ds is the unit tangent to the curve C at point 7(s) of the
curve, with arclength s parametrization. This is the same integral as
(12.56) but with t replacing r; thus, this integral measures the winding
number about @ of the hodograph of £, that is, the curve traced by the

6Because of the singularity at |&@ x 7| = p = 0, see Stokes’ theorem.



tip of £ when its tail is fixed at the origin. This may be enough to explain
(12.58) (exercise 12.56).

We can justify it explicitly in a manner similar to that used for (12.52).
Let a, B, ¢ denote a fixed right-handed orthonormal basis; then (Fig.
12.29)

t=cosaa+sinat,, £, = cos b+ sin B é. (12.59a)

This is a spherical representation for £ with polar angle o from @ and
azimuthal angle 8 about a, to distinguish them from the angles 6 and
@ used for r. The azimuthal direction is [3 = a x t, and the polar
direction is & = B x t. Hence, in that representation,

axt=psina, dfi=a&da+sinadé,, df, =pds, (12.59b)

/Ltdt :/dﬁ = omm, (12.59¢)
c |a X t|2 c
yielding (12.58). This is the sum of the azimuthal increments dj for the
unit tangent ¢, and the turning number m is an integer if the curve is
closed.” Although the integral is again similar to (12.48), the sum of the
azimuthal increments dS depends on the evolution of £ along the entire
curve C, not just at the end points. The integrand (& x £)/|a x £|? is
not a conservative vector field; it is not even a vector field since its value
at r depends on the direction of the curve at that point, not just on 7.
The turning number (12.58) can be expressed in terms of the signed
curvature of the curve C projected onto a plane perpendicular to a.
That is the planar curve C, traced out by r; = r — a(r - @) and the
unit tangent to that planar curve is £, with d€, = B dg, as in (12.59),

such that -

axt-dt ~ ~

/L :/ axi,-di. (12.60a)
c |a X t|2 c.

The latter integral can be written in terms of arclength s, along the
planar curve C_, not arclength s along C, as

and

. di
/ aXtJ_‘iJ_dSJ_:/ K,J_dSJ_ (1260b)
CL dSL CL
where a4
A t N
axti-—==axt-dlr| =tk |2,
dSl

is the signed curvature (12.33a) of the curve C, in a plane perpendicular
to @&, with 7 the turning direction and & x £, - A = +1. It is positive
when ¢, turns left and negative when t, turns right, since a x t, is
always 90° left of £, . The integral

/ éXfJ_*de_ :/ Kk ds| :/ dﬂ (12600)
CL CL CL

is the total curvature of the planar curve C; about @ (Fig. 12.30). That
is the difference between the final and initial azimuthal angle 8 of the

12.5 Line integrals 16f

Fig. 12.29 Spherical representatior
of t: based on an orthonormal basis
{a, b, &} with @ as polar axis.

"In which case, m is also called the in:
dex of the curve.

dﬁZKJJ_dSJ_

Fig. 12.30 a x £, -df| =dg.
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8Gabriele H. Greco, Sonia Mazzucchi,
and Enrico M. Pagani. “Peano on Def-
inition of Surface Area.” Rendiconti
Lincei 27.3 (2016): 251-286.

tangent to the curve C_, considered as a continuous function along the
curve. A curve that starts up with S = 7/2 and ends left after a simple
continuous left turn such that d3 > 0 ends at 8 = 7w with fcL ds =n/2,
but a curve that starts up at 8 = /2 and ends left after a continuous
right turn such that dg < 0 has ch dB = —37/2, ending at 8 = /2 —
37/2 = —m = — 2, for example.
Since
dB=axt,-dt, =a-t, xdt,,

the total signed curvature of a plane curve (12.60c), that is, its total
turning angle, is also twice the total signed area swept by the unit tan-
gent £, , (12.55). The turning number is therefore closely related to the
area swept by a planar curve’s velocity vector. If the curve C : t — ()
is in a plane perpendicular to a, such that » = r, in the previous dis-
cussion, then the signed area swept by the velocity vector v = dr/dt is,
similarly to (12.53),

N[

d
d-/v w S0t = %/m}st, (12.61)
c de c

where k = a-txdt/ds is the signed curvature (12.36), with v = |dr /dt| =
ds/dt the speed, arclength s along the curve, and fixed binormal & for
this curve in a plane perpendicular to a. For constant speed, this equals
v? times the total tangent turning angle fc dS, a result popularized by
Mamikon and Apostol as the sweeping tangent theorem, known to Peano
in 1887.8

Arclength

The length of curve C from point A to point B is determined by the

integral
N

d5=/dr = lim Ar, 12.62
Las= [ari= tim 37 (an,| (12.62)

n|—0
7l n=1

since dr = tds, with 7o = 74 and ry = rp. If a parametrization r(t)
dr(t)

is known then
tp
ar = [
/c ta dt

where 74 = 7(t4) and rp = r(tg). This is almost an elementary
integral of one real variable, except for the absolute value in |d¢|. What
does that mean? Again, we can understand that from the limit-of-a-sum
definition with tg = t4, ty = tp and At,, = t, —t,_1. If t4 < tp then
At, > 0 and dt > 0, so |dt| = dt and all is good. But if t5 < t4 then
At,, < 0 and dt <0, so |dt| = —dt, and

‘ \dt], (12.63)

/tB(. S)|dt| = /tA(. -)dt, if ta>tp. (12.64)

ta tp

So it is a regular integral but the order of the bounds depend on whether
t4 < tp. For the arclength, we do not need to worry and can just take



the absolute value after the fact, but for other integrals such as [ ¢ f(r)ds,
where f(r) might be sign indefinite, we need to handle the bounds more
carefully, as just discussed.

For the example of an ellipse, C : 7(tf) = acost+bsint, witha-b=0
and t =0 — 27, dr(t) = (—asint + beost) dt and

2m
E:/\dr|: Va2sin®t + b2 cos? t dt
c 0
/2
= 4a/ V1 —k2sin®t dt,
0

where a? = a-a, b> =b-band 0 < k? = (a® — b?)/a® < 1, assuming
(without loss of generality) that a > b. The last integral is obtained
using symmetry properties of the trigonometric functions. It cannot
be evaluated in terms of elementary functions, but can be evaluated
numerically, such as (12.62) with a sufficiently large, but finite N. It is
called the complete elliptic integral of the second kind.

(12.65)

Travel time

Another interesting example of line integral is the total travel time T
along a curve C with prescribed speed v(s) at point P(s) of the curve,

dt ds
T = dt:/—ds:/—, 12.66
/c ¢ ds ¢ u(s) (12.66)

where s is arclength from some reference point along the curve C, and
v(s) > 0 is the travel speed along the curve at the point labeled by s. If
the curve is parametrized by r(u), with w = a — b > a (with parameter
w since t is taken), then

TZ/cdtZ/cJ(i; :/ab L?(Z(j;' du. (12.67)

For example, for a particle moving without friction under the action of
gravity g = —g¥, along a curve C : r(u) = z(uw)X + y(u)§, u = uo — uq,
conservation of energy gives

L% gy = 503 +gy0 = v(u) = \/ud + 2g(50 — y(w))
with vy and yg the starting speed and height, and the travel time is thus

_ “ty/(dz/du)? + (dy/du)?
w  VUg+29(yo — y(u))

T

|dw.

12.6 Hanging from curves

Before moving on to surfaces, we consider a mechanical example of
curves as a string, or chain, attached to two points A and B, tugged
by forces.

12.6 Hanging from curves 167
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t(s + ds)

Fig. 12.31 Forces on (s, s+ ds).

The mathematical model for a string is that it is a curve r(s) that
transmits a force called the tension t(s) tangent to the curve. That is,

R dr
t(s) = |t|t = |t s (12.68)

where s is arclength along the curve. A string thus has no resistance to
bending or torsion. This is a mathematical idealization valid when the
length is much longer than the cross-sectional diameter, such as a long
rope, a long chain, or a strand of hair.

We define £(s) to be the tension at s on section 0 — s of the string. By
action—reaction, the force at s acting on section s — L is —t(s), where L
is the total length. Then, considering a section s — s + ds of the curve
that is pulled by a force per unit length f(s), simple force balance gives
(Fig. 12.31)

t(s+ds) —t(s) + f(s)ds =0,

yielding the differential equation
— 4+ f(s) =0, (12.69)

where t is the tension, with £ = dr/ds. Integrating from s = 0 to L
gives

L
HD)~t0) = [ f)as=F.

where F' is the total force on the string.

If there is no force acting on the string, then d¢/ds = 0 and the string
is straight under tension, or ¢(s) = 0, and its shape is arbitrary. A less
trivial example is that of a uniform chain hanging under its own weight.
In that case, f(s) = p(s)g where p = M/L is the mass density per unit
length, assumed constant here, the chain’s total mass M divided by its
length L. This is the opportune moment to nondimensionalize, with the
substitutions

t — (pgL)t, s — Ls, (12.70)

that is, ¢ = (pgL)t', s = Ls’, then dropping primes after the substitu-
tions have been made. The new tension t is dimensionless, and measures
the force in units of the total weight pgL. The new arclength s is non-
dimensional and measures length in units of L, with 0 < s < 1.
In cartesian directions with g = —gy, the force balance equation
(12.69) yields
dt
ds
Let to = ax + by, where a and b are constants; then the magnitude and
direction of the tension ¢ = |¢| are, from (12.71a),

[t| = Va? + (s +b)2, (12.71b)

) b
i= ¢ R+ g (12.71c)

=y = t=ty+sy. (12.71a)




Since £ = dr/ds = (dz/ds)% + (dy/ds)y, (12.71c) gives explicit expres-
sions for dz/ds and dy/ds that integrate to

b
z(s) = aarcsinh %, y(s) = \/m, (12.72)

where the constants of integrations have been set to zero, thus fixing the
origin of the axes in some way, and arcsinh is the inverse hyperbolic sine
function. Eliminating s yields

s+b:asinh§ = y:acoshg, (12.73)

since cosh? @ — sinh? @ = 1.

The shape of a chain hanging under its own weight is a hyperbolic
cosine, and that curve is called the catenary (Fig. 12.32). This is a curve
for which we have an explicit r(s) parametrization (12.72) in terms of its
arclength s, in addition to lines and circles. There remain two constants,
a, b, to determine from the increments (1) — 2(0), y(1) — y(0), between
the starting and end points, whose magnitude must be less than the unit
length 1.

12.6 Hanging from curves 16¢

Fig. 12.32 Hanging chain.

Fig. 12.33 Cycloid (exercise 12.19).

Fig. 12.34 Tractrix (exercise 12.22).
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Exercises
(12.1) If (12.1) and (12.2) define the same line,
show /explain why
o = h1 — ha cosﬂﬁ1 ho — h coseﬁ2
1—cos20 1—cos20 ’
Vo = ’ﬁl X ’fl,27
(12.74)

(12.2)

(12.3)

(12.4)

(12.5)

where 711 - ie = cosf. What is special about
this 79?7 Are there other choices for r¢g and vo?
Explain.

Write (12.7a) in cartesian coordinates with the
origin at A and the z-axis in direction &, with a
suitable orientation of the x- and y-axes. Derive
the equivalent of (12.7c).

Given two circles in a plane (i) give an algorithm
to decide whether one circle is entirely inside the
other; (ii) find vector equations for all the lines
that are tangent to both circles. Sketch for both
intersecting, and nonintersecting circles.

Fig. 12.35 Where is 67

Show that the parameter 6 in (12.10) is not the
angle a between a and r — r¢, nor the angle ¢
between a and r — rr, where C' is the center and
F a focus of the ellipse. Indicate F', C, P, a, b,
0, o and ¢ on Fig. 12.35.

Show that the points P = (z,y) on the ellipse
z?/a* + y*/b®> = 1 are such that the sum of their
distances to the foci Fy = (—¢,0) and F> = (¢, 0)
is equal to 2a, where ¢ = Va2 — b2, for a > b.
This is the geometric definition of an ellipse.

(12.6)

(12.7)

(12.8)

(12.9)

Show that the points P = (x, y) on the hyperbola
z?/a*® — 4*/b®> = 1 are such that the difference
of their distances to the foci Fi = (—c¢,0) and
F> = (c,0) is equal to £2a, where ¢ = va? + b2.
This is the geometric definition of a hyperbola.

Show that (12.15) can be reduced to the stan-
dard equation for a hyperbola, by choosing an
appropriate basis and eliminating the parameter.

Given two arbitrary fixed points F; and F5 and a
constant 2a > |F1F»|, consider the curve traced
by the point P(¢) such that (Fig. 12.36)

| P+ |FP| = 2a

in an arbitrary plane containing Fi and F». Use
vector calculus, in particular (10.9), to show that
the tangent to that curve at P makes equal an-
gles with the vectors Fi P and 132‘? This is a
fundamental optical property of the ellipse.
(Hint: F1 and F> are fixed but P varies, so
E?) =7r(t)—r1 and dE—P)/dt = dr/dt is tangent
to the curve. Recall (10.9) for the derivative of a
magnitude.)

Fig. 12.36 Ellipse.

Given two arbitrary fixed points F} and F» and a
constant 2a < |F1Fy|, consider the curve traced
by the point P(t) such that (Fig. 12.37)

|ﬁ|_|ﬁ|:2a

in an arbitrary plane containing Fi and F». Use
vector calculus to show that the tangent to that
curve at P makes equal angles with the vectors
Jﬁ and Fﬁ This is a fundamental optical
property of the hyperbola.



F1 F2

Fig. 12.37 Hyperbola.

(12.10) Given a fixed point F, a direction @ and a scalar

constant r. > 0, show that the locus of points
P(t) such that (Fig. 12.38)

|FP|=2r. +a-FP

is a parabola.” (Hint: pick suitable cartesian co-
ordinates.) Use this vector equation to show that
the tangent to the parabola at P makes equal an-
gles with @ and F'P. This is the optical property
of a parabola. Indicate r. on the figure.

a

F

Fig. 12.38 Parabola.

(12.11) Show that (12.13) yields x” Ax = 1 that expands

out to (12.14), where A =

—sina] [1/a®* 0 cos o
cosa 0 1/6?| | —sina

and x = (z — Z¢,y — yo). Hence A is a symmet-
ric positive definite matrix with eigenvalue l/a2
with eigenvector (cosa,sina), and 1/b* with
(—sin a, cos «).

[cos o

sin o
sin «

COSs &

9A paraboloid surface actually, by rotational symmetry about &

(12.12)

(12.13)

(12.14)

(12.15)

(12.16)
(12.17)

(12.18)

(12.19)

(12.20)
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For the hyperbolic functions (12.16), show that
cosht is even, sinht is odd, and

cosht + sinht = eit,
cosh(a + b) = cosh a cosh b + sinh a sinh b,
sinh(a £+ b) = sinh a cosh b & cosh a sinh b.
(12.75]

Sketch ef, e, cosht and sinht, by hand, on the
same graph.

Consider r() = acosf+bsin for constant vec:
tors @ and b, nonorthogonal in general. Finc
r and v = dr/df at 0 = 0, £x/2, n. Sketck
the curve using those results. Indicate the points
where r - v = 0. Find 6, corresponding to one
such point. Show that this curve is an ellipse
by rewriting r(0) in terms of @’ = r(f.) anc
b =wv(6.).

Consider r(t) = acosht + bsinht for constant
vectors a and b, nonorthogonal in general. Finc
the asymptotes as t — d+oco. Find r» and v =
dr/dt at sinht = —1,0, 1. Sketch the curve using
those results. Indicate the point where r-v =0
Find t. corresponding to that point. Show that
this curve is a hyperbola by rewriting »(t) ir
terms of @’ = r(t.) and b’ = v(t.).

Consider the previous two problems using carte-
sian coordinates and linear algebra. Let A=[a b
be the matrix whose columns are the cartesiar
components of a and b. Eliminate the parame-
ter, 6 or t, to obtain a quadratic form x”Bx = 1
Specify B in terms of A when a, b are arbitrary
3D vectors. Discuss how one would proceed tc
reduce the ellipse or hyperbola to standard form
Sketch r(t) = a (1—t%)/(1+t*)+b2t/(1+t*)+c
Identify and show what curve this is.

Sketch r(t) = av/1+2 + bt + c. Identify anc
demonstrate what curve this is.

Sketch r(0) = a/cos6+b tan @ + ¢, for constant
a, b, c. Identify and demonstrate what curve this
is.

Cycloid. A wheel of radius R rolls without slip-
ping along a straight line (Fig. 12.33). Show that
the trajectory of a point on its rim is, in suitable
cartesian coordinates,

x=R(0 —sinb),
y=R(1—cosb).

Cardioid. A wheel of radius R rolls without slip-
ping on the outside of a fixed wheel of radius R
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Demonstrate that the trajectory of a point P on
its rim is (Fig. 12.39)

x = R (sin20 — 2sin0),

y = R (2cosf — cos 20),
in suitable cartesian coordinates. Let O be the
center of the fixed circle, with r the position vec-
tor of P from O. If P, is the position of P when it
touches the fixed circle, show geometrically that
T — 7o remains parallel to the line joining the

centers and has magnitude 2R(1 — cos6); thus, a
coordinate-free parametrization of the cardioid is

r =179+ 2(1 —cosf)(cosOro+sinfz x ro).

-

Fig. 12.39 Cardioid.

(12.21) A double pendulum with rigid rods of lengths L,

and Lo rotates in a plane such that the rotation
rate of L relative to a fixed frame is the same as
that of Lo relative to Li. Show that the trajec-
tory of the end point P of the double pendulum
is, in suitable cartesian coordinates, (Fig. 12.40)

x = L2sin20 — L, sin6,
y = L1 cosf — Ly cos 20,

a family of curves known as limacons. Let O
be the fixed attach point of the pendulum and
7o the direction of rod 1 when the pendulum
arms are folded against each other. If Py is
the point at distance L2 from O in direction 7o,
show that » — r¢ remains parallel to rod L; with
magnitude L; — 2L cos@; thus, a coordinate-free
parametrization of the limagon is

r = Lato+ (L1 —2L2 cos 0)(cos O #o+sinf z X 7o).

(12.22)

(12.23)

(12.24)

If the rotation rate § = w is constant, predict
where the velocity and acceleration have largest
magnitudes; then verify by calculation. (Hint:
introduce cylindrical coordinate directions with
p(0) = cosO7o—+sinfzx 7 and B(0) = z2x p(h).)

Fig. 12.40 Limacon.

Tractriz. Bond and his partner are plucked
from the sea by an airplane snatching their bal-
loon cable (the Fulton recovery system). Assume
that the cable remains straight with negligible
stretching and that the force balance is between
the cable tension and the aerodynamic drag on
the couple, such that their velocity remains par-
allel to the cable. Show that their trajectory is
the tractriz (Fig. 12.34)

r=—H (cosG—l—lntang) ,

(12.76)
y=H(1l—sin0),

where H is the cable length, equal to the airplane
altitude above the pickup point, and 6 is the an-
gle between the cable and the airplane velocity.
Show that the linear curve r(t) = (1 — ¢)ro + tr1
is represented exactly by the cubic Bézier curve
(12.26) with control points 7o, 71,3, T2/3, T1,
such that

T1/3 = %7'0 + %7‘1, Ta/3 = %7‘0 + %7‘1,

A quadratic Bézier curve is defined by three con-
trols points rg, 71, T2 as

rt) =1 —t)2ro+2(1 —t)tr, +t>ro.

Show that its velocity v(t) =
with v, =

(1 — t)’vo + twvq,
2(rg+1 — 71), and its acceleration



(12.25)

ao = 2(r2 — 2r1 + 7o). Show that this quadratic
is represented exactly by a cubic Bézier curve
(12.26) with control points ro, r2/3, Ta/3, T2,
such that (Fig. 12.41)
Tass = 3T0+ 571, Tuss = 371+ 572
Construct quadratic Lagrange interpolants L;(t),
that are quadratic polynomials such L;(t;) = 05,
for i and j = (0, 1,2) with ¢; = ¢/2. Use those in-
terpolants to construct a parabola (¢) such that
r(t;) = r;, for given arbitrary ro, r1, r2. Prove
that (1) = r2—7ro. Show that the control points
for the quadratic Bézier curve passing through
those points are rq, r; = 2r; — %(ro + 72) and
ro (Fig. 12.42).

Fig. 12.41 Parabola with cubic Bézier.

Fig. 12.42 Lagrange interpolants and quadratic
Bézier.

(12.26)

(12.27)
(12.28)

(12.29)

(12.30)

(12.31)

(12.32)

(12.33)
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Generalize the quadratic Lagrange interpolant:
L;(t) of the previous problem, to a nonuniforn
knot sequence to < t1 < ta with L;(t;) = 0
Construct the parabola such that »(t;) = r;
What are the quadratic Bézier control points
in this case? Sketch an example with ¢t = 0
t1 =2/3, and t2 = 1.

Prove the recurrences (12.24) and (12.25).

For the cubic Bézier curve (12.26) with contro
points 0, 1,2, 3, derive the velocity and accelera-
tion formula (12.28), and show that they expanc
to

T = 3(1 - t)z(T‘l - 7’0)
-+ 6(1 — t)t(’l"z — Tl) =+ 3t2(1°3 — 1"2),
#=6(1—1t)(ro —2r1 +72) + 6t(r1 — 272 + 7r3)

So the velocity 7 is the quadratic Bézier represen-
tation of the successive piecewise linear velocities
vr = 3(rre1 — 7x),"° and the acceleration # i
the linear Bézier representation of the successive
accelerations'! aj, = 2(Vk41 — Vk).

What is the most general r(t) for a curve witt
constant acceleration? What is the most genera
r(s) for a curve with constant d*r/ds® where ¢
is arclength along the curve? Are these the same
curves?

Give an example of a curve with constant curva-
ture. Are such curves necessarily planar?

Show /explain the following identities for the cur-
vature of curve r(t),

oo |dE[_ 1 fd (7
Tlds| || [de \ |7
it — (# - DF [P x 7 .
= . (1277
P e 2T

For a planar curve parametrized in cartesian co-
ordinates as y = f(x), show how (12.33a) yields
the (signed) curvature as

Yxx

R=—""273>»
(1+492)"?

(12.78'

where y, = dy/dz, ys. = d*y/dz?. Derive the
same formula using (12.36).

Given 7(t), show how to best compute its curva-
ture and its torsion.

19The piecewise linear 7(t) curve goes from 7 to ;11 in At = 1/3 to go from r¢ to 73 in time At = 1.
M The piecewise linear v(t) curve goes from vy to V41 in At = 1/2 to go from vg to vz in time At = 1.
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(12.34) A curve C is specified as (z(t), y(¢), z(t)) in carte-
sian coordinates. Show that its curvature and
binormal are given by (with & = dz/d¢, etc.)

kb
(9% — 2§) R + (38 — #2) § + (&3 — 9i) 2
(22 + 42 + 22)3/2 :

(12.79)

(12.35) What is a curve with constant jerk? Find a gen-

eral r(t) for such a curve.

(12.36) Can a curve have curvature but no torsion? Can
it have torsion but no curvature? Give examples

of such curves if yes; explain if no.

(12.37) Consider r(t) = a coswt X+a sin wt §+bt Z, where
a, b and w are constant real numbers and X,y,2
is a cartesian basis. Sketch the curve. Calculate
the velocity, acceleration and jerk for this curve.
Find £, #, and b. What are the curvature and

torsion for this curve?

Show that db/ds = —7# from (12.33a), (12.35),
and b =% x 7.

Verify that (12.39) with u = £, #, and b, yields
(12.38).

Consider r(0) = acosf+bsinf+c, where a-b =
0, and # = 0 — 27. Show that this is a plane
curve. Derive explicit f-integrals for the length
and area of that curve. One of these integrals is
elementary, the other is an elliptic integral.

(12.38)
(12.39)

(12.40)

(12.41) For a curve in the (z,y)-plane parametrized as

y = f(x), find the position vector r(z) and show
that the arclength ds = dz/1 4 (dy/dz)?. Con-
struct x-integral expressions for the length £ of
the curve and for the area A swept by the radius
vector. Illustrate and explain your derivation.

A planar curve is given in polar coordinates as
distance from the origin as a function of az-
imuthal angle, p = p(p) for o < ¢ < ¢y. What
is the position vector r(y) for the curve? Show
that ds = deg+/p?+ (dp/de)?. Construct -
integral expressions for the length £ of the curve
and for the area A swept by the radius vector.
Tllustrate and explain your derivation.

(12.42)

(12.43) Calculate the curvature and arclength of the
parabola y = az?/2 as functions of z. Show how
ax = sinh¢ with (12.75) enables evaluating ar-

clength.

(12.44) Derive explicit 6-integrals for the length and area

of the cardioid and the limagon in Fig. 12.39.
(12.45) Calculate [, dr, [,7-dr, and [, 7 xdr along the

curve of exercise 12.40 from r(0) to r(—3m/2).
Show and justify your work.

Calculate fc dr, fc r - dr, and fc r X dr for the
curve C defined by

r(t) = R (cos(2knt) X + sin(2knt) ) + Ht 2,
witht =0 — 1.

Express r, dr, r - dr and r» x dr in cartesian,
cylindrical and spherical coordinates.

(12.46)

(12.47)

(12.48) If & is any fixed unit vector and f is an azimuthal

angle about @, show that
r=7r, + ha,
dr =7,dr, +a xr, dg+ adh.

(12.49) Derive/justify (12.55).
(12.50) Line source and vortex. If C' is the infinite line
r’ =t'z, for t’ = —0o — 0o, show that
’ ~
r—r p L
T g =20 12.80
| pmrmlarl =27 (12.80)
/ / A~
dr’ x (r—r') —925x -+ (12.81)
o |r—=r'3 T
Use 6 as the parameter with » — v = r, +

Z r /tan6 (Fig. 12.43). Integral (12.80)is the
electric field induced be a line charge, and the
velocity field of a line source. Integral (12.81) is
the magnetic field induced by a line current, and
the velocity field of a line vorter.

Fig. 12.43 Line charge and vortex.

(12.51) The magnetic field induced by a constant electric
current J flowing along the z-axis follows form
the Biot—Savart law and (12.81) as

wod ZXxT tod @
B(r)=—— =5
(r) 21 |z x 7r|? 2w p’

(12.82)



(12.52)

(12.53)

(12.54)

(12.55)

(12.56)

(12.57)

where po is the magnetic constant. Calculate
gSC B - dr and SEC B x dr when C is the circle of
radius R in the (z,y)-plane centered at the ori-
gin. Sketch B(r) and C. How do the integrals
depend on R? Analyze these integrals when C is
any closed loop in 3D space, as done for (12.56).

Work-energy theorem. If, according to Newton,
F(r(t)) = mdv/dt with v(t) = dr/dt, for an
arbitrary vector field F'(r), show that

/C F(r)

for any curve C from A to B parameterized by
r(t), where m is a constant and va = |v| at A,
vp = |v| at B. Does this mean that the integral
is path independent?

= lm(v% —vi)

Show that , r x dr = 2A A, where C is a simple
closed curve in a plane perpendicular to 71, and
A is the area enclosed by the curve, even if O is
not in the plane of the curve.

Let r = O? Show that for any piecewise smooth

closed curve C
A= 1 §£ r xdr
2 Je

is independent of the origin O.

Calculate the circulation of v(r) = w X r about
the curve of exercise 12.40 using an explicit 6-
integral from 6 = 0 to § = «, with w arbitrary
but independent of 7.

A curve C is parametrized in cartesian coordi-
nates as (z(t),y(t), z(t)). Show that the winding
and turning numbers about the z axis, (12.56),
(12.58), are given by (with & = dz/dt, etc.)

N t1 s

zwk:/%-drzf T g,
|Z x 7| o T2ty
t - ty g s

2mm = / 2 x . :/ L; yfdt.
|z x £]2 o L24Y

The unit tangent £(¢) to a planar curve r(t) maps
the curve to a point on the unit circle. Indicate
that map on the unit circle for the planar curve
in Fig. 12.44 and estimate [,2 x £ - df, where 2
is the unit normal to the plane of the curve.

(12.58)

(12.59)

(12.60)
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(==}

Fig. 12.44 The unit tangent £ maps the curve to the
unit circle.

For a particle sliding without friction along e
curve y = f(z), under the action of gravity —gy
find the explicit integral for the total travel time
from z = a tox = b > a. Construct and calculate
one or more explicit examples.

A pendulum with a particle of mass m attachec
at the end of a string of length ¢ oscillates undei
the action of gravity —gy, so that its trajectory
is a circular arc r(0) = £ (X sinf—y cos@). If the
particle is released from rest at 0 < 0y < 7, show
that the time to reach 6 =0 is

6o d
_%/O\/ﬁ

SN p—
9 Jo 1—I€QSin2<p7

where k = sin(6y/2), and sin(0/2) = ksin ¢. The
latter integral is called the complete elliptic inte:
gral of the first kind. It cannot be calculated ir
terms of elementary functions.

A particle slides without friction along the up-
side down cycloid z(f) = R(0 — sin#), y(0) =
R(cos® — 1), under the action of gravity —g¥
The particle is released from rest at 0 < 6y <
m. Show that the time to reach the bottom af
0 = 7w is T = wy/R/g, independent of 0y, using
the change of variables cos(6/2) = kcos¢ witt
k = cos(00/2). This is the tautochrone property
of a cycloid.



Surfaces

13.1 Representations

A surface S can be specified implicitly as the set of points P in 3D
euclidean space such that f(P) = 0, where f is a scalar function of
position P, with radius vector r = X+ y¥ + 2Z in cartesian coordinates.
For example, a sphere of radius R centered at the origin O has

P):|ﬁ|2—R2:r-r—R2:x2+y2+22—R2:0,
and a plane perpendicular to @ = a1X + a2y + a3z has (7.8¢)
fP)=a-r—b=a1z+ay+azz—b=0.

A surface S is parametrized explicitly by specifying the radius vector
r as a vector function of two real variables (u,v) in a subset U of R?

(u,v) eUd - P €S, O?:r(u,v)7 (13.1)

which provides a map from U in the (u,v) plane to the surface S in
E3. The parameters (u,v) are coordinates for points P on the surface
S. The vector function r(u,v) is the two-parameter family of solutions
to the implicit scalar equation f(r) = 0 defining the surface, that is,

f(r(u,v)) =0, Y(u,v) € U.

Plane example For the plane a - r — b = 0, with given vector a and
scalar b, let Ar; and Ars be any two nonparallel vectors that are both
perpendicular to a, and thus tangent to the plane; then the radius vector
of any point on the plane can be specified explicitly by

r(u,v) =rg+ ulAry +vArg, (13.2)

with (u,v) € R?, and 7 is the position vector of any point Py in the
plane, such that a - 7o = b. For example, 7q = a b/a?, which is actually
the point on the plane nearest to the origin O. If the plane is specified
by three points Py, P;, P> with position vectors rg, r1, 72, respectively,
then

Ary =1y — 1o, Ary =19 — 7, a = Ary x Ar,.

resentatlon (13.2) is explicit: any (u,v) provides the position vector
O =7r(u,v) for a point P that is guaranteed to be on the plane. Indeed,

13.1 Representations

13.2 Coordinate curves and
tangent plane

13.3 Surface element
13.4 Surface integrals
13.5 Green’s theorem

Exercises

V means for all, or for any.

17%

17¢
184
18¢
19C
192
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Fig. 13.1 Map of triangle Py, Pi, Ps to
the unit triangle in the (u,v) plane.

! From the (binomial) Taylor series

Q14+x)*=14+azx+

for |z| < 1.

ala—1)

2

224 ...

substituting that r(u,v) (13.2) into the plane equation a - r = b yields
an identity

a-r(u,v)=a-rg+ua-Ary+va-Ary =D,

since @71y = b, and a - Ar; = 0 = a - Ary. The representation is
obviously not unique since any two linearly independent tangent vectors
Ary; and Ars will do. The range of the parameters is the entire real
(u, v)-plane, —o0o < u < 00, —00 < v < 00, to cover the entire plane.

For the triangle with vertices Py, P, P>, any point P on that triangle
surface has a position vector r = OP that can be parametrized as (13.2)
with (u,v) in the domain 0 < v <wu <1 (Fig. 13.1).

Sphere For the sphere of radius R centered at O, we can solve
2?2 4+192+22—-R*=0
for z as a function of x,y, to obtain the parametrizations

r(r,y) =X +yy £ VR?— 22 —y? 2, (13.3)

defined for the disk 22 + 32> < R2. Two vector functions r(z,y) are
needed to describe the sphere, one for the upper hemisphere with z > 0,
and one for the lower hemisphere with z < 0. This is inconvenient if
we want the whole sphere, but these coordinates are very good near the
poles, where 22 + 3% < R?, and!

(13.4)

2 2
z:ﬁ:R(lx ty >

2R?

The same surface 224y?+22 = R? can be parametrized using spherical
coordinates (0, ) as

r(0,0) = RsinfcospX + Rsinfsinpy + Rcosfz, (13.5)

where 6 is the polar angle between Z and r, while ¢ is the azimuthal
(or longitude) angle between the (Z, %) plane, and the (Z,r) plane. This
parametrization is better than (13.3), in that it describes the entire
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sphere uniquely if 0 < 0 < 7 and 0 < p < 27, or — < ¢ < m, but
the poles at = 0 or 7 are problematic since ¢ is undefined there. The
parametrization (13.5) can be derived geometrically from Fig. 13.2, or
somewhat more algebraically through the following Pythagoras reduc-

tion
2 +p*=R* & z=Rcos, p= Rsin0, (13.6)
2+ =p> & 1z =pcosp, y=psinp. ’
“)
¥
2T
7
[ |
0

0 T

Fig. 13.2 Map of the sphere to (0, ) rectangle, and tangent vectors dr /90, dr/d¢p.

13.2 Coordinate curves and tangent plane

If one of the parameters is held fixed, v = vy say, we obtain the coordi-
nate curve
Coo :u€R — O? = r(u,vy),

parametrized by u and labeled by vg. This is a family of curves, one for
each vyg. We typically refer to these curves as the u-coordinate curves,
curves along which only u varies, though any one of those curves can
be labeled by the fixed value of the other surface parameter, v = vg.
For the sphere parametrized as in (13.5), 7(6, ¢q) is the po meridian,
the semi-circle from the north and to the south pole, whose plane is an
angle ¢( from the prime meridian plane. Likewise,

Cup 2 v — 7T(ug,v)

describes another family of coordinate curves parametrized by v and la-
beled by wg. For the sphere, 7(6y, ¢) is the 8y parallel, a circle parallel to
the equatorial circle. Meridians and parallels are illustrated in Fig. 13.2.
The set of all such coordinate curves generates (or sweeps) the surface.
It may be useful to think of these curves as the fibers of a cloth surface.



180 Surfaces

The vectors

or Or

ou’ v’
are tangent to their respective parametric curves and hence to the surface
at the corresponding r(u,v) point. The partial derivative notation 0
automatically specifies which coordinate curve is involved. These two
vectors taken at the same point r(u,v) define the tangent plane at that
point, that is, the set of points P’ whose position vectors are

or

—? / or
OP' =7r"=r(u,v) + « (3u> +5 (81}) ) (13.7)

where the tangent vectors are evaluated at fixed (u,v). We need to
distinguish between the surface vector function r(u,v) and the plane
vector function r’(«, 8;u,v). That tangent plane is the set of all 7’ such
that

N(u,v) - (r" —r(u,v)) =0, (13.8)
where o 5
r r

is normal to the surface at point P with 0P = r(u,v).

The normal N (u,v) should be unique, nonzero and differentiable if
r(u,v) is a suitable parametrization of the smooth surface S, and S has
a tangent plane at that point. The normal IN can vanish or not exist at
isolated points, or along isolated curves in U, where the parametrization
is then singular, as illustrated hereafter. The singularities may be a
limitation of the map 7(u, v), such as the poles in spherical coordinates,
or actual singular points for the surface, such as the vertex of a cone.

Orthogonal coordinates

The (u,v) coordinates are orthogonal if the coordinate curves intersect
at right angles, that is, if the tangent vectors Or/0u and Or/dv are
orthogonal to each other at every point r(u,v),

or Or

9 9o 0, (13.10)
except perhaps at some singular points where one or both tangent vec-
tors vanish.

Coordinate curves and their tangent vectors are illustrated for a tri-
angular patch in Fig. 13.1, where 9r/0u = r1 —r¢ and Or/0v = ro —ry,
for all (u,v). These are convenient coordinates for the triangle Py P P,
although they are not orthogonal, in general. The spherical coordinate
curves are illustrated in Fig. 13.2. Their tangent vectors can be calcu-
lated from (13.5),

r(0,p) =rcospsindX + rsinpsinfy + rcosf z,
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with r = R fixed but arbitrary, yielding

or - . - s
= rcospcosfX+rsinpcosdy —rsinfz,

a9 (13.11)
99 =—rsinpsinfX + rcospsinfy.
They are clearly orthogonal,

ar Or

— . — =0, Vb,

80 a(p ) 780
However, 0r/0p = 0 at § = 0, 7, and ¢, 9r/00 and N are undefined

there. These are the two poles, north and south, and the coordinates
are singular at those two points.

Fig. 13.3 Map of the hemisphere to the (z,y) disk, and tangent vectors dr/dz, Or/dy.

The cartesian coordinate curves for the upper hemisphere are illus-
trated in Fig. 13.3. Their tangent vectors can be calculated from (13.3).
It is left as an exercise to verify that these coordinates are not orthogo-
nal,

or or

Ox Oy ’
except at the pole (z,y) = (0,0). Worse, the tangent vectors become
parallel, and their magnitudes go to infinity, as (x,y) approaches the

equator, 22 +y? = R2. These coordinates are singular everywhere along
the equator. Coordinates are singular wherever

or Or
IN| = 9 o

0 — 0 or oo.

181
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Fig. 13.4 Mapping of (du, dv) at (u,v),
to dr at r(u,v) for orthogonal coordi-
nates.

2We could use a finite Aa, divide ev-
erything through by Aa, then take the
limit Aa — 0. The differential notation
da keeps all that implicit, and helps to
focus on the essence of the current is-
sue.

Conformal coordinates

Coordinates are conformal (or isothermal) if they are orthogonal (13.10),
and the coordinate tangents have the same magnitudes

or or
20l = 30l (13.12)
dr,
P(u,v) dr,,

Conformal coordinates preserve angles between the map in the (u,v)
plane, and the surface 7(u, v). This is most easily understood by consid-
ering the mapping of displacements vectors (du, dv), from point (u, v) to
(u+du, v +dv) in the (u,v) plane, to the displacement vectors dr(u,v),
between points r(u,v) and r(u+ du, v+dv) on the surface S. The chain
rule links these displacements according to

or or
dr = —d —dv. 13.13
A T + 90" ( )
Thus, two orthogonal displacements, (da,0) and (0,da), in the (u,v)
plane are mapped to? (Fig. 13.4)

(da,0) — dr, = (0r/0u) da,
(0,da) — dr, = (0r/0v) da.

Clearly, the 90° angle at point (u,v) on the map is preserved at P(u,v)
on the surface S only if the coordinates are orthogonal (13.10). However,
the displacement (du,dv) = (da,da) in the (u,v) plane is mapped to

(da,da) — dr = dr, + dr,,

as illustrated in Fig. 13.4, and the angle § between dr and dr, equals
the angle oo = 45° between the displacements (da,0) and (da,da) in the
(u,v), only if the coordinate partial derivatives have equal magnitudes
(13.12), in addition to being orthogonal.

Cartesian coordinates (z, y) for the hemisphere (13.3) are certainly not
conformal since they are not orthogonal. Spherical coordinates (6, ¢) are
orthogonal; however, it follows from (13.11) that

or
o6

=r# ’g;‘ = rsiné,

so spherical coordinates are not conformal, except at the equator where
sinf = 1.
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Fig. 13.5 Mercator projection of the world. Reproduced from Strebe (2011) Wiki-
media Commons, under a Creative Commons Attribution-ShareAlike 3.0 (CC BY
3.0) https://commons.wikimedia.org/wiki/File:Mercator_projection_SW.jpg

Conformal coordinates are very desirable in ship and airplane navi-
gation since angles measured on a conformal map are the same as the
angles on the actual surface. Gerardus Mercator is credited with cre-
ating the first conformal map of the Earth in year 1569. He projected
the spherical Earth model onto a cylinder tangential to the sphere at
the equator, then stretched the cylinder axis coordinate to obtain con-
formal coordinates. We can do both steps at once with our calculus.
The objective is to use coordinates (i, v), instead of the spherical coor-
dinates (6, ), such that the magnitude of dr/dv equals that of Or/dp
everywhere. Now, by the chain rule

or  Ordf

ov 00 dv
and since |0r/90| = r, |0r/dp| = rsinfd, we need df/dv = —sin 6, that
is,

v(f) = —Intan (6/2).

This yields the conformal Mercator parametrization

r(p,v) = plp) +rtanho 2, (13.14)

coshwv
where p = cospX+sinpy, and —7 < p <7, —00 < v < co. Obviously,
the map has to be truncated in the v direction, but the log helps a lot.
For instance, latitude 82° south to 82° north, gives a range —2.66 < v <
2.66, while —m < ¢ < 7, so such a truncated map of the sphere is almost
square in the (p,v) plane (Fig. 13.5).
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AS

AT‘Q

ATl

Fig. 13.7 AS = %(Arl X Arp) is a
finite approximation to the surface ele-
ment dS, where Ar; and Arg are ori-
ented such that AS points outward for
each triangle of the skull surface.

3A1'1 and Arg must remain sufficiently
independent in the limit; that is,

‘A’I’l X A'I‘2|
|Ari]|Ars|

must remain bounded away from 0,
strictly, in the limit (exercise 13.27).

sin 12 =

dS is a differential 2-form.

13.3 Surface element

The line element dr arises as the limit of secant vectors, when computing
tangents and integrals along a curve C. For a surface S, with an infinite
set of tangents at a point but one unit normal 7, the primary differential
form is the surface element

dS = A dA,

which represents the area vector of a small surface patch shrinking to
that point.

Fig. 13.6 Skull surface mesh refinement AS — 0. Courtesy of Rineau and Yvinec,
CGAL, https://www.cgal.org.

Consider, for example, any one of the small triangles that make up
the surface of the discretized skull in Fig. 13.6. That small triangle has
area vector

AS = %Arl X Arg =nAA,

where Ar; and Ary are two of the edges of the patch (Fig, 13.7). The
magnitude of AS is the surface area AA of the small triangle, and its
direction 7 is orthogonal to the triangle, and thus to the surface in the
limit of the triangle shrinking to a point in a suitable manner.3

It is assumed that all triangles are oriented such that the unit nor-
mal 71 varies smoothly from one triangle to its neighbors, in the limit,
thereby orienting the surface. For the skull or a sphere, this defines an
inside and an outside. For an open surface such as a single triangle,
this defines a top and a bottom. Some surfaces are not orientable, the
simplest example of a nonorientable surface is the Mdébius strip inves-
tigated in exercise 13.19. Many small triangles are needed to obtain a
sufficiently smooth representation of the skull, and d.§ is meant to im-
plicitly represent that limit process at a point on the surface (Fig. 13.6).
It is useful to think of d.S as a vector of infinitesimal magnitude dA and
direction 7 normal to the surface at that point, but there is no vector
field S(r) whose differential is d.S.
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If a parametric representation 7 (u,v) for the surface is known then

or Or
dS =dr, xdr, = | — x — | dudv, 13.1
S =dr, xdr <8uX0v>uv (13.15)
since the right-hand side represents the area of the parallelogram formed
by the line elements

or or
dr, = 0 du, dr, = %dv,
along the u and v coordinate curves, respectively. A parametrization
r(u,v) partitions the surface into quadrilaterals whose surface elements
dS are the vector sum of two triangle elements (4.17). The surface
orientation is determined by the (u,v) order.

Fig. 13.8 Spherical surface element
dS(0,¢) = drg x dry.

For the example of spherical coordinates (6, ) (Fig. 13.8)

or ar> dbdep.

dS =dre x dr, = (80 5

The coordinate tangents have been calculated in (13.11), and we could
use those to calculate the cross product. Since r = r#, and the 6 and ¢
derivatives of # have been studied as unit-rate rotations in (10.24a), we
could use those results as well. But these spherical tangents come up
often, so it is useful to rederive them from the following simple geometric
reasoning, illustrated in Fig. 13.9.
The line element in the 6 direction is @=(2x#)/sind, 6=¢x7

drg =r(r,0 +d0,p) —r(r,0,p) =rdd 0,

since it is in the direction 8, and its magnitude is the arc of angle dé
and radius r. Likewise,

dry, =7r(r,0,0 +dp) —r(r,0,9) = pdp @,
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drg

Fig. 13.9 Line elements drg, dry.

since it is in the direction ¢, and its magnitude is the arc of angle dp
but radius p = rsin6 now. Thus,

or _ ré, al:rsin@gb.

5= 30 (13.16)

These derivatives are orthogonal, and 0 x @ = 7, so the surface element
for a sphere of radius r is
or Or

dsS = X — dfdy = 7 r?sin 6 dAde,

% % 5y (13.17)

where # = 7/r, ¢ =2 x #/sin6, and 8 = ¢ x 7 (Fig. 10.3).

Equal area map

The Mercator conformal projection was a breakthrough for useful navi-
gational maps. Mercator achieved that by appropriate stretching of the
polar angle coordinate 8 — v = Intan /2, but that distorts areas even
more than spherical coordinates (Fig. 13.5).

To preserve proportional areas, we need a map 7(u,v) for which the
coordinate area amplification factor, |9r/du x Or/0v|, is constant across
the map. Since spherical coordinates (6, ¢) are orthogonal

or

00

or or|_
00 " Op|

or
a0

or
dp| ~

rsiné,

and it is simple then to now squeeze the polar angle coordinate to pre-
serve areas. We need a change of variable § — v(#) such that

or
v

or
00

d0

r

~ sing’

that is, |dv/dé| = sin€ and thus v = cosf. Projection of the world on
a (i, cos ) plane is shown in Fig. 13.10. Such a map was introduced by
Johann Lambert in 1772. For navigation, this distorts angles even more
than spherical coordinates. We can preserve angles, or areas, but not
both. In the case of spherical coordinates, these are literally opposite
requirements: preserving angles requires stretching by a 1/sin 6 factor,
whereas preserving areas requires squeezing by a sin # factor.

13.4 Surface integrals

/V-ds,
S

which represents the fluz of the vector field V' through the surface S. If
V(r) is the velocity of a fluid, water or air, at point r, then (13.18) is
the net amount of fluid volume flowing through that surface S per unit

A standard surface integral is

(13.18)
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Fig. 13.10 Lambert cylindrical equal area projection of the world. Reproduced from Strebe (2011) Wikimedia Commons
under a Creative Commons Attribution ShareAlike 3.0 (CC BY-SA 3.0) https://commons.wikimedia.org/wiki/File:Lambert_

cylindrical_equal-area_projection_SW.jpg

time. Indeed, 6€ = V §t is the displacement of a fluid particle in time
ot and
0L-dS = (0€-7n)dA

is the volume of fluid passing through the surface element dS = ndA in
time 6t. We used 4t instead of dt to help keep our differentials straight;
dS' is a surface patch whose magnitude and direction have nothing to
do with dt (Fig. 13.11).

We can make sense of that flux integral as the usual limit of a sum,

N
/SV .dS = A}o}ﬂo; V.- AS,, (13.19)

where the sum is over, say, a partition of the surface (such as the skull
surface, Fig. 13.6) into N triangles and V', is, for instance, V(G,,) at the
center of area GG, of triangle n whose area vector is AS,,. Another good
choice is to define V', as the average of V' at the vertices of triangle n.
The limit AS,, — 0 means that the surface partition is uniformly refined
with N — oco. That surface mesh refinement limit is intuitive; however,
there are pitfalls illustrated by the “pleated venetian lantern” example
of H. A. Schwarz and G. Peano (exercise 13.27, Fig. 13.12).

If a parametric representation r(u,v) is known for the surface then
we can partition the surface into quadrilaterals, and the single sum over
all quadrilaterals becomes a double integral over u and v in the limit,

or Or

where U is the (u,v) domain that corresponds to the surface S. We
write the sum over all area patches d.S, formed from triangles or quadri-
laterals, as a single sum over all patches because it is a single sum. The
corresponding sums over the surface coordinates w and v are a double
sum, a sum over all u’s for fixed v, then a sum of the u-sums over all
v’s, or vice versa.

Fig. 13.11 Flux through dS in dt.

Fig. 13.12 Triangulation of a cylinder
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Other examples of surface integrals that show up in applications are

/pds, /des, /f\dS|,....
S S S

The first one represents the net pressure force on S if p(r) is the pressure
at r. The second one arises in computing torques from pressure forces,
with V' = pr for example, and the last one occurs with f = 1 when
computing the total area of surface S. For such integrals, involving only
the area element dA = |dS|, computing the cross product of the tangent
vectors is not necessary; dot products suffice since

2 2
or Or or Or or Or
<auau><aa)<aua> (13.21)

from the vector identity (a x b)-(cxd)=(a-c)(b-d)— (a-d)(b-c).

ou Ov

Example 1 For the triangle T" with vertices and orientation A, B,C),
we can directly evaluate the surface integral

/dszéﬁxﬁ,
T

since it is the vector sum of all surface elements dS = 7a dA but 72 is the
same at all points of the triangle, so that is the total triangle area times
the unit normal to the triangle. We can also use the parametrization
r(u,v) =ra+uAB+wv B?, for the sake of example, and

1 u 1 u
/dS:/du/ a—rx@dvzﬁxﬁ/du/dvzlﬁxﬁ.
T 0 o Ou 0 0 2

ov

Example 2 The surface integral fT dA is the sum of the magnitudes
of the surface elements, not the vector sum as in the previous example.
Therefore, it is the total triangle area. It can also be computed as

/T|dS/01du/0u dv:%‘/@xB_&’.

Example 3 The flux of the position vector = through the triangle A, B, C
1 1
/r-dS:i(rA-ﬁ)/dAzi(rA-ﬁ) ‘/@xB_&’,
T T

since dS = fndA but 7 is the same at all points of the triangle, and
77 = 1y -1 for all points in that plane. Thus, it can be pulled out of
the sum, leaving the sum as the total area times (r 4 - 72), where (r4 - 71)
is, in fact, the distance from the origin to the plane of the triangle.

That integral is therefore three times the signed volume of the pyramid
with O as its vertex and base A, B, C. The volume of a pyramid is base
times height/3, the triangle area is 1/2 of the parallelogram area, and
r4 N = h is the height, with a sign that depends on which side of
A, B, C is the origin O.

ou Ov
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Since a surface can be partitioned into triangles, we conclude that the
flux of the radius vector r through a surface is three times the signed ds
volume swept by the radius vector (Fig. 13.13)

/r s = // (a’" &;) dudv = +3V, (13.22) )

similarly to the signed area swept by the radius vector (12.54).

Example 4 Using spherical coordinates and the surface element (13.17),
the total surface area A of a sphere S of radius R is

2m ™
A= / |dS| = / / R?*sinfdf dy = 47 R?, (13.23)
s o Jo

L . . . . 0
which is also 3/R times the volume swept by the radius vector in this

special case since |dS| = fA-dS =#-dS = R™'r-dS. Thus, V = 7R3 Fig. 13.13 Volume swept by radius
vector dV = %r -ds.

Area of spherical triangle

A more general and beautiful result can be obtained for a geodesic tri-
angle on a sphere (Fig. 6.3). We begin with a proper geodesic triangle
where the arcs are the shortest arclengths between the vertices, and all
angles are between 0 and 7. Picking spherical coordinates (6, ¢) with OA
as the polar axis, AB as the prime meridian, and ABC' as right-handed,
the area of the triangle on a unit sphere is

a  r0(p) o
A= / / sinfdfdy = / (1 —cosf(p))de, (13.24)
o Jo 0

where 6(p) is the solution of the geodesic equation (7.12) that can be
rewritten
Cx COs 0 = —8, cos(p — py) sin b, (13.25)

where s, = sinf,, ¢, = cosf,, and sin 6 are all positive. We can solve for
sin @ by squaring both sides and using Pythagoras, cos?6 = 1 — sin® 6.
Substituting in (13.25) yields

—s. cos(ip — o)
V1 - s2sin’(p — o)

Using this expression in (13.24) with the substitution u = s, sin(p — @)

cosf =

(13.26)

yields
w d(arccos u) -1
a du = 2
A=oa+ ————— = o+ arccos ug — arccos U, (13.27) d Vi-u
w V1—u?

where

Uy = — S, Sin @, =cos 3,

Ue = Sy Sin(a — s) =sin b, (sin v cos p, — cos asin @, )

= —sinasin S cosc+ cosa cos f = — cos 7,
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4For a geometric proof of this classic
result, see exercise 13.28.

Sif f(u,v) is continuous on the clo-
sure of U, or more generally as long as
[y 1f(u,v)|dudv exists (Fubini’s theo-

rem).

from (7.12) and (6.26) for cos+y. Since arccos(—cosy) = 7w — 7, (13.27)
yields
A= (a+p+~y—7)R? (13.28)

for a sphere* of radius R. The quantity o + 8 + v — 7 is called the
spherical excess. It vanishes for a flat triangle in the limit R — oo,
with arclength a, b, ¢ fixed. Although we considered a proper geodesic
triangle in this derivation, the reader can verify that formula (13.28)
applies to other geodesic triangles such as the outer triangle consisting
of the full sphere minus the small triangle, or the triangles where one of
the arcs is the long arc around the sphere, as long as the angles a, 3,
are the inner angles of the triangle.

13.5 Green’s theorem

Surface integrals such as the flux integral (13.20) thus reduce to double
integrals of a function f(u,v) over a domain U in the coordinate space
(u,v) € R%. For example, for a surface S : (u,v) € U — r(u,v) € E3,
and a vector field V (r) € E3,

/SV-dSZ//uf(u,v)dudv7

Flu,v) = V(r(u,v)) - (gz y g:) .

Those double integrals can be computed as iterated integrals®

//u f(u,v)dudv = /J:T (LT(T:) f(u,v)du) dv, (13.29a)
= /:R (/U:(:) f(uav)dv> du, (13.29D)

where the bounds depend on the order of integration, as illustrated in
Fig. 13.14.

Performing the u-integral first, we treat v as a constant parameter and
find an antiderivative of f(u,v) with v-fixed, that is, a function G(u,v)
such that

oG

Fv f(u,v).

Then the fundamental theorem of calculus yields

v ur (V)
/ / 6£ du | dv
vB u(v) u

= /UT [G (ur(v),v)) — G (ug(v)),v)] dv. (13.30a)

UB

where

The double integral has been reduced to a single integral of a function
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urv) wlo) i

Fig. 13.14 Bounds for iterated integrals (13.29a) (left) and (13.29b) (right).

of v. We might be content with that result, but we can go further by
noticing that the final v-integral is, in fact, a line integral of G(u,v) over
the boundary curve OU of region U, oriented counterclockwise. Indeed,
with reference to the curves illustrated in Fig. 13.14,

G(ur ))dw —/ G(u,v)
o (13.30Db)
— G (ue(v),v))dv= [ G(u,v)dv
vB CZ

where C, : (u,v) = (ur(v),v) with v = vp — vr is the right boundary
curve, bottom to top, while C; : (u,v) = (ug(v),v) with v = vy — vp is
the left boundary curve, top to bottom. The two line integrals together
yield a line integral over the entire boundary U, counterclockwise,

//u —dudv = /c G(u,v)dv + /cl G(u,v)dv = 7(%“ G(u, v)do.

(13.31a)
Proceeding similarly for the reverse order of integration, v first, then
u, yields

// —dudv= | F(u,v)du+ / F(u,v)du = §£ F(u,v)du,
Cy Cp ou

(13.31b)
where the line integral around the closed boundary ol is now clockwise,
the line integral over the top C; from left to right plus that over the
bottom C, from right to left. Since reversing the orientation changes
the sign of the integral, ¢ = — ¢, and (13.31a), (13.31b) apply to any
sufficiently regular G(u,v) and F(u,v), the two results can be combined
into the useful form of Green’s theorem,

// <8G — (’9F> dudv = 55 Fdu + Gdw. (13.31c¢)
ov ou

This fundamental theorem holds for any sufficiently regular functions
F(u,v), G(u,v) and region Y. Sufficient conditions are that F(u,v),
G(u,v) be continuously differentiable (C') inside and on dU, and that
OU be piecewise smooth.

U

UR U



192 FEzxercises

It is important to recognize that the variables u and v are not inde-
pendent in the line integral on the right-hand side of (13.31c); they
are connected as specified by the curve boundary oU. That curve
boundary could be parametrized piecewise by u or v as illustrated in
Fig. 13.14 and eqn (13.30b), but more generally by a parametrization
t € [to,t1] — (u(t),v(t)) such that the line integral becomes

du dv

ygu Fdu+ Gdv = /tl (F(u(t),v(t)) + G (u(t), v(t))> dt.

dt dt

(13.31d)

to

This is particularly useful since regions U € R? are usually defined by

Fig. 13.15 Green’s theorem (13.31c)

v specifying their boundary oU.

Green’s theorem applies to multiconnected domains (domains with
holes) and nonconvex boundaries, as can be shown by suitable segmen-
tation of the domain into simple subdomains. This is illustrated in
Fig. 13.15 with a segmentation suitable for v-parametrization of the
boundary and integration of OG/0u integrands. A different segmenta-
tion would be required for u-parametrization and integration of dF/dv
integrands, as was the case already for the simple domain in Fig. 13.14.

This would be tedious in practice, but it is only needed in theory
to show that Green’s theorem readily applies to such domains with
the outer boundary counterclockwise but the inner boundaries oriented
clockwise; the inside of the domain is to the left when traveling along
any of the boundaries. Thus, the line integral over the boundary 9l
in Green’s theorem (13.31c) should be interpreted as the sum of the

with (13.3le) for a domain whose integral over the outer boundary Co oriented counterclockwise (CCW)
boundary OU consists of the counter- and the integrals over however many inner boundaries Cq,...,Cs ori-
clockwise outer boundary curve Co and  ented clockwise. That is equivalent to orienting all boundaries CCW

the inner clockwise closed curve Cy.

and subtracting the integrals over the inner boundaries

éu:éﬁ%f“*?gk
:ﬁéfﬁéf'”_ﬁé;

(13.31e)

Exercises

(13.1) Sketch the (u,v) map of the triangle A, B,C
when r =7r4 +uAB+ v AC.

(13.2) Define spherical coordinates for the 3D sphere
22 + 22 + 22 + 22 = R? in R*. What is its area
element? What is its total surface area?

(13.3) Derive Newton’s binomial series used in (13.4)
and valid for |z| < 1 if « is not a positive integer,

2
(1+x)a:1+ax+a(a—1)%+...

-3 L—'”Wxn (13.32)
"0 n:

(13.4) Calculate the coordinate tangent vectors for



the hemisphere z? + y? + 22 = R? 2z > 0,
parametrized using =z and y. Show that these
coordinates are not orthogonal except at (z,y)
= (0,0). Show that the tangent vectors become
parallel and infinite at the equator.

(13.5) Find r(z,y) for surface specified z = f(z,y) in
cartesian coordinates. Compute the tangent vec-
tors and show that they are not orthogonal to
each other in general. Determine the class of
functions f(z,y) for which (z,y) are orthogonal
coordinates on the surface z = f(z,y) and in-
terpret geometrically. Show that the surface and
area elements are, with z, = 9z/0x, zy = 0z/0y,

dS = (z — %X zy — § 2zy) dzdy,

dA = /1 + 22 4 22 dzdy.

(13.6) For a surface p = f(p,z) in cylindrical coor-
dinates (p, ¢, z), show that the surface element
dS = ndA, with d,p = 9p/dp and d.p = dp/ 0z,
is

(13.33)

dS = (pp — ¢ Opp — 20-p) depdz,

(13.34)
dA = \/p? + (94p)% + (0:p) dpdz.

(13.7) Verify that Mercator coordinates (13.14) are con-
formal. Find the surface element dS in terms of
those coordinates.

(13.8) Show the steps to solve the differential equation
df/dv = sinf. Use the classic tangent half-angle
substitution ¢ = tan#/2, and the double-angle
identities.

(13.9) Stereographic coordinates map a point (z,y, z) on
the sphere 22+ 4 2% = R? to the point (u,v,0)
that is the intersection of the z = 0 plane and
the line passing through the south pole (0,0, —R)
and the point (z,y, z) (Fig. 13.16). Find (u,v) as
functions of (z,y, z), then (z,y, z) as functions of
(u,v) to derive

2uR %
R2+U2+'U2
2R R% — % —?
% zZ . 13.
TRt T R Z) (13.35)

(u,v) :R(

Show that these coordinates are conformal.

FExercises 19:

Po

—-R

Fig. 13.16 Stereographic coordinates.

(13.10) Cone. Show that the cone Z - r = |r|cosfy witl
apex at the origin and cone angle 6y, can be
parametrized as

r(u,v) = vtanby (X cosu+ § sinu) + v Z,

where {X,¥,%} is a standard cartesian basis. Are
these orthogonal coordinates? Conformal? Finc
the surface element dS(u, v). Show that z2+y? =
22 tan? 0,.
(13.11) Developing the come. In spherical coordinates
(r,6,¢), the cone is simply 6 = 6. Slice the cone
along ¢ = 7; then it can be developed, that is
it can be mapped isometrically to the cartesiar
plane (u,v) = (rcos¢’,rsing’) with r¢’ = pp
to preserve length along parallels (r, 6y fixed)
Length along the meridians (6o, ¢ fixed) is r anc
is preserved. Show that

u =rcos(psinfy), v =rsin(psinby). (13.36

Find 07 /0u, dr/0v, and show that these vectors
are orthogonal and of equal and constant magni-
tudes. Find the surface element d.S(u,v).

(13.12) Elliptic paraboloid. Show that the surface speci-
fied in cartesian coordinates as z = x2/a® +y? /b*

can be parametrized as

r(u,v) = Xavcosu + §bvsinu + zv>. (13.37

Describe the u and v coordinate curves. Are the
coordinates orthogonal? Calculate the tangent
basis 9r/0u, Or/0v and the surface element d.S

Elliptic hyperboloid. Show that the surface spec-
ified as 22/c? = 14 2%/a® + y?/b%, in cartesiar
coordinates, can be parametrized as

(13.13)

r(u,v) = Xacosusinhv

+ ybsinusinhv + Zc coshv. (13.38
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(13.14)

(13.15)

(13.16)

(13.17)

Describe the u and v coordinate curves. Are the
coordinates orthogonal? Calculate the tangent
basis 9r/0u, Or/dv and the surface element dS.

Ellipsoid. Consider the surface parametrized as

r(u,v) = Racosucosv

+ ybsinucosv + Zcsinv, (13.39)
where a, b, and c are real positive constants. De-
scribe the coordinate curves. Are u and v orthog-
onal coordinates for that surface? Calculate the
tangent basis dr/0u, Or/Jv and the surface ele-
ment dS. Consider cartesian coordinates (z, vy, 2)
such that » = xX+yy+ 22 and derive the implicit
equation f(x,y,z) = 0 for this surface.

Helicoid. Visualize the surface parametrized by

r(u,v) = Xucosv+ Fusinv +zv.  (13.40)
Show that the u coordinate curves are straight
lines and the v coordinate curves are helices.
Find the tangent basis 9,7, 9,7, and the surface
element dS.

The Lambert equal area parametrization for a
sphere of radius R is

r(p,v) = R (V1= 02 () + v2)

with p(p) = X cos p+§ sin . Show that the area
element dA = R?dedv.

Torus. Consider a circle of radius a perpendic-
ular to and centered on another circle of radius
R > a. A torus is generated by rotating the circle
of radius a about that of radius R (Fig. 13.17).
Show that this yields the parametrization

r(u,v) = (R+ acosv)cosuX

+ (R+acosv)sinuy +asinvz. (13.41)
What are the ranges of u and v needed to cover
the entire torus uniquely? Are these orthogonal
coordinates? Justify. Calculate the surface ele-
ment dS(u,v) and the total surface area of the
torus. Show that the implicit equation of that
torus is

4R*(a® - 2%) = (2®+¢y* + 2 — R* - a2)2.

(13.18)

(13.19)

Fig. 13.17 Torus.

Describe the surface parametrized by

r(u,v) = Rcos2u X+ Rsin2uy + v 2

with 0 < v < w, —h < v < h, and R
and h are positive constants. What is the sur-
face element and what is the total surface area?
Show that Or/du, Or/Ov are continuous and
unique at all points on the surface, in particu-
lar limy,—» R (u,v) = 7(0,v).

The Mobius strip (Fig. 13.18) is parametrized as

r(u,v) = (R + vsinu) cos2uX

+ (R+wvsinu) sin2uy +vcosuz (13.42)

with uwp < u < up + 7, —h < v < h, for any real
up. Show that

u_&r&_ﬁr(% 0) = 7(uo,0)

but the normal N = 9,7 x 9,7 flips

lim  N(u,0) = —N(uo,0).

u—ug+m

Thus, moving continuously across the surface
along v = 0, we come back to the same point
but with opposite normal N to the surface. This
is the classic example of a surface that is not ori-
entable. A unique and continuous normal cannot
be defined at every point. Up is also down. This
is true for every point by using the trajectory
u = up +t, v = wgcost, which returns to the
t = 0 starting point r(uo, vo) when ¢t = .



(13.20)

(13.21)

(iii)

(iv)
(13.22)

(13.23)

(13.24)

Fig. 13.18 Mobius strip.

Compute the percentage of surface area that lies
north of the arctic circle on the Earth. Show
your work; don’t just google the answer! The
arctic circle is at 0 = 23.4°. What is the physical
origin of that angle?

Characterize dS and r - dS geometrically, then
use those insights to evaluate || 5T+ dS efficiently
when S is

the square 0 < x <a,0<y <aat z=0>,

the tetrahedron with vertices A, B,C,D in 3D
space,

the sphere of radius R centered at the origin O,
and

the sphere of radius R centered at r = 7.

[s(r/r®)-dS is a fundamental integral—the flux
of the inverse square law field through a surface
S. Identify dS and r - dS geometrically, then use
those insights to calculate the integral when S
is the sphere of radius R centered at the origin.
How does the result depend on R?

T —7T

Y§ [r =3’
where S : |r| = R is the sphere of radius R cen-
tered at the origin and r; is a constant vector.
Use spherical coordinates with polar axis Z in the
71 direction, so that r; = r1Z with r; > 0. The
integral involves absolute values and depends on
whether 71 2 R.

A surface can be specified as height above a plane,
z = h(z,y) in cartesian coordinates. Similarly, a
surface can be specified as distance from the ori-
gin, r = f(0, v), in spherical coordinates (r, 8, ).
Calculate the coordinate tangent vectors for such

Calculate

ds, (13.43)

(13.25)

(13.26)

FExercises 19f

parametrization. Show that the surface element

ds(0, ¢)
or or
= <rr sin @ — 07"80 sinf — (pra(p> dfdey
(13.44°
and that
-dS

I
|

is independent of f(6,¢) (Fig. 13.19).
Use that insight to calculate that flux integral by

evaluating it on an equivalent but more conve
nient surface S’ : r = g(6, p) when S is

the triangle x/a 4+ y/b+ z/c = 1, with a, b, ¢ anc
x,y, 2z positive,

a disk of radius R in the z = H plane centerec
on the z axis,

a sphere of radius R centered at a distance H < h
from the origin, and

a sphere of radius R centered at a distance H > k
from the origin.

ds,

o

Fig. 13.19 Surface elements dS; and dS2 with the
same solid angle (#/r?) - dSy = (#/r3) - dSa.

For a surface S parametrized by r(u,v), witk
r=r#, and (u,v) € U, show that

[ 5 as-

or

. I qud
Mr3 du a v

ﬂ @ X —dudv (13.45°

Explain why the latter integral is a signed aree
on the unit sphere.

The pressure outside a sphere S of radius R cen-
tered at r. is p(r) = po + a - r, where py anc
a are constants. The force on surface element
dS = ndA is df = —pdS = —pndA, where 7i
is the unit outward normal to the sphere, since
pressure is a force per unit area with a directior
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(13.27)

(13.28)

locally perpendicular to the surface. Show that
the net force on the sphere is

4
F= / df = —-7R’a. (13.46)
S 3
Calculate the torque on the sphere about an ar-
bitrary point with position vector 71,

/S(r—rl) x df.

(Hint: » —ry = (r —7rc) + (re —r1).)

Consider the cylinder of radius R and height H,
r(p,z) = R(Xcosp +§sing) + 22, —7 < p <,
0 < z < H. Partition the cylinder into congru-
ent triangles as in Fig. 13.12. The vertices of one
such triangle are 7o = 7(0,0), r1 = r(Ap, Az),
ro = r(—Ap,Az), for Ap = w/m, Az = H/n,
where m and n are positive integers. Let Ar; =
r1 — 7o, Ary = 7o — r1. Show that (i)

T, =

AS = %ATl X AT’Q

= % RAzsin Ap + 2 R* sin Ap(1 — cos Ap)
2
~ X RApAz + % %(Atp)3.

Hence, if Az < O(A¢?) as Ap — 0, then AS
does not tend to the X direction perpendicular to
the cylinder at that limit point »(0,0) = RX;
(ii) the sum of the areas of all the triangles is

2mn|AS| = 2msin ER\/HQ +4R2n2sint

m 2m
and diverges if n/m? — oo as m — 00;® and
(iif) AS and the total polyhedral area yield the
correct results if m = 2n — oo (Fig. 13.12 has
m = 2n = 6), among other possibilities.
Quadrilaterals, whose AS is the vector sum of
two triangle area vectors with a common edge
(4.17), also behave properly no matter how m,n
tend to infinity.

Derive (13.28) geometrically. A, B, C are the ver-
tices of a spherical triangle and A", B”,C" are
their antipodes (Fig. 13.20). First, argue that the
lune ABA” C A—the spherical surface between
the meridians ABA” and AC A”—has area 2aR?,
where « is the angle between the meridians at A.

(13.29)

(13.30)

(13.31)

Similarly, the area of the lune BCB” AB is 23R?,
and that of lune CAC” BC is 2yR?. Next, ar-
gue that the area of the spherical triangle ABC"
equals that of triangle A" B”C. Then, the area
of those three lunes add up to a full hemisphere
area, plus two extra copies of the triangle ABC
area. Deduce (13.28).7

Fig. 13.20 Spherical triangle area.

Calculate [[,, dudv where U is the region inside

U : (u(t),v(t))
= (a1,a2) cost + (b1,b2) sint + (01702),

where a1, asz,b1,b2,c1,c2 are constants and ¢ is
real with t = 0 — 2.

Parametrize the boundary of the triangle U with
vertices at (uo, vo), (u1,v1), (u2,v2) and calculate

I, ududo.

Show that the area A of a region U bounded by
the simple closed curve OU in the cartesian (z,y)
plane is given by the line integrals

Az//dwdyz&é a:dy:—% ydx
u au au

= 1% zdy —ydz. (13.47)
2 Jou

Compare with (4.16) and (12.53).

6For historical background on this example, see, for example, Gabriele H. Greco, Sonia Mazzucchi, and Enrico M. Pagani.
“Peano on Definition of Surface Area.” Rendiconti Lincei 27.3 (2016): 251-286. https://doi.org/10.4171/rlm/734
7897 in I. Todhunter, Spherical Trigonometry, Macmillan, 1886. https://www.gutenberg.org/ebooks/19770



Curves on Surfaces

A curve on a surface is a composite function ¢ € R — »r(u(t), v(t)) for
the position vector r = X+ yy + 2Z of a point P in 3D euclidean space

[E3, with surface coordinates (u,v) € U C R? (Fig. 14.1). 14.2 Acceleration and
curvature 19¢

14.3 Meridians and parallels 20(
14.4 General index notation 20z
14.5 Geodesics 20¢€
14.6 Minimizing arclength 211

Velocity and arclength 19%

14.7 Normal curvature 21¢
14.8 Principal curvatures 21¢
14.9 Gaussian curvature 21%

14.10 Surface tension and
mean curvature 22¢

Exercises 22¢

Fig. 14.1 A curve r(6(t), ¢(t)) spiraling from the pole to the equator on the unit
sphere 7(0, ¢) = sinf cospX + sinfsinp § + cos 0 z, with (0, ) = (arctan at, wt).

14.1 Velocity and arclength

The velocity 7* = dr/dt of a particle traveling on a surface r(u, v) follows
from the chain rule as

dr  Or du Or dv

— = 4 14.1

a ~ oudt oo dt (14.1)
The dot product of (14.1) with itself gives the square of the speed
ds/dt = |7| as
or Or or Or
= 2« — U+ — » — 0? 14.2

ou 8uu+ ou 8vuv+8v av " (14.2)

where § = ds/dt, & = du/dt and © = dv/dt. This yields the first
fundamental form, expressing the arclength element ds in terms of the
coordinate differentials du, dv as

éz_ar.ﬁr .9

d52:%-%du2+2%-%dudv+%-%dvz. (14.3a)
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du*du’ uses superscripts i, j,
not exponents.

This first fundamental form (14.3) is commonly written in one of the
following more compact notations,

ds? = Fdu? 4+ 2F dudv + G dv?,

— [du do] [? g] [Eﬂ = [du' du?] BE z;z] [33;] , (14.3b)

= g11 dutdu! + 2912 du! du® + o2 du?du? = gijduiduj7
where F = g11, F = g12 = g21, G = goo are the metric coefficients

or Or or Or or Or
gu=gotos 2= 5050 g2 = oo o (14.3¢)

ov  Ov
The E, F, G notation was introduced by Gauss. The expression ds? =
gijduiduj uses summation over indices repeated once lower and once
upper. That compact notation generalizes to higher dimensions and is
discussed in §14.4.

The metric coefficients g;; determine lengths, angles, and areas on the
surface. The cross product of the velocity basis vectors yields the unit
normal to the surface 7 and Jacobian J,

or Or .
90 = J 1, (14.4a)

=VE =\/911922 — 91 (14.4b)

is the square root of the metric determinant (13.21), such that the surface
element

where

g 8r

or Or
ds = 9 % B0 dudv = 7 J dudw. (14.4c)

14.2 Acceleration and curvature

The acceleration of a particle traveling on a surface is the derivative of
(14.1)

7= O°r W+ 2 O'r b +& 2+8—Tu+8
u? dudv ov? ou v’ (14.5)

= gl 0;0;r + U’ O;r,

where # = d?r/dt?, i = d>u/dt?, i = d?v/dt?. The compact expression
7 = 49 0;0;7 + ii'9;r uses summation over repeated indices, discussed
in §14.4.

The velocity 7 and acceleration # contain geometric information about
the trajectory, as derived in (12.30) and (12.32),

~

= §t, P =5t + §%ki, (14.6)



where § = || is the speed, £ is the unit tangent to the curve, & is
the acceleration along the curve, and 7. is the curve turn direction
orthogonal to #, with curvature s such that df/ds = k#.. For a curve
on a surface, the curve tangent ¢ is also tangent to the surface, and
orthogonal to the surface normal 7, such that 7o x ¢ is a unit vector
and {7, t,n x f} form an orthonormal moving frame, called a Darbouz
frame.

The curve normal 71, is not orthogonal to the surface, in general, but
is orthogonal to £ by definition and can be expressed in terms of the
surface normal 7 and the surface tangent 7 x ¢ such that

K, = KR+ kg7 X E, (14.7a)
with k2 = k2 + Hg, where k,, is the normal curvature, characteristic of
the surface at that point in direction ¢, and kg is the curve’s geodesic
curvature. Those two curvatures follow from (14.6) and (14.7a) as

TN 7. (R X T)
= -, =—__ ¢ 14.7b
TR T T ()
Geodesics, discussed in §14.5, are curves such that x, = 0, and the

“geodesic curvature” sy is thus a measure of how far from geodesic a
curve is.! The curvature of a geodesic is actually x,. These &y, Kg are
signed curvatures, relative to the orientation specified by the surface
normal 7 and the curve direction 7. Substituting for # from (14.5) into
(14.7b) gives the normal curvature as

0? 0? 0?
mn|f|2:ﬁ-a—l;u2+2ﬁ- au;vu@+ﬁ-a—;;@2. (14.7¢)
Since || = ds/dt, this yields the second fundamental form for the surface
2 2 2
Kinds? = 7 - % du? + 2 - aigvdudv + % dv?,  (14.8a)

commonly written in compact form as

knds? = Ldu? + 2Mdudv + N dv?

L M| |du

= [du dv] {M N} {dv] (14.8b)
b b dut S
o 1 2 11 12 N 11,7
= [du du ] [512 b22] [duz} = by; du'du’,

where L = by, M = bys = byy, N = byy are the curvature coefficients?
o%r o%r 9%r

_ 0T —a. 0T AL 14.
bi1=mn ER bio =1 Judn’ bay =M 902’ (14.8c)

the dot products of the surface unit normal 7i with the second deriva-
tives of the surface position vector r(u,v). The L, M, N notation is
common in introductory differential geometry. The compact index no-
tation expression r,ds? = b;jdu’du’ generalizes to higher dimensions
and is introduced in §14.4. The normal curvature x,, and the curvic b;;
are studied in §14.7.

14.2  Acceleration and curvature 19¢

1“Tangential curvature” would have
been a better name, contrasting witl
“normal curvature.” This definition o
kg dates back to O. Bonnet, Mémoire
sur la théorie générale des surfaces
1848.

2 .
Or curvic b;j.
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Fig. 14.2 Meridians and parallels.

14.3 Meridians and parallels

The sphere is a familiar, though very special, example of a curved sur-
face. It is suitably parametrized as

r(0,p) =X Rsinfcosp +§ Rsinfsinp + z R cos (14.9)

in terms of the polar (or co-latitude) angle 6 and azimuthal (or longitude)
angle ¢, with R as the sphere radius and {X,¥,2} the usual cartesian
basis.

That parametrization yields two families of curves on the sphere, the
meridians corresponding to varying 6 for fixed ¢, and the parallels with
fixed 6 but varying ¢. The local tangent vectors to the meridians and
parallels are, respectively (Fig. 14.2)

% =X Rcosfcosp+y Rcosfsinp —Z Rsinf = RO,
9 (14.10a)
a—r = —XRsinfsinp+y Rsinfcosp = R sinfd @.

P

These are orthogonal coordinates since 0r /06 - dr /0y = 0, such that
the first fundamental form (14.3)

ds?* = R*d#? + R?sin® 0 dyp?, (14.10b)
with metric (14.3c)
EF:9119127R2 0
|:F G:| - |:ggl 922] o |:0 R2 sin20 ’ (1410C)
The second derivatives of r(6, ) are
0%r 00 R
o =~ Rgg = ™
*r 260  *r d(sinf @)
—R— = = = 6@ 14.11
9000 oy 000y 20 Reos6@,  (14.11a)
2 ~
STDZ =R siHQZ—?: = —Rsinf p,

where )
p=Xcosp+§sinp =0cosf + 7sinb

is the cylindrical radial direction and fi = # = 7/R is the unit radial
direction, orthogonal to the sphere, such that 7 - p = sinf. The second
fundamental form (14.8) thus reads

knds? = —Rd6? — Rsin? 0 dy?

b11 b12 o —R 0
boi baa| | 0 —Rsin?0|"

(14.11b)

with curvic (14.8¢)

i ¥

(14.11¢)



Meridians

A particle moving along meridians, with constant longitude ¢ but vary-
ing polar angle 6(t) will have velocity and acceleration

;= i = %92399,
X or. 9. L ‘ (14.12a)
'i‘:§t+f<:.§2ﬁc = %94—@92 = ROO — RO?*+#

with Darbouz frame {f,t,7n x t} = {7*,02(@}7 varying with 6. The
normal and geodesic curvatures of meridians are (14.7b) are

7N 1 7o (N X 7)
Bp =5 =—— Kg = ———=—— =0. 14.12b
TR TR TR )
Thus, meridians are geodesics on a sphere, with curvature kK = —k, =

1/R. The normal curvature, k, also follows from (14.11b) divided by
(14.10b) with de = 0 for meridians. Meridians are great circles, with
radius R, such that

d?r 7 .

Parallels

A particle moving along parallels, with constant polar angle 6 but vary-
ing longitude ¢(t), has velocity and acceleration

-~ 0
f:Stza—rgb:Rsin&gbga,
v , (14.13a)
o g OIN or . o°r .9 . oA . L2 A
P =584+ Kk§N.= —@+ —5¢° =Rsinfpp — Rsinb o* p
o 0p?

with Darbouz frame {f,t, 7 x £} = {#,@,—0} varying with ¢. The
normal and geodesic curvatures (14.7b) of parallels are

PN 1 F-(xr) 1cosb

TR T R T T P T Rsing

(14.13b)

Kn

Thus, parallels are not geodesics on a sphere, except at the equator
where 0 = 7/2 (Fig. 14.3). The normal curvature, £, also follows from
(14.11b) divided by (14.10b) with d# = 0 for parallels. Parallels are
circles r = p + 2% with radius |p| = p = Rsind and height z = Rcos
fixed, such that

d2r d3p _é__ﬁsinQ—i—écos@

ds?  ds2  p Rsind (14.13c)
= knT + kg (T X @).

14.3 Meridians and parallels

Fig. 14.3 Meridians (red)
geodesics.  Parallels (blue) are
except at the equator.

201
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Fig. 14.4 Reciprocal bases.

14.4 General index notation

The surface velocity basis vectors (14.1)

A Or
ay = — as

ou’

or
A

= — 14.14
v ( )
define a basis for the tangent plane at point r(u,v) on a surface S. Sim-
ple surface parametrizations, such as the familiar (Monge) parametriza-
tion as height above a plane z = h(z,y) with coordinates (u,v) = (z,y),
for example, yield nonorthogonal surface coordinates such that

%-%201'@:912:}77&0

Handling nonorthogonal coordinates requires using a second set of basis
vectors, reciprocal to the velocity basis vectors, and the requisite calcula-
tions are facilitated by generalized index notation that uses lower indices
a; (subscripts) and upper indices a® (superscripts). The manipulation
rules for such dual indices are known as Ricci calculus.

The velocity basis {a1, as} has a reciprocal basis {d;,d>} in the same
tangent plane, such that a; - @; = J;;, previewed in (3.28) and (6.17).
In Ricci calculus, the reciprocal basis vectors are denoted with upper
indices, @; = a', where i is now a superscript, not an exponent. The
reciprocals {a', a®} of {a1,as} have the explicit expressions

ol = _22X% —, o?= MXa h (14.15)
a)-az Xn as N X ay
where . = (a1 xaz)/|a1xaz| is the unit normal to the surface (Fig. 14.4).
The denominators in (14.15) both equal the Jacobian J = a; X ag-fi =
la1 x az] # 0 (14.4b). The mutual orthonormality of those two bases is
written ‘
a;-a’ =4, (14.16)

now keeping lower and upper indices at their position in the Kronecker
delta 7, which is still 1 if ¢ = j, and 0 otherwise.

Both the coordinate tangents {ai, as} and their reciprocals {a', a?},
can serve as a basis for the tangent plane at r(u,v). The components
of a tangent vector p in one basis are obtained by dotting p with its
reciprocal basis. That follows directly from the orthonormality relations
(14.16). In Ricci notation, these expansions and projections are written

p={% S Pk (14.17)
pia pbi=a;-p,

with summation over repeated indices but now only when the repeated
indices are in different levels, one upper, one lower, in the same term.
Thus, for a 2D surface,

P'a; =p'e + 0’2, pid' =pig" + g,



but
pigi = (p1a1, p2q2),  p'q’ = (p'q",p*¢?).

A consequence of (14.17) is that the components (i, v) of the velocity
7 of a particle traveling on the surface, are

ou Ov a? - 7.

. Or. Or. . . {u:al-f",
r=_—u+—v=ua; +vas =< . .
v =
Thus, in Ricci index notation, the coordinates should be written with
upper indices
(u,v) = (u',u?), (14.18)

where the superscripts are indices, not exponents, and the velocity of a
particle on the surface is
_Or. Or. .  Or

=1 =1 a, (14.19)

ou +%U: out

with sum over the index i = 1,2, that is, 4’ a; = @' a; + @?>as. The
speed square is (14.2)
or .., Or

= ﬁuiu . %ﬂj =a;- aj’llzuj = gij’L'L ’llj, (14.20)

with double sums over ¢ and j. If the square of a component is needed,
it is written as an explicit product (u)? = vlu! and (v)? = u?u?.

A standard approach for distinguishing surface indices running from
1 to 2, from full space indices running from 1 to 3, is to write the former
using Greek letters, thus writing ©» = u“a,, for velocities tangent to the
surface with coordinates (ul,u?), but # = 7'a; for general velocity in 3D
coordinate space (u',u?,u®). We will not make that distinction unless
absolutely necessary because most of the formulas apply to spaces of any
dimension. For a surface, we will remember that the third coordinate

u? is constant, u® = 0 say, and du® = 0, 4® = 0 with a3 = a® = 7.

T

Covariant and contravariant quantities

Our presumably judicious choice of surface parametrization r(u, v) comes
with velocity basis vectors, a; = dr/du’, that are a convenient basis for
the tangent plane at that point. These basis vectors and their recip-
rocals are vector functions, ai(u,v), ai(u,v)7 that vary from point to
point, in general. If a particle moves at constant speed but the tangent
vectors a; increase in magnitude with u?, for example, then the compo-
nents 4* will decrease proportionally to maintain constant speed. That
is, the velocity components ' have a geometric variation factor that is
contrary to the variation of the velocity basis vectors a;.

Likewise, the reciprocal vectors a’ will vary inversely to a;, decreasing
in magnitude if a; increases since a; - @’ = §!. Quantities with a geo-
metric amplification factor that is inverse to that of the velocity basis
vectors a; are called contravariant and denoted with an upper indez, v°,

14.4 General index notation 20:
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a’. Quantities with a geometric amplification factor equal to that of the
velocity basis a; are called covariant and denoted with a lower index
such as v;, a;.

A derivative with respect to a coordinate, 9/0u’, has a geometric
variation factor that is inverse to that of the coordinate differentials
du’. For example, moving along a u'-curve, with fixed u2, the change
per unit length of a function f is

af _ of aut
ds  Oul ds’
If |a;| = |0r/0ul| = |ds/dul| increases, for example, then |dul/ds|

decreases and df/0u' will have a proportional increase to compensate
for the shrinking |du'/ds|. So §/0u’ has a covarying geometric factor,
and will be abbreviated as the covariant operator 9;, thus writing

or
i = = Oir. 14.21
e ou’ " ( )
The index i in 9/0u’ is thus considered a lower index, and expressions
such as
0 ;0
f. u' = —fdul—l—-u—l—ﬁdu",
o' _ovt o |
out — oul oun

are sums over ¢ in the summation convention with upper and lower
indices.

We could, of course, orthonormalize the basis vectors a; — gq; us-
ing Gram—Schmidt, and work with an orthonormal tangent plane basis
q;(u,v). However, that introduces square roots, and turns out to be
more cumbersome since these are vector functions, and we need to take
multiple derivatives of those functions to investigate geodesics and cur-
vature, for example. If the parametrization r(u,v) is suitable for the
geometry, then a; = 0;r is the best basis to use, and the reciprocals a’
provide straightforward access to the components.?

Metrics and first fundamental form

Since {a;, a2} and {a',a?} span the same tangent plane and are mu-

tually orthonormal (14.16), the expansion of one basis in terms of the
other reads ‘ '
a; = (a; - a;)a’ = g;; @

, ’ (14.23)

2

a'=(a'-d’)a; = g"a;,

3If the columns of matrix A = [a1 ag} are the cartesian components of the covariant basis, the QR decomposition (§ 9.5) yields
A= [al ag] = QR, then the columns of [al az} = QR T are the cartesian components of the reciprocal basis. The matrix

(ATA)~1AT =R7I1QT = Fl a2]T is a left inverse of A (aka a pseudo-inverse), whose rows are the reciprocal basis. For surfaces

in 3D, matrix A = [31 as

and its reciprocal [al 32] are 3-by-2 .



showing that the metric coeflicients g;; of the basis vectors a; are their
components in the reciprocal basis a’, and vice versa. The index posi-
tions are kept for the metrics also, with

9ij = a; * aj, g’ =a'-a’.

The metrics are clearly symmetric g;; = gj;, and g = ¢7%, and it follows
from (14.16) and (14.23) that they are inverses of each other,

gik 9" = 81 = ¢* g (14.24)

The metrics transform contravariant into covariant components and
vice versa, that is, multiplication by the appropriate metric lowers or
raises indices. For any vector p in the tangent space, p = p’a; = p;a’
and

pi=gip’s P =9"p; (14.25)

The dot product between any two vectors p and q in the tangent space
reads

p-q= gijpiqj =pig’ = piq]' = gijpiqj, (14.26)

in terms of their contravariant, or mixed, or covariant components. In
particular, the dot product keeps a simple form

poq— P10 P20 pag” = pid?
o+ 02+ -+ pgn = D',
when p is expressed in one basis, and q in the other.
The metrics arise in computing distances, angles and areas. The
square of the arclength element is ds? = dr - dr with dr = 9;r du’,
yielding the first fundamental form for a surface as

ds® = (9;r du’) - (0jr dv!) = a; - aj du'du = g;; du'du?,  (14.27)

where ds? = dr - dr = (ds)?, not d(s?) = 2sds, as seen in (14.3). For a
2D surface, the determinant of the 2-by-2 metric is

9= 911922 — G12921 = €ij39i19j2, (14.28a)

and using the vector identity (a x b) - (a x b) = (a-a)(b-b) — (a - b)?,
this yields the area Jacobian (14.4), (14.15), as

J = |a1 X a2| = |(91’l“ X 82""| = \/g, (14.28b)
and the surface element

dS = 017 x Oor du'du® = 7 /g dutdu?. (14.28c¢)

14.4 General index notation 20f
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14.5 Geodesics

A geodesic is a curve that turns only because the surface forces it to.
On a plane, it is a straight line. On a curved surface, the geodesic only
turns in a direction i, normal to the surface. If 72 is the unit normal to
the surface, then a geodesic’s turn direction #i. = £#. From (14.6) and
(14.7a) this implies that the acceleration along a geodesic has the form

F=5t+k,$°n
such that
7 X7 =0, (14.29)
since 7 = §t; thus, the “geodesic curvature” kg = 0 for a geodesic

(14.7b). To determine the geodesics, we can further restrict to arbitrary
constant speed such that § =0, § = $¢ and # - ©* = 0. The acceleration
when traveling at constant speed $g along a geodesic is thus purely in
the surface normal direction

P = kpéa . (14.30)

Geodesic equations

Since the surface normal 7 is orthogonal to the surface tangents dr/0u,
Or/0v, the geodesics equations follow from (14.30) as
or or
iPe—=0 7 -—=0. 14.31
"o T T ( )
Substituting for # from (14.5) yields two coupled second order differential
equations for the surface coordinates (u(t),v(t)), namely,

ou 6uu ou 8UU
or *r or % . or r ,
%‘wu +2%‘7au8vuv+%‘wv —O7 (1432&)

or Or . n or or .
v ou v v’
or r ., or Ir or r ,

81} au2 u” 4+ 2% . auavu’U + % . W v = 0. (1432b)

The formulas are more compact and easier to manipulate in index no-
tation with (u,v) — u® = (u!,u?) and summation over indices appearing
in a lower and upper position in the same term. The indices run only
from 1 to 2 here, but the index notation formulas are identical to those
in n-dimensional spaces where indices run from 1 to n. The surface
is assumed smooth enough that r(u,v) is at least twice continuously
differentiable (C?), so the mixed partials commute 8;0; = 9;0;.

In index notation, eqns (14.31) with the acceleration (14.5) read

(Opr) - 7 = (9yr) - (W Oyr + Wik 9;00m) = 0,



yielding the geodesic equations (14.32) as

9iji7 + Dyjpid iF =0, (14.33)

where*
or 0*r
Out  OuI duk
is the Christoffel symbol of the first kind, symmetric in its last two indices
Tijk =Tikj, and g;; = a; + a; is the covariant metric (14.23).

Multiplying (14.33) by the inverse metric g', such that g''g;; = 5},
then renaming [ — i, yields the diagonalized form of the geodesic equa-
tions

Fijk = (91‘7" . 8j8kr = (1434)

i + Iy afif =0, (14.35)
where
Il =g"Tu (14.36)

is the Christoffel symbol of the second kind. Equations (14.35) can also
be derived by projecting (14.30) on the contravariant basis a’ instead
of the covariant basis a; = 0;r. This yields an equivalent expression for
the Christoffel symbol of the second kind,

i i 9%r
o= s ————
Ik Oul Ouk’

with a’ defined in (14.15) for a surface in 3D space, and (14.23) more
generally. From (14.24), the inverse of (14.36) is

(14.37)

Tije = gul'y. (14.38)

The geodesic equations (14.35) are two coupled second order ordinary
differential equations for (u!(t),u?(t)) = (u(t),v(t)). From a mechanical
point of view, these are, in fact, Newton’s second order vector differential
equation m# = F(r,7), where the force F(r,7) is the purely normal
force that keeps the particle on the surface. We can solve them, in
principle or numerically, as an initial value problem from a starting point
(u(0),v(0)) with an initial velocity (u(0),©(0)), or as a boundary value
problem from a starting point (u(0),v(0)) to an end point (u(1),v(1)).
For the latter, note that the geodesic equations (14.35) are homogeneous
in time so we can rescale time arbitrarily and pick the end time as
t = 1. In other words, the constant travel speed $g is arbitrary, and the
total length can only be determined after the geodesic curve has been
computed.

Christoffel symbols and Gauss formulas

The Christoffel symbols (14.34) and (14.37) are the components of 0,0k r
in the contravariant or covariant bases. In general, there is a third
component in direction 7 normal to the surface given by b;; (14.8c),
and thus
0*r
outous

=Tija” + by =Thay + b (14.39)

14.5 Geodesics 207

4 Erwin Kreyszig defines instead
Fijk = 8,(‘%’!‘ . ak'f‘,

eqn (45.6) in his Differential Geometry
Dover, 1991.
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5In Ricei calculus with upper and lower
indices, summation is only when an in-
dex is repeated once lower and once up-
per in the same term.

These are the Gauss formulas, defining I'y;;, b;; as the components of
the second derivatives 9;0;r in the contravariant basis {a',a? A}, and
Ffj and b;; as their components in the covariant basis {017, 0ar, 1}
The Christoffel symbols of the first kind, I';;%, are the dot products
of “velocities” Wi(;th “accelerations.” In dynamics, that leads to kinetic
1

energy 1 - ¥ = 5 5 (1 - ). Likewise,

or 0%r . 0 <8r 8r> 199

J out  ou’ 2 9w ( )

oul Ouidut  20ui
with no sum over the repeated i that occurs in the same upper, or lower
position in each term.® Formula (14.40) applies in any dimension. For a
surface of dimension 2, it gives 4+2=06 of the eight symbols, because of
the identity I';;x = I';x;. The missing two symbols are

012 10922 092,00 (14.41)

ouz 2 oul’ oul 2 ou?’

A general formula, applicable to higher dimension, can be derived
from the product rule applied to g;r = 0;7 - Ok, yielding

P22 =

959k = Trij + Djki = gl + 9Tk (14.42)

Rewriting this formula twice for (i, j, k) — (4, k,7) — (k,i,7) gives two
similar equations for the three unknowns I';jx, I'jii, I'kij, thanks to the
I'jir = I'jk; symmetry. Adding the last two and subtracting the first
yields

Lijk = % (0;9ki + Okgij — 0igin) , (14.43)

where d; = 9/0u’. This formula shows that the Christoffel symbols can
be evaluated through derivatives of the metric g;; only, they are intrinsic
in the language of differential geometry, and there is no need to compute
and project the second derivatives of r(u, v). Next, we consider an earthy
example of this machinery, while exercise 14.15 lays out a shorter path
to the same solution.

Geodesics on a sphere

To illustrate these concepts, consider a sphere of radius r parametrized
by polar and azimuthal angles r(6,¢) (13.5). Thus, with (u!,u?) =
(0, ), the coordinate tangents are (13.16),

a, = Ogr = ré, as = 0,1 = rsinfp. (14.44)
The metric g;; = a; - a; = g;; and its inverse are
g1 giz] _ [r? 0 gt g'? _ [r? 0
go1 go2| |0 rZsin?@|’ [g* ¢%2| | 0 (rsing)7?|"
(14.45)

The unit normal to the sphere is 7 = #. The contravariant basis can be
obtained from (14.15) with J = a; X as - # = r?siné, or without cross
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products from (14.23) and (14.45) as

a' = (az x7)/J =g" a1+ g'%az = é/r, (14.46)

a’ = (# x a1)/J = g**a, + g*?ay = ¢/(rsin).
These spherical coordinates are orthogonal; hence, a; and a’ are parallel,
but have inverse magnitudes.

For geodesics, we can restrict to the unit sphere, » = 1, since the sur-
face lengthscale drops out of the geodesic equations. The only non-zero
metric derivative is d1gos = 2sinfcosf = sin20. The eight Christoffel
symbols reduce to six since I';j, = I'jxj; they follow from (14.40) and

(14.41) as
11 Tiie(=Ta21) Thoe _ |0 0 —4sin26
Io11 Tora(=Ta21) Taoo 0 1sin2¢ 0 ‘

The symbols of the second kind, such that Fé- =Tt ;» are obtained from
(14.36) by premultiplying by the inverse metric

|:F%1 Iiy(=T3) 1%2]:{911 912} [F111 ISP Fuﬂ

I Ii(=T3%) T3 g% ¢*| [Ta11 Taiz Tax

0 0 —sinf cos 6
- {0 cot 6 0 } ’ (14.47)
where cot® = cosf/sinf is the cotangent (Fig. 14.5). The geodesic cot 6
equations (14.35) read 0
6 = sinf cos 6 .(gb)z, (14.48) 1
@ = —2cotf (0¢).
Multiplying the first by 6, and the second by ¢, yields
d . ) Fig. 14.5 Cot t.
$—(0)> =0 sinfcosb ()% ® oraneet
gt . (14.49)
5&(@2 = —2cotf 6 (p)%

The latter is readily separated, and

d d
I In(¢)? = —dInsing = ¢ = C,/sin?#,
where C is a constant of integration. Inserting this ¢ in the 6 equation
gives )
d, . cosf . : C
—(0)?2=20—-60 = (/)*=C3 - ——,
dt( ) 'sin® 0 (6) > sin?6
where C3 is another constant. Eliminating d¢ between ¢ and 6 then
yields

adf

sin?@4/1 — a2/sin? §

dp =
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where a = C1/Cy. The substitution u = cot 6, with du = —df/sin® 0
and 1+u? = 1+cot? @ = 1/sin? ), leads to dp = d(arccos(u/u,)), where
ux = V1 — a?/a, yielding the geodesics as

cot @ = cot B, cos(p — s), (14.50)

where u, = cot ., and @, are constants to be determined from initial or
boundary conditions. (., p.) are the spherical coordinates of the point
on the particular geodesic that is closest to the pole. The geodesics from
(0, 0) = (45°,¢g) are shown in Fig. 14.6 in the longitude ¢ and latitude
90° — # coordinate plane.

>

I
S
>

—45°

—90° L N do - L 1

S0 — 180° @0 ©o + 180°

Fig. 14.6 Geodesics for spherical coordinates from (6g = 45°, ¢0).

Geometrically, the geodesics are arcs of great circles, that is, the
geodesic between two points A and B on a sphere is the (shortest) arc
of the circle passing through A and B that is concentric with the sphere
(exercise 14.24). The rate of change of the unit tangent d/ds = d?r/ds?
along those arcs is parallel to the surface normal o = #, and that is the
geodesic condition (14.33).

Note that combining (§)? = C% — C?/sin? § with ¢ = C;/ sin? f yields

(6)? +sin® 0(p)? = C3,
but arclength in spherical coordinates on a sphere of radius r is
ds? = dr - dr = r2d#? + r%sin? 0 dy?,

so rCy = §¢ is the constant speed along the geodesic.



14.6 Minimizing arclength

It should be clear that the tight geodesics,® which turn only because they
really have to, are the shortest paths between two points on a surface.
The curve length £ along an arbitrary curve C : t € R — r(u(t), v(t))
on the surface r(u,v) is

ty
Ez/ dr :/ gi; wtud dt (14.51)
C\ | \ \/ 9i

from expressions (14.19) for dr, and (14.27) for ds = v/dr - dr. The met-
ric coefficients g;; are functions of (u',u?) = (u,v), which are functions
of the time-like parameter t.

Minimizing curve length between two points thus involves finding a
curve, that is, (u(t),v(t)) in the coordinate space, which minimizes £
given in (14.51) as an integral over the unknown functions (u(t),v(t)).
How do we do that?

Euler—Lagrange equations

Let’s illustrate the idea on an example that is both more general than
(14.51) and simpler by dealing with a single variable u to begin with.
The standard formulation is to consider

b
]—":/ L(t,u, ) dt (14.52)

with ¢ € R and a,b fixed. F is a functional, a function of the function
u(t). We are interested in the extrema of F over all functions u(t) with
fixed starting and ending values u(a) = ug, u(b) = u;.

Let u.(t) be the unknown function u(t) that yields an extremum of
F. To derive an equation for u.(t), we consider variations of u(t) about
ux(t). In physics and engineering that is usually written

u(t) = . () + Sult),

where du(t) is an arbitrary variation of u.(t) that vanishes at the end
points du(a) = 0 = du(b), since u(a) and u(v) are fixed. Substituting
in the integral (14.52) for F, and Taylor expanding in powers of du, the
terms linear in du provide the first variation of F as

§F = / (5 —|—5u) dt (14.53)

by the chain rule applied to L(u,%). The partial derivatives are evaluated
at u(t) = u«(t), and 0F = 0 for any du(t) that vanishes at the end points,
if u,(t) is an extremum. This is calculus of variations.

A somewhat cleaner approach is to define

ou(t) = ev(t),
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5To find the geodesic between points
A and B on a slippery sphere: fix on¢
end of a string at A and pull it fromw
B until it is tight and unable to slit
any further. For more general surfaces
we need to imagine two physical copies
of the surface on top of one another
and the string slipping and tightening
in between those two identical surfaces
unable to “pop out” of the surface.
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where v(t) is an arbitrary function that vanishes at the end points v(a) =
0 = v(b), and € is a real variable. Assuming for the moment that v(t)
is an arbitrary but fixed function transforms F into an actual function
of € only, F(e), and that function should have an extremum at e = 0 if
u(t) is an extremizer, that is,

b oL oL .
=0 /a <8uv + aqf’) dt =0, (14.54)

for any v(t) with v(a) = 0 = v(b). Clearly, this is the same result as
saying that the first variation dF = 0 in (14.53).

The remaining step is that (14.54) must hold for any v(t), but v(¢) and
0(t) are different, yet related functions. That connection is unraveled
through integration by parts, aka product rule, on the second term, and
(14.54) becomes

/b oL . d (oL N d (OL\Y o
Ao " Tar\aa ) T Tar \ o
or 1° brd (OL\ oL
- WLL <dt (au)au) vdr=0

The boundary term vanishes since v(a) = 0 = v(b). The remaining
integral must vanish for any v(t), and that can only happen if”

d <6L) oL (14.55)

ar
de

At \da) ~ ou

These are the Euler-Lagrange equations for the functional (14.52). If
the functional has several variable functions (u!(t),u?(t),...), then we
simply have one such equation for every variable,

d (0L oL

These are the equations that the extremizers u’ (t) must satisfy.

Geodesics as extremizers

The Euler-Lagrange equations for the extrema of the curve length (14.51)

are
d /0 : 0 ,

[ e\ —

dt <8M gjkuju)@ui Gy 7 1

where the metric g;; depends on the coordinates u’ but not the coordi-
nate velocities @’. Therefore, those Euler-Lagrange equations become

d (g @\ _ 1(9igin) ik
dt<ﬁ>2 ruu, (14.57)

“If a sum figt + fag? 4+ -+ fng™ = 0 for any g, then f, = 0 for all k. Pick g*¥ = 6’f,6§,....



where §; = 9/du’, and we have used 847 /0u* = &7, and g;;07 = giptl*.

N
ow ds

Vo= ik wl uk = at
is the speed along the curve, and we can assume that it is constant
along this curve. Of course, this constant speed along a given curve
varies from curve to curve when considering all the possible curves from
point A to point B in the functional (14.51). For a single curve, we
can assume constant speed, undetermined until we actually find the
particular length along that curve from A to B.

With constant /- -, (14.57) simplifies to

d o] .
a (9i07) = 5(Dsgj0) ", (14.58)
and by the chain rule on the left-hand side,
gijﬁj + (5kgij)uju’“ = %(&gjk) Wik, (14.59)

which is the geodesic equations (14.33), with the explicit expression
(14.43) for I';j, since

(Orgi;) 07 iF = (9;9i )07 0F = £ (Okgij + 0jgin) il i,

Therefore, geodesics are extremizers of curve length. They correspond
to local minima or saddles. On the sphere for instance, the shorter path
from A to B is the smallest great circle arc between them, but the
complementary arc, around the world the other way, is a saddle for
curve length. Almost all perturbations of that arc increase length, but
a special kind of perturbation, sliding it perpendicular to itself one way
or the other, reduces the length.

14.7 Normal curvature

The normal curvature x, (14.7) is the minimum curvature of a surface
curve passing through a point P on the surface in a given direction £.
It is the curvature of the geodesic passing through that point in that
direction. It is a characteristic of the surface and a function of £. If
r(u(t),v(t)) is a surface curve with # = dr/dt = 4'9;r and £ = /|7,
then, as derived in (14.2) and (14.7c),

‘2

|7 (O - 6‘r)uujfg”uuj

, (14.60a)

Kon |7]? = (R - 0;0;7) 0l = byju'i?
where g;; = 0;r - 0;7 is the metric and b;; = 7 - 81-(%-1' the “curvic”
(14.8¢c), with ¢ = 1,2 and j = 1,2 for a 2D surface, and i is the unit
normal to the surface. The curve parameter ¢ can be eliminated since
|| = ds/dt, @' = du’/dt, where s is arclength, to obtain the first and
second fundamental forms, respectively,

ds? = 9ij duiduj7

, - (14.60b)
knds® = b;; du'du’.
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The metric g;; is symmetric and so is the curvic b;; since 0;0;7 = 0;0;r,
gij = Oir - 0;1 = gji,
bij =M. 8i8j?‘ = bﬂ

The identity 72 - 9;7 = 0 (14.4) implies that 0;(7 - 0;7) = 0 whose
expansion yields

(14.61)

bij = f - 0;0;m = —0inv - O;r. (14.62)

This second expression for b;; (14.62) transforms the second fundamental
form (14.60b) into

tp ds? = —(du’ 9;f) - (dw? 0jr) = —d# - dr. (14.63a)

Thus, k,ds?> = —d#n - dr is coordinate invariant, independent of the

choice of coordinates (u',u?) for that surface, as is the arclength element

ds? = dr - dr, and the normal curvature in direction £ = dr/ds is

7
dn dé
L 14.63b
Kp < 0 " ds " ds ( )
A with dft = fi(r +dr) — fa(r). This recovers &, in (14.7b) with arclength
n parametrization ds = dt.

The normal curvature k,, has a sign; it is negative if the surface nor-

mal fi diverges along the curve (convex), and positive when it converges

(concave) (Fig. 14.7). The sign of k,, thus depends on the surface orien-

kp >0 tation. Expression (14.63b) for k,, is invariant under a change of surface
coordinates (u',u?). It depends only on the unit normal 74 and its rate

Fig. 14.7 C i d di i . . . s . 2~ ~
& (UYCTBIng and GIVETEME T of change in the tangent direction +£, with En(r,t) = Kkp(r, —1).

surface normal 1.

Weingarten formulas

The right-hand side of (14.62) implies that —b,; is the j contravariant
component of 9;7, since 9;7 = a;, that is, from (14.17) and (14.62),

a; - O;n = —bij & On = —bijaj +cn,

but the component ¢ = 0 since i - o =1 = 7 - 9;7 = 0. Thus, J;n is a
vector in the tangent plane such that from (14.17) and (14.23),

6‘11‘1 = 7bijaj = fbijgjkak = 71)?0%. (1464&)
These are the Weingarten formulas. In matrix notation, they are
alﬁ _ b11 b12 CL1
02ﬁ o 621 b22 a2
_ bin b2 911 912 or
= [b21 boo| [g20 g22| |or |- (14.64b)
For an arbitrary dr = du'd;r = dud,r + dvd,r, the corresponding
coordinates differentials are du’ = a’ - dr; then from (14.64a) and b;; =

bji,
df = du'o;n = —bijaiaj -dr. (14.64c¢)



The symmetric tensor —b;ja’a’ thus maps surface displacements dr to
differentials d#, both in the local tangent plane.® The matrix of that
tensor in cartesian coordinates is 3-by-3, symmetric with rank < 2.

For a sphere with 2 = # and (u',u?) = (6, ¢), we can compute the
curvic [b;;] directly from (14.64a) using (10.24) and (14.46),

P =0 = ra'
0,7 =sinf @ = rsin® 60 a?,

[bu blz} _ [07“ 0 } (14.65)

b21 b22 —-r sin2 0

O
)

S
Il
>

)

S
Il

14.8 Principal curvatures

A natural question is to ask what directions ¢ lead to maximum and
minimum &K, (f) at a fixed point on the surface. That requires optimizing
Ky in (14.60b) over all (du',du?) with fixed ds? = g;;du’du?, that is, to
optimize o o

bij dudu? bij u'u?

g dukdul g akal’

where k is the normal curvature (dropping the subscript n here), and
' = du'/dt, for an arbitrary curve parameter t. The optimization is
over all such directions (u!,%?) at a fixed point (u!,u?). The extrema

thus satisfy
Ok

ou?
where symmetry of b;; and g;; has been used. This is a generalized
eigenvalue problem

=0 = (b —Kkgij)u =0, (14.66)

Bu=rGu, (14.67)

in matrix notation, where G and B are 2-by-2 real and symmetric ma-
trices, and u = (4!, 4?) are the eigenvectors. The eigenvalues k1, ko
are real,” and there are two distinct eigenvectors {uy, 02} that are G-
orthogonal and can be normalized such that

0.Gig = uf gy il = dap. (14.68)

This normalization amounts to enforcing arclength parametrization, that
is, t = s and @' = du’/ds, where the Greek subscripts a, 3 are the eigen-
mode labels, not covariant indices.

G-orthogonality of coordinate directions (!, 7?) is regular orthogo-
nality in the tangent plane of the surface, since p - ¢ = ¢;;p'q’ for any
vectors p and q in the tangent plane. Therefore, there are two orthogo-
nal principal directions tangent to the surface,

&=t o, =1 oyr, (14.69a)

14.8 Principal curvatures 21F

et [a1,a2] = A = QR, where Q'Q =
I; then G = ATA = RTR and Bv = kG
is equivalent to

(R"TBR™1)(Rv) = x(Rv)

which is a regular symmetric eigenvalue
problem for x with eigenvectors Rv
and we proved that symmetric matri-
ces have real eigenvalues and orthogo
nal eigenvectors.

8The map from a point P on a surface to the normal 7i(P) on the unit sphere 52 is the Gauss map, and the matrix (14.64a,
S = -BG! = [fbg] is the shape operator such that bzplqj = bqupj for any p,q in the tangent plane, since bgpiqj =

bikg™piq; = bikp'q® = bikad’p® = bikgiqip; = blq'p;.
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with o o
ta . tﬁ = 8{” . Bjr u; Ué = Gij Ula ’LL% = 5045»
corresponding to the principal curvatures k1 and ks, which are the max-
imum and minimum curvatures of geodesics passing through that point
r(ul,u?) on the surface.
An arbitrary direction t = du'/ds 9;7 can be represented in terms of
those orthogonal principal directions {t;,t2} as

t =t cosp + tysinp = (4} cos ¢ + Uh sin ) ;. (14.69b)

The directional derivative of the unit normal 7 with respect to arclength
in that ¢ direction is then, from (14.64a),
dn  du’ - ; -
" —UBZ-T”L = —(u} cos ¢ + @ sin ) by;g7F Oy

ds  ds (14.69c¢)

= —K1t1 oS Y — Kata Sin .

since Aufxbijgjk = Ksaﬂi and u’;akr = £,. The normal curvature x, in
that ¢ direction then follows from (14.63b) as

dn

L t =k cos® o+ ko sin? ©. (14.69d)
s

Kp =

The sum k1 + ko and product kiks of the principal curvatures are
the trace and determinant of the 2-by-2 matrix BG™!. The trace, deter-
minant and eigenvalues are invariant under similarity transformations,
corresponding to an arbitrary change of basis in the tangent plane, and

K1+ Ko = tr (BGfl) = b ¢",
_detB b (14.70)

detG g’

Kiko = det (BG_l)

where, from (14.3) and (14.8),

b £ det B = Eiijilij =LN — M2,
A ki3 ) (14.71)
g=detG =¢e""gp1910 = EG — F~.

The product of the principal curvatures, is the Gaussian curvature
k1ke = K, and their sum is twice the mean curvature H = (k1 + k2)/2.
That sum occurs in connection with the surface tension of membranes
and interfaces, such as soap films, and the mean curvature is zero ev-

erywhere if such surfaces minimize area for a prescribed boundary as
discussed in §14.10. From the Weingarten formulas (14.64a) and (14.70),

K1+ kKo = bikgki =—a". O =—-V -1,. (14.72)

where V - 7 is the divergence of 7, discussed in later sections.'® Mean
and Gaussian curvatures are discussed further below.

10For 3D space V - i = al - 917 + a? - ot + a® - 937, but a® = 7 here and 7 - 937 = 0.



Umbilics

An umbilical point, or umbilic, is a point where k1 = k9, and it follows
from (14.69d) that & is the same in all directions at such points, and any
direction is a principal direction; thus, at umbilical points, from (14.66)
and (14.64a),

bij =kg;; and O =—kO;r. (14.73)

For example, every point of a sphere of radius r is umbilic with k =
—1/r. Indeed from (14.45) and (14.65), b;; = —g,;/7; thus, kK = —1/r,
the mean curvature H = —1/r and the Gaussian curvature K = 1/r2.
Every point of a plane is umbilic with x = 0. The paraboloid z =
a(z?+y?)/2 has an umbilic at (z,y) = (0,0) with £ = a, and any surface
is locally of that form in the neighborhood of an umbilic. The ellipsoid of
revolution 22 /a®+y?/a?+2?/c* = 1 has umbilics at (z,y, 2) = (0,0, %c).

A surface is locally spherical at an umbilic, and if every point of a
surface is umbilic, then the surface must be a sphere or a plane. In-
deed, from (14.73) and commutation of mixed derivatives of f2 and r for
sufficiently smooth surfaces,

31(9271 — 6281ﬁ =0= 32H 317‘ — 611%827',

so Ok = 0 = Ok since 017 and Oor are independent, and k must be
constant.

14.9  Gaussian curvature
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Fig. 14.8 Hyperbolic paraboloid, parabolic cylinder, and elliptic paraboloid, left to right (drawn with GeoGebra).

14.9 (Gaussian curvature

The product of the principal curvatures k1, ko, is the Gaussian curvature

(14.70) ,

RiRy’
where Rj, Ry are the principal radii of curvature. The Gaussian “cur-
vature” is a curvature squared, with units of inverse length square. The
sign of the Gaussian curvature at a point determines the local shape of
the surface.

In a neighborhood of one of its points, the surface is (Fig. 14.8, exercise
14.35)

K = Kriko =
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e a hyperbolic paraboloid with z ~ 3 (k1|2 — |k2|y?) if K <0,
e a parabolic cylinder with z ~ 3|k1|2? if K = 0 with H # 0, and
e an elliptic paraboloid with z ~ 3 (|k1| 2% + |k2|y?) if K >0,

in cartesian coordinates with the origin at the current surface point, X,
y aligned with the principal directions £; and &, and 2 parallel to 7.
In particular, if the Gaussian curvature is zero everywhere, except at
singular points, then it can be developed; that is, it can be mapped to
a plane without distortion. For example, a cone is developable with its
apex as a singular point. If we slice the cone open along a curve from
its apex to its base, we can lay it flat on a plane without stretching or
crumpling, thus preserving all lengths, and angles and areas. If H =
0 = K, the surface is locally of higher order z = O(2?, 22y, zy?, y*) and
higher derivatives determine its shape.

Geometric formula for Gaussian curvature

From the definition of b;; (14.62) and the mixed and double cross product
identities, the determinant of the curvic b;; is

b2 €73b;1bjo = b1bag — biobay

= (8171 . 817‘)(82’fl . 827“) — (al’fb . 82r)(82ffz . 81?")
_(on on\ (o o
~\ou " v u o)’
Since 9,1 X Oy = /g7 (14.4), and the Gaussian curvature is K = b/g
(14.70), the above expression for b yields

on 0N
K\g=—— X — . 14.74
V9 du v " (14.74)

Multiplying both sides by dudv gives the Rodrigues—Gauss formula
KdA, = dAa,

with the surface area elements

dA, = 9,7 x 9,7 - fdudo,
dAs = 0,1 X 0,1 - dudo,

traced by r(u,v) on the surface and by f(u,v) on the unit sphere, re-
spectively, when the coordinates (u,v) span a rectangle of sides du and
dv. This gives a geometric interpretation of the Gaussian curvature K at
a point P on a surface as the limit of the ratio of the area spanned by the
unit normal 72(P) on the unit sphere to that spanned by P on the surface
when the latter area shrinks to P. However, while 9,7 x0,7-f = /g > 0
by definition, 9,7 X 0,7 - 7t does not have to be positive and can change
sign as P moves along the surface.

For a sphere S of radius R, with 7 = R and 0,7 X 0,7 = R?0,N X Oy
this recovers K = 1/R?, and fs KdA = 47, the surface area of the unit



sphere. For an arbitrary ellipsoid, the Gaussian curvature K is not
constant over the surface, but 7 will sweep once around the unit sphere
positively and ¢s KdA = 47 also.

For a torus S, generated by the rotation of a circle of radius a perpen-
dicular to and centered on a circle of radius R > a about the latter,'! the
unit normal 72 will sweep the entire unit sphere, with d,72 X d,7v+ 72 > 0
for the outer part of the torus where cos > 0 and 7o diverges in all di-
rections. On the inner part of the torus, where cosf < 0 and 7 diverges
in the poloidal direction (¢) but converges in the toroidal direction (¢),
7 will again sweep the entire unit sphere but now with 9,7 x 9,fv -7 < 0
such that the integral of K over the entire torus 955 KdA=0.

Theorema Egregium

Gauss’s Theorema Egregium'? states that the Gaussian curvature K =
K1ke = b/g (14.70) is fully determined by the metric g;;, and its deriva-
tives along the surface without explicit reference to the direction 7 per-
pendicular to the surface. This is a surprising result in view of (14.74)
and the fact that curvature is precisely about characterizing the bending
of the surface in the 7 direction.

A quick proof of the Theorema Egregium is achieved by dotting the
Gauss equations (14.39) for 0,017 with 0;0.r (or vice versa) to obtain

;017 + 8j82’l” = gkll“fll“ég + bﬂbjg,

since Oyt « 0021 = I'jo = gklfég, and 7+ 0;0,T = bj, from (14.38) and
(14.62). Using the resulting expression for b;1bjs gives

Kg=b= Eijgbilbjg = 3 (82-317' . 8j327' - gklrflréﬁ) ’ (14 75)
= €73 (8iF1j2 - gklri’clréﬂ) ’ |

because
eij38i81r . 6j82r = Gijg (81 (817‘ . 8j82r) — 817‘ . 81483-821‘) = eij38iF1j2,

since €739,0; = 0105 — 0201 = 0 when the partials commute, which is
guaranteed if the surface parametrization r(u!,u?) is C®, and Ty, =
O - 0107 by definition (14.34). This proves the Theorema Egregium
since the Christoffel symbols can be expressed in terms of the metric
alone (14.36), (14.43).

A consequence of this theorem is that isometries preserve Gaussian
curvature K. An isometry is a map that preserves all distances, and thus
the metric. Therefore, it is not possible to map a sphere to a plane while
preserving all distances, and thus all angles and areas, since K = 1/R?
for a sphere of radius R, while K = 0 for a plane. We can have the angle
preserving Mercator map (13.14) or the area preserving Lambert map
(u,v) = (¢,cos6) (Fig. 13.10), but there is no map of the sphere to a
plane that preserves both angles and areas.

14.9 Gaussian curvature 21¢

Hrorys:
r(p,0) = (R+ acos0)p(p) + asinb z,

with 0 < ¢ < 27, —7/2 < 6 < 37w/2
and p = Xcosy + ysinp.

12 “Egregious” now means “really bad,”
but used to mean awesome!
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Bror a sphere, {a1,a%, A} = {é,g&,ﬁ}
with {£, @, A} = {e, e}, e}} in Fig. 8.7.

v

Fig. 14.9 Coordinate curves traversing
or radiating through a surface patch S.

Gauss—Bonnet theorem

Using the orthonormal moving frame {a, a’ = n x a, n}, we derive
the following expression for the Gaussian curvature K (exercise 14.53),

K\/g=0,(a*-01a1) — 0 (&® - doaa1) . (14.76)

Then by Green’s theorem (13.31c)

/KdA://K\/gjduldu2
S u

= &é a’ -« (0141 du' + 0hay du?) = _§£ a’-day, (14.77)
ou 28

where S is the image of & mapped by r(u,v). The boundary 9§ of the
surface patch S is a (piecewise smooth) curve with unit tangent t. The
right-handed moving frame {,@ = 7 x £,72} for S is a rotation by
angle 1) about 7 of the surface frame {a,,a* n},'> with

t] [ cosy siny] [ay o a,| [eosyp —siny) [

a|  |—siny cosi| |a? a%| = |siny  cosv | @’
Angle 9 is a function of arclength s along the curve, 1(s). The differ-
ential of @; = cos ¥t — sinv @ along the curve is thus

dé; = (—siny £ — cosy @) dy + (costp dt — sin¢p dit),

while @? = siny £+ cos¢@. Then, using ¢+ @ = 0so @ -df = —t-da
gives
—a®-da; = dy — @ - df = dy) — kyds,

because @ - df = (7 x ) - df = kg ds, where kg4 is the geodesic curvature
(14.7b) since with arclength parametrization 1 = dr/ds = ¢ and # =
d?r/ds? = df/ds. Substituting that expression for a@* - déa, in (14.77)
yields the Gauss—Bonnet theorem

/ KdA = 5]§ dyp —yg kg ds. (14.784a)
s a8 as

The parametrization r(u,v) should be sufficiently smooth in ¢/ in or-
der to apply Green’s theorem (13.31c) to G(u,v) = & - d,a; and
F(u,v) = @ - d,é;. There should not be poles such as for polar or
spherical coordinates inside /. If the surface is smooth, we may use
other coordinates, that have no poles in the surface patch S under con-
sideration. Using spherical coordinates on a sphere or an ellipsoid, for
example, we pick polar axes that do not go through S (Fig. 14.9, top),
or we isolate those singular points with additional boundaries 08, (Fig.
14.9, bottom, exercise 14.55). Green’s theorem (§13.5) indeed applies to
domains with holes (Fig. 13.15).

In the first case, for coordinate curves that traverse a smooth 9S
(Fig. 14.9, top), as the meridians crossing a closed contour that does
not include either pole on a sphere, the integral 9988 dy = 27, since the



unit tangent £ will do a full positive turn around # with respect to @,
as we travel around the curve 9§ back to the starting point.

In the second case (Fig. 14.9, bottom), for coordinate singularities,
such as the poles for spherical coordinates on a sphere or ellipsoid, we
exclude those points using a small cutout such as the intersection of
the surface with a cylinder of small radius e around the pole. The
integral sum of di¢ around that additional boundary, Sy say, and the
sum around the outer S vanish since the tangent £ and the coordinate
direction @; both rotate a full turn around the pole, so there is no
net rotation of ¢ relative to @;. However, the integral of the geodesic
curvature 93880 kgds — —2m as € — 0, because in that limit, the inner
curve tends to a flat circle of radius € and geodesic curvature K, = —1/¢
since 7 x £ points toward S. The net result from this inner boundary is
again a 27 term.

In either case, for a smooth simply connected surface patch S with
smooth boundary 0S8, the Gauss—Bonnet theorem reads

/ KdA =2r— yg kg ds, (14.78b)
s 08

where the 27 arises from dy, or — kgds in the limit of 0S5y
shrinking to the coordinate%gle. ﬁ‘aso !

For a piecewise smooth boundary 08, such as the geodesic triangles
shown in Fig. 6.3, where the boundary consists of three smooth arcs
0S = C1+Co+C3, there are two ways to handle the corners. The simplest
way is to smooth out the corners with small arcs whose contributions to
§ rgds is the radian lengths of those arcs, equal to the tangent turning
angles at those corners, then ¢ di) = 27 still and, in the limit of vanishing
rounding arcs,

3
ygsngdm<w—a>+<w—ﬂ>+<w—v>+kz_l/ckngds7

where «, 3, are the inner angles at the corners, and m—a, 7 — 3,7 —7,
the corresponding external angles by which the tangent abruptly turns
at each corner (Fig. 14.10).

The other way is to directly handle the corners by going back to
(14.78a) with the integral written as a sum over each piecewise smooth
arc of the contour. Then the net tangent turning angle ¢ di) equals 27
minus the sum of the tangent turning angles at the corners; that is,

3
Ygsdwzkz_l/ckdw:%_(”_a)_(”_ﬁ)_(”_”)'

Either way, the result is

3
/KdA:a—i—,B—l—fy—w—Z/ Kgds. (14.78c¢)
S k=1"Cr

14.9 Gaussian curvature 221

Fig. 14.10 Abrupt tangent turn at
corner.



222 Curves on Surfaces

14Following Manfredo P. do Carmo,
Differential Geometry of Curves and
Surfaces, Dover, 2016, p. 277, though
we assume smooth boundaries here to
simplify the presentation.

For a geodesic triangle, this reads
/KdA:a+5+’y—7r, (14.78d)
s

since £y = 0 on each geodesic arc, recovering the result (13.28) for a
sphere.

For a more general surface S, we partition S into F' triangular surface
patches 7 = 1,..., F, with smooth parametrizations, possibly varying
from one triangle to the next if necessary to avoid coordinate singu-
larities. Assuming that the surface boundary 9S is smooth, and using
(14.78c) for each triangle, we obtain'*

F F 3
/KdA:Z(oszrﬂj +; —m) 722/ Kgds,
s =1 j=1k=1"Cin (14.78¢)
=2mVi+ 7V —7F —|—¢ kgds,
a8

where V; is the number of internal vertices, V}, is the number of vertices
on the boundary 98§, and F' the number of triangles or faces. This is
because at each internal vertex, the sum of all the internal angles at
that vertex add up to 2w. That sum adds to 7w at a boundary vertex,
since we assume the boundary is smooth, that is, locally straight. The
kg integrals over each internal edge cancel out since they are computed
twice for each adjoining triangle, but in opposite directions; hence, they
cancel out. The boundary dS can consist of several disconnected closed
curves 9S,,, oriented such that 7 x &, points towards S.

To further reduce (14.78e), let E; be the number of internal edges, and
E}, the number of edges on the boundary dS. On the closed boundary
dS, Ey = V. For a single triangle FF = 1, E; = 0, E}, = 3. For two
triangles, joined along one edge, F' = 2, E; = 1, and E, = 4. Adding
another vertex and thus one edge on the boundary together with an
internal edge to that new vertex adds one triangle, so (F, F;, Ep) —
(F+1,E;+1,E, +1). Adding one vertex in the middle of one of those
triangles adds three faces and three internal edges, etc. (Fig. 14.11).
Thus, we have

3F =2E;, + E.

Then with V=V, +V,, E = E; + E}, and V}, = Ej, we obtain
2Vi+ V- F=2(V+F—EFE) =2y,

where x = V 4+ F — E is the Euler characteristic of the surface. It is
an invariant, independent of the number of triangles. For a sphere, four
vertices with four triangles and six edges provide a nice partition (the
vertices of a regular tetrahedron, for example); hence, V + F — E = 2.
Adding one vertex inside a triangle adds three edges and three triangles,
minus onr that was partitioned; hence, V + F — E = 2 still. For a sphere
with a hole, one triangle is missing; thus, V 4+ F — FE = 1. For a cylinder,
or a torus, two triangles are missing; hence, V + F — E = (. Since
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&0 &9

=1,V,=3=E,,E;=3,F=3 Vi=0V,=6=E,,FE;=6,F =6

Fig. 14.11 Vertices, Edges and Faces examples.

x =V + F — F is also invariant when we remove one edge, £ — F — 1,
and thus one face, F' — F'—1, this implies that we can mix triangles with
quadrilaterals and any surface polygonal section in our partitioning of S
to determine the value of x = V 4+ F' — E. The Gauss—Bonnet theorem
(14.78e) in its more general form thus reads

/ K dA =2nx(S) — §1§ Kgds, (14.78f)
s as

where

XS)=V+F—E (14.79)

is the Euler characteristic of the surface. The boundary, or boundaries,
should be oriented such that 7 x £ points toward S, where & is the unit
tangent to the boundary, and boundary corners can be handled as for a
triangle (14.78c) through the x, integral in the limit of vanishing arcs
rounding out the corners.

One remarkable consequence of (14.78f) is that for a surface without
boundary, such as a whole sphere or a whole torus,

/ K dA =27x(S),
s

so that integral is a topological invariant, it equals 47 for any closed
surface that can be smoothly deformed to a sphere, and 0 for any surface
that can be smoothly deformed to a torus, for example.

14.10 Swurface tension and mean curvature

Interfaces between air and water, and soap films, are physical examples
of surfaces. Those surfaces are the 2D equivalent of strings; they do
not resist bending, twisting, or shearing, but can transmit tensile forces.
Surface tension v > 0 is a scalar quantity with units of force per unit
length. It is the 2D equivalent of pressure p, but while pressure pro-
vides a compressive force, surface tension provides an extensional force,
tangent to the surface.

In static equilibrium, the net surface tension force on the closed curve
boundary C of an arbitrary surface patch S must balance the net external

ydr X 7
_____ C
- \\
n \
I
L7 dr dr
/
// n
1 -
\ .7
\ _-7 R
Sl -7 ydr xn

Fig. 14.12 Surface tension force
around a patch with boundary C.
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Fig. 14.13 Surface tension v around a
triangular element.

force on the patch; thus (Fig. 14.12),

§£vdr X L+ / fdA =0, (14.80a)
c s

where f is the external force per unit area acting on the surface element
of area dA, a pressure force for example, and the curve boundary C = 9S
is oriented counterclockwise around the unit surface normal 7. The line
element along the curve boundary is dr and « and n vary along the
boundary (that is, 7 is “inside” the integral in (14.80a)).

The line integral in (14.80a) can be turned into an integral over the
patch after parametrization of S : r(u,v) with (u,v) € U, such that
dr = 0yrdu+ 0yrdv, \/gn = Oyr x Oyr and dA = |/gdudv (14.28¢c).
Using Green’s theorem (13.31c), the line integral in (14.80a) becomes

ygydr X = % v (Oyr du + 0y dv) X 71
c au
= // (On, (YOur X 1) + Oy (Y72 X Oy1)) dudv,
u

and (14.80a) reads

//M (au (Y0y1 X 71) + By (it X D) + f\/ﬁ) dudv =0.  (14.80b)

Since this holds for any subpatch ¢ of the entire surface, the integrand
must vanish everywhere, yielding the partial differential equation

Oy (Opr x Y1) + 0y (YR X Our) + /g F =0, (14.81a)
which reduces to
O0pT X Oy (Y1) + 0y (Y1) X Our + /g f =0, (14.81b)

since 0,0,7 = 0,0,T.

This equation can also be derived without explicit reference to Green’s
theorem by considering a triangular coordinate element with vertices
at r(u,v), r(u + du,v), r(u,v + dv) (Fig. 14.13). Balance of tension
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and surface forces for that element of area dA = 1|97 x 9,r|dudv =
%\/gdudv reads

Yudry X Toy, + ydr X 1 — y,dr, X 71y, + %f\/ﬁdudv =0,

where the y7’s are evaluated at the midpoints of each corresponding

segment (by the midpoint or trapezoidal rules).'® Substituting dr = !SFor example, with N £ v,
dr, — dr, and rearranging gives Nu = N(u+ du/2,v)
dr, x (Yo — v 7y,) + (YR — yuTy) X dry, + %f\/gdudv =0, or

1
Ny =-(N 3 N d ) .
yielding (14.81b) since yA—, 7, = £dudy,(YR), yA—7, Ty, = $dv Oy (YR), g (N(w:0) + N(udu,v))

and dr,, = dud,r, dr, = dvd,r.

Balancing pressure

If the force f is purely normal to the surface, as the net pressure force on
the surface of a bubble, for example, with f = 72 Ap, where Ap = p_—p,
is the pressure difference across the surface in the direction of 7, then
dotting (14.81b) with 9,7 and 9,r, using a X b-¢c = b x ¢+ a and
Oy X Opr = /g N, yields

Oyt + O X Oy (YR) = /g - Oy (yR) = /g Oy =0, (14.82a)
Oy + Oy (Y1) X Oy = /g T+ Oy(y1) = /90y =0, (14.82b)

since 7v - 9L = 0. Thus, the surface tension v must be constant along
the surface. Dotting (14.81b) with 7 now, using the contravariant basis
(14.15) such that \/ga" = 0,7 x 7 and \/ga’ = f x O,r, yields the
Young—Laplace equation

py —p—=—y(a*-On+a’-0,n)=—V-n=2H~, (14.82c)

where 2H = K1 + Ko is the sum of the principal curvatures (14.72). The
mean curvature H is negative if 72 diverges, in which case the pressure p
on the 7 side of the surface is py < p_, and vice versa. For a spherical
bubble of radius R, the principal curvatures are k1 = k2 = —1/R; then,
(14.82c¢) yields p1 —p_ = —29/R < 0, as the pressure jump from inside
to outside the bubble.

Minimizing area

If the force acting on the surface is negligible, then the force balance
equation (14.81b) reduces to zero mean curvature, (14.82c)

~V.-A=2H=0. (14.83)

This equation implies that the surface minimizes surface area. Indeed,
the total area of surface S : (u,v) € U — r(u,v) € E3 is

A= // |Our % Oyr| dudv.
u
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A neighboring surface with the same boundary 0S has the parametriza-
tion

S (u,v) €U = ' (u,v) = r(u,v) + ealu, v)h(u,v), (14.84)

where a(u,v) is an arbitrary smooth function with max|a(u,v)| = 1
that vanishes at the boundary, € is an arbitrary small real parameter,
and 7(u,v) is the unit normal to the surface S. Tangent perturbations
of r(u,v) do not change the surface, only the parametrization, to first
order in €. We are interested in the variation of the surface area to first
order in e. We have

Oy’ X Oy’ = (Oyr + €0y (an)) x (07 + €0, (aR))
= (Our X Oy7) + €(0yr x 0y (ah) + Dy (at) x D7) + O(€%),

where O(€?) are terms of order €% or higher. Then the dot product of
that vector with itself yields

10,7 % 0ur!|” = |0ur X Dyr|?
+2€ay/g (R + Our x Oy + R+ Oy x Oyr) + O(€%)
=g +2eag (a" -0y +a’ - O,n) + O(€?)
=g+2cagV -+ 0(e?),
because 0,1 x 9,7 = /g7 so the terms proportional to d,a and 9,a
drop out in the dot product.Then \/ga* = 0,7 x 1, \/ga® = f x 7

and (14.72) have been used. Now since (1 4 2ea)'/? = 1+ ea + O(€?),
the surface area as a function of € is then

A(e) = A(0) + 6//1,{ a(u,v) V - 7 /g dudv + O(€?) (14.85)

and the surface & minimizes area if dA(e)/de = 0 at € = 0. Since this
must be true for any choice of perturbation a(u,v), the minimal surface
must have zero mean curvature (14.72),

V-a=a"-0,f+a"-0,n=—-2H=0. (14.86)

Thus, V - 72 = 0 for a surface of zero mean curvature. If the surface is
represented implicitly as a level set of a scalar field, f(r) = 0 say, then
its unit normal 7o is the normalized gradient

VI
VI

N =

(14.87)

Finding a surface of zero mean curvature then involves finding a scalar
field f(7) that solves the nonlinear partial differential equation

V. (;jﬁ) =0, (14.88)

with f(7(t)) = 0 on the prescribed boundary curve r(¢).
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The original example of a minimal surface is the catenoid, a surface
of revolution (Fig. 14.14),

(¢, 2) = p(2) plp) + 22, (14.89)

where p = acosh(z/a) is a catenary curve (12.73), with p(¢) = cos p X+
sinp¥. Indeed, for such surface of revolution (14.109),

1 d p

B p(dp/dz) d= 1+ (dp/dz)? ’

V.-n=-2H

and this is a minimal surface if V-f = 0, that is, if p?> = a?(1+(dp/d2)?),
where a is an arbitrary positive constant. This yields a separable first-
order differential equation that is readily integrated to obtain

Fig. 14.14 The catenoid, the only

smooth minimal surface of revolution.
dp—i,/pz 1= p=acosh’ (14.90)
dz a? P= a’ '
and the catenoid is the only smooth surface of revolution with zero mean

curvature.

The problem of minimal surfaces, named Plateau’s problem after Joseph
Plateau (1801-1883), who formulated the laws governing the structures
of soap films and their intersections, has been an active research area
in mathematics, beautifully illustrated and motivated by soap films and
bubbles.!6  Figure 14.15 shows the helicoid (13.40), another example of
a minimal surface.

Fig. 14.15 The helicoid (13.40) is alsc
a minimal surface.

16F. J. Almgren and J. E. Taylor, The Geometry of Soap Films and Soap Bubbles, Scientific American, 235, (1976), 82-93.
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Exercises

(14.1) Given two nonparallel unit vectors @1, @2, define  (14.2) Show how (14.24) follows from (14.16) and

a1 X G2 = nisinf and

~2

A1l ~ ~
a a’=nxai.

:dzxﬁ,

Let (a1, a2) be the parallel projections of an ar-

(14.23); then, with g S g11922 — g12921, obtain

11 12

g g 1] g2 —gi12
= - . 14.92

[921 gzz] p {*gm g11 } ( )

bitrary vector v in the (@1, @z) subspace, and  (14.3) Let a; £ 9;r and Vg7 = a1 X az, as in (14.28b).
(B1, B2) its perpendicular projections onto @1, @2, Show that
respectively (Fig. 14.16). B X Oir = /g €is o (14.93)
That is v X O1r = \/§a2 and 7 X 0o = f\/§a1.
(14.4) For a surface parametrized as z = f(z,y) in
cartesian coordinates x,y, z, show that the co-
variant and contravariant bases are
a1 =X+ 2z, ax =¥+ 2z,
ol = R(1+2]) — 202y § + 220
o 1422+ 22 ’
o — —Rzgzy +§(1+ 22) + 22,
14 22 4 22 ’
where 2, = 0z/0x, 2y = 0z/0y. Verify that
a;-a’ =46
Fig. 14.1'6 Geometric interpreta?ion of covariant and (14.5) For a surface z = f(x,y) in cartesian coordinates
contravariant components (exercise 14.1). x,Y, z, show that the first fundamental form and
the metrics are
Show geometrically that ds® = (14 22) da® + 22,2, dedy + (1 + 27) dy?,
2
V=101 + az02 = .Bl a' + .52 a’. G = 1+ 2z ZzZyQ
sin 0 sin 0 Zozy 14227
In terms of covariant and contravariant bases 1 1 5
(14.15), with @1 = /911 61 and a2 = /g22 G2, (;71 = 1272 |:_+ Zy 1_»—?:52'32;:|
show that these read Tz tzy [TEedy e
o a2 (14.6) For a surface z = f(x,y) in cartesian coordinates
= 1 2 x,y,z, use the previous two problems to verif
Vo V922 (14.91) f(;ryn’m’la (14.23) prev wor Ve
= B1v/911 a' + P2/922 a’. o
(14.7) A surface of revolution is given as p(t), z(t) in

This provides geometric interpretations for con-
travariant and covariant components of a vector

1 2 1 2
v=va +va2=via +v2a’.

The contravariant components (v',v?) =

cylindrical coordinates (p, ¢, z) (10.14). Find the
position vector 7 (i, t); then show that the covari-
ant and contravariant basis vectors and the unit
normal read, with p = dp/dt, 2 = dz/dt,

: . a¢:p¢7 at:pﬁ"'éz:
(o1 /+/911, 012/\./922) are inversely proportional 5 . pptia (14.94)
to the magnitudes |ai| = /g11, |az2| = a? =T, =,
/922, while the covariant components (v1,v2) = p etz
(B1+/g11, B2+/g22) are proportional to those mag- A= 2p — pz

nitudes.



(14.8)

(14.9)

(14.10)

(14.11)

(14.12)

(14.13)

(14.14)

(14.15)

Find the metrics and show that the first funda-
mental form

ds® = p*dp® + (p° + 2°) dt*. (14.95)

Show that meridians (¢ fixed) are geodesics, but
parallels (¢ fixed) are not, in general.

Expand the formula (14.35), for each index and
all sums explicitly.

Show that u'-coordinate curves, along which u!
varies but ©? is constant, are geodesics if

o1 = Fhal’f' + b = F%l =0.

Similarly, u2-coordinate curves are geodesics if
1
F22 - 0

Show that the acceleration # of a particle moving
on a surface r(u', u?) is

= (u n u'ju’“r§k) Bur +4'i’ by, (14.96)

Thus, a particle of mass m moving freely along
the surface follows geodesics and experiences a
force F = m~ 44" b;;7 that keeps it on the sur-
face.

Verify formula (14.41). Derive general formula
(1443) for ka

Calculate the metric and show that the Christof-
fel symbols are all 0 for the cylinder

r(p,z) = R(Xcosp+§sing)+22z = Rp(p) + 22.
Show that helices

r(t) = R(kcoswt + §sinwt) + at z
are geodesics for the cylinder

r(u,v) = R(Xcosu + §sinu) + v 2,

for any constant a and w.

Compute the three second derivatives 0;0;r
for spherical coordinates (6,¢) from (10.23) or
(13.5); then project (14.5) onto the tangent
vectors (13.16) to verify the geodesic equations
(14.48).

Derive the geodesic equations (14.48) for the
sphere in spherical coordinates from the Euler—
Lagrange equations (14.58).

"Historically called isothermal coordinates.

(14.16)

(14.17)

(14.18)

(14.19)

(14.20)

FExercises 22¢

Show that

1 Li g R 1 Li.j .k

3 qp (9 W) = gi@a" + 5 (Okgij)u"i’u”,
where gi; = g;i = ¢ij(u',...,u"), and con-

clude that (14.59) conserves g;;u'a’ (Hint: re-
name dummy indices.) From a mechanical point
of view, this is conservation of kinetic energy for
a particle of constant mass m moving under the
sole action of a normal force keeping the particle
on the surface.

Show that (14.57), with K = g, u'a™, yields

o .j.k_gijuj%
(Ougyn) i = 9 A

Since solutions of (14.59) conserve K, as showr
in the previous problem, conclude that those are
solutions of (14.57) also. The converse is not true
since there are solutions of (14.57) for which K is
not constant. For geodesics on a sphere, for ex-
ample, p(t) = vo, 0(t) = wot is a solution of the
geodesic equations (14.48), with constant speed
but () = @o, 0(t) = at? is not a solution of the
geodesic equations. It is the same curve, but the
speed is not constant.

- 1
g’ + (Opgiy )i v — o

Show that another way to justify passing fron
(14.57) to (14.58) is to divide both sides o
(14.57) by $(t) = Vgmu!a™ > 0 and change
variable ¢ — s such that ds = \/gimata™ dt; ther
(14.57) becomes (14.58) with s in place of ¢, anc
du/ds in place of @ = du/dt.

For orthogonal coordinates, the metric is diag:
onal g;; = oir - aj’f' = 0 if ¢ # j. Revert
to classic notation (u',u?) = (u,v) and define
the metric (or Lamé) coefficients h, = |0r/du]
hy, = |0r/0v| such that the first fundamenta
form (14.27)

ds® = hi du® + k2 dv”.
Show that the geodesic equations reduce to

hu%(huu) = —0 (Wdshi — VA7) /2,

o S (o) = 1 (4 012 — 50,13) /2,
(14.97
and that (h.w)? 4 (ho0)? is conserved by these
equations. Apply these to the sphere 7(0, ¢
(13.5) to obtain (14.48).

Investigate geodesics for a torus (13.41).
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(14.21)

(14.22)

(14.23)

(14.24)

(14.25)

(14.26)

Conformal coordinates'” have 9;r - ojr = h25ij.
Revert to classic notation (u',u?) = (u,v) so that
the first fundamental form (14.27)

ds® = h? (du® + dv?),
where h = |Our| = |0ur| = f(u,v), in general,

with 0,7 - 9,7 = 0. Show that the geodesic equa-
tions (14.58) reduce to

{ d(hi)/dt = —0 (wdyh — © 8uh), (14.98)

A(ho)/dt = i (@doh — © Ouh) .

Show that for a sphere of radius r in Mercator
coordinates (p,v) (13.14)

T'2

ds® = (de® + dv?),

cosh? v

and that the geodesic equations are

» = 2¢p0v tanh v,

a0y
dt \coshv ) —

Multiplying the first by ¢ yields (¢)? = C cosh® v.

(14.99)

.o sinhv

cosh? v

Express the constants b and ¢ in (14.50) in terms
of (i) initial conditions (0o, po) with (d0/dp)o =
ao, and (ii) boundary conditions (6o, o) and
(01, 1).

Let (fa,pa) be the spherical coordinates of a
point A on a sphere centered at O. The geodesics
through A are simply the meridians of the spheri-
cal coordinates with (O, A) as the polar axis. Let
(u,v) be the spherical coordinates with respect
to those axes. Use your knowledge of orthogo-
nal transformations (Chapter 8) to find paramet-
ric equations for the geodesics through A in the
(8, ¢) plane. Compare graphically with (14.50).

Show that the Euler-Lagrange equation (14.55)
remains unchanged if the integrand L = L(u, @, t)
is an explicit function of ¢ in the functional F
(14.52).

Show that if L = L(u,u) is not an explicit
function of ¢; then the Euler-Lagrange equation
(14.55) can be written as

d (.0L
&(’UA%—L)—(L

and thus w0L/0u — L = constant.

(14.100)

(14.27)

(14.28)

(14.29)

Show that if L = L(u',u?, ..., 4", 4>, ...) is not
an explicit function of ¢; then the Euler—Lagrange
equations (14.56) yield (with sum over %)

d (.iOL_L>:O.

at \" ou

Show that when L = aijﬁiuj —V where a;; = ajs,
with a;; and V' functions of the v* but not u’“,
this conserved quantity is E = a;ju‘e’ + V. In
Lagrangian mechanics, this is the total energy
of the system. If L = f(x) where 2 = g;;u'a’
with gi; = gj; functions of u* but not 4*, show
that this is conservation of 2xdf/dx — f. For
f(x) = «P this is conservation of (2p — 1)x?.

Brachistochrone.  (Fig. 14.18) A particle start-
ing from rest slides without friction under the
action of gravity g, dropping by height H in hor-
izontal distance L. Find the slide shape that
minimizes the travel time T (12.67). In carte-
sian coordinates (Hz, Hy), so = and y are non-
dimensional, with y pointing downward in the di-
rection of gravity and ¢ = dz/dy, show that

[2g /1 ViZ +1 /1 .
=T= ——dy = L(y,z, ) dy.
H 0 VY 0

This is (14.52) with (¢,u,u) — (y,z, ).
Show that the Euler-Lagrange equation yields

(14.101)

dz
& ek
dy f(ky),
for some function f to be determined, and con-
stant k. Use the substitution ky = sin?(0/2) =
(1 —cos®)/2 to obtain

z=R(#—sinf), y=R(1—cosh), (14.102)
that is, the equation of a cycloid, corresponding
to the position of a point on a circle of radius
R = (2k)™! rolling along the z-axis. The end
point x = L/H at y = 1, yields

1 L _01*Si1’101

R = (14.103)

- 1—cosf’ 1—cosb,’

where the latter is an increasing function from
0 — oo in 61 = 0 — 2m, so there is a unique
01 for any 0 < L/H < oco. Note that this solu-
tion assumed = = z(y), yet for §; > m, that is,
L/H > m/2, it yields a multivalued xz(y).

Brachistochrone 2. (Fig. 14.18) Repeat the previ-
ous problem with = as the independent variable



(14.30)

(14.31)

instead of y. Show that the travel time is now

given by
/@T:/”H Vity
H 0 \/ﬂ

L/H
- / L.y, 9) da
0

with § = dy/dz. This is (14.52) with (¢, u,u) —
(x,y,9). Show that (14.55) yields 2yij+ 5> = —1.
Since L(y, y) does not depend on x explicitly, we
can use (14.100). Show that y = F(ky); then in-
tegrate that separable ODE using ky = sin®(6/2).

Brachistochrone 3. Find the curve of the previ-
ous problems using a parametrization (z(t), y(t)),
where ¢t = 0 — 1 is a nondimensional time param-
eter, so the actual time is t. = tT, where T is
the total travel time. Show that the travel time
is now given by

Vi)

and this is in the form of (14.51) with ( u?)
(z,y) and gij = y~'dy;. Use (w + 9 )/y =
constant along the shortest time curve, as in
(14.57), then use (14.58) to show that #/y =
D is constant; thus, ¢2 = Cy — D?*y?®. This
yields a separable ODE for y(¢) that can be inte-
grated by completing the square, using the sub-
stitution u = 2D2y/C — 1, and the well-known
du/v/1 —u? = d(arccosu). Find z(t), y(t), and

the constants of integration.

m2+y

Q |l

Show that the planar, simple (=non-self inter-
secting) closed curve of length £ that maximizes
the enclosed area A is a circle. Assuming coun-
terclockwise orientation, recall why the area A
and length £ are given by the integrals

1
c :/ Va2 + g2 dt.
0

In deriving the FEuler-Lagrange equations
(14.56), a boundary term arises but vanishes
when the end points are fixed. Explain what
happens to the boundary term in this problem.
Solve the problem using a Lagrange multiplier A
by optimizing the functional

1
}':A—/\E:/ (xyfygbf/\\/j:QerQ)dt.
0

Since 0;L = ¢ and 9,L = —i, both equations
(14.56) are readily integrated.

1
A= [ i - yi)at,
0

(14.32)

(14.33)

(14.34)

(14.35)

(14.36)

(14.37)

(14.38)
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Show the steps in the derivation of the eigenvalue
problem (14.66), (i) using explicit expansions o:
the sums in the definition of x that consist of only
three terms in 2D, and (ii) using index notatior
that applies to any dimension.

Fill in and justify the steps in the derivation o
(14.69d) and (14.69c).

Use (14.73) to prove that if every point of a sur-
face is an umbilic, then x is a constant, and the
surface must be a plane or a sphere.

A smooth surface can be locally parametrized us-

ing cartesian coordinates with Z in the surface
normal direction, Z = 7, as

az® +2bxy +cy’ +(--)

el o]+ e

where (---) are terms that go to zero with z anc
y faster than quadratically (by Taylor series ex-
pansion). Calculate the metric g;;, the curvic
bij, then the mean, Gaussian, and principal cur-
vatures k1, k2 for that surface at (x,y) = (0,0)
where a, b, c are arbitrary real constants.

z

If the mean and Gaussian curvatures are H anc
K, respectively, show that the principal curva-
tures are the solutions of K —2Hk+ K = 0, that
is,

K1=H+\/H2—K, ko = H —

and that umbilics are points where H? =

vVH? - K,

K.

For a surface parametrized by z = f(x,y) where
x,y,z are cartesian coordinates, show that the

metric G = [g;;] and the curvic B = [b;;] are
1+ zi ZzZy
G= 2>
ZaZy 142z,
(14.104
B— 1 [zm zzy}
V1+22 422 |Fay Zyy ’

with z, = 9.2, etc, and that the mean H anc
Gaussian K curvatures are given by

220 2y Zay + (14 22) 24y
)3/2 ?

1+ zi)zm -
(1 + 22 + zg
2
K= i T fay (14.105'
(1+ 22+ 22)

2H =

A surface is parametrized as r(u,v) = z(u,v)X+
y(u,v)§ + z(u,v)z € E®, where X, ¥, % are the
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(14.39)

(14.40)

usual fixed cartesian basis vectors, with (u,v) €
R2. Following Gauss, define

n=AX+ By + Cz = 0,7 X 0,7,
D=mn-9,0.r, D' =n-08,0,r, D" =n-08,0,r,
E =0ur - 0ur, F = 0ur-0yr, G=0,7r-0,r.
Show that A2+ B2+ C? = EG — F? and that the
mean H and Gaussian K curvatures are given by
17 _ /
9 — GD + ED 2FD 7
(EG — F2)3/2
DD// _ (Dl)2

(A2 B2 4 C2)2°
A surface is parametrized as r(u,v) € E* with
(u,v) € R% Let
n = (Our X OuT) = /g,
L=m%-0,0ur, M =%-0,0,7, N="m-0,0,7,
E=0ur-0ur, F=0ur 0,1, G=0,r-:0,r.
Show that ¢ = EG — F? and that the mean H
and Gaussian K curvatures are given by

GL+ EN —2FM

(14.106)
K =

2H =
EG-F2
N (14.107)
K="""""_
EG — F?

A surface of revolution is parametrized as
r(e,t) = p(t)p(e) + z(¢)z in cylindrical coor-
dinates (p, ¢, z) (10.14). Show that the met-
ric G = [gs;] and the curvic B = [b;;], where
gi; = air . 8j'f’ and bLJ =7 - 81-83-1", are, with
p=dp/dt, 2 =dz/dt,

P’ 0

6= {o P+ 22} ’

B_ 1 —pz 0

/52 + 32 0 pz — pz|’
so that the mean H and Gaussian K curvatures
are given by

iy — P = ) = 2% + )
p(p? + 22)3/2
NEETT)
P57+ )
Find the principal curvatures and show that the
coordinate curves are lines of curvature (that is,
everywhere tangent to the principal curvature di-
rections). Show that the expression for the mean
curvature in (14.108) can be reduced to

)

(14.108)

(14.109)

a0 A
dt — dt \ \/p2+22)°

(14.41)
(14.42)

(14.43)

(14.44)

(14.45)

(14.46)

(14.47)

(14.48)

(14.49)

Find the principal curvatures for a circular cylin-
der r(p,z) = Rp(p) + 22.
Find the principal curvatures for a cone 7(p, z) =
azp(p) + 2z (a constant).

Calculate the metric g;; and the curvic b;; for the
torus parametrization (13.41). Find the mean,
Gaussian, and principal curvatures. Where does
the Gaussian curvature vanish on that surface?

Consider the ellipsoid
r(u,v) = aX cosucosv + by sinu cosv + cZsinwv,

with X,¥,Z a cartesian basis, and a, b, c real and
positive. Find the mean and Gaussian curva-
tures. Find the equations that locate the um-
bilics.

Consider the hyperboloid
r(u, v) = aX cos u cosh v+by sin u cosh v+cZ sinh v,

with X,¥,Z a cartesian basis, and a, b, ¢ real and
positive. Find the mean and Gaussian curva-
tures.

Fill in and justify the steps to derive (14.82) from
(14.81b).

From the Gauss (14.39) and Weingarten (14.64a)
formulas

&ajr = 8iaj = (93'(11' = Ffjak + bij’fl, (14.110&)
8iﬁ = —bijaj = —bijgjkak, (14.110b)

together with a; - a’ = 5{ and - a’ = 0, show
that

dia’ = T, a" + byg" 7. (14.110c)

For \/g = a1 X a2 - v = J, as defined in (14.15),
(14.28b), show that

0i/g =T g = (T +T%) Vg,
dig = 2gT%,. (14.111)

An arbitrary vector field v(u', u?) tangent to the
surface can be expanded in terms of the local
covariant {a1, a2} = {017,021} or contravariant
bases {a',a®} as

k k
V=0V ap = vga .



(14.50)

The covariant derivatives of v are its surface co-

ordinate derivatives O;v projected onto the sur-

face bases. Show that
Viv'2a'- 9

Vj’l)i

A = o +Fi’“v T (14.112)
= a; -8jv :8]»1)1» 71—‘”-1))@.
In particular, if the rate of change of a vector v is
only perpendicular to the surface (that is, parallel
transport of v), such as if v is the unit tangent to
a geodesic, then 9;v° # 0 # 0;v; in general, but
v‘ﬂ)i =0= v‘ﬂ)i.

For a tensor T = Tijaiaj = Tijaiaj, we have
similarly

VkTij 4 ai . (8kT) . aj
= OhTY + T3, TV +T9,T", (14.113)
ViTi; 2 a; - (O:T) - a; .

=0Ty — Fém'le - chjTil'

Use this and (14.42) to show that the covariant
derivatives of the metrics vanish

Vigi; = 0= Vig". (14.114)

This also follows from
gija'a’ = a;a’" =P =a'a; = g”a;a;,
where
1 2 1 2 N
P=aia +aa”=a a1 +a’ax=Z —nn

is the projector onto the tangent plane, perpen-
dicular to 7, and Z is the identity tensor, such
that P - v = v, Vv tangent to the surface; thus,
a;-OxP-aj=0=a"-0,P-a’.

In spherical coordinates (u',u?) = (8, ¢), the co-

variant and contravariant bases are, respectively,
(13.16)

(ag,ay) = (g7, B,r) = (r 0, rsinega) ,
(a’,a%) = (a, x A, 7 x ag) /]

(é/r7 @/ (rsin 0)) ,

with unit outward normal n = # and J =
a1 X as-f = r’sinf = V9 (14.15). An arbi-
trary tangent vector field v(P) can be expanded
with either bases as

0 0
v=20" 0T +v¥ 0pr =voa +v,a”.

(14.51)

(14.52)

(14.53)

FExercises 23:

Verify ab initio using (10.24) that

Opv = i + (891)9) Ogr
+ (09v? + v¥ cot 0) Dy,
v = —v¥rsin® 0 7

+ (3(/;1)9 — v¥ sin 0 cos 0) O

(14.115

+ (UG cot 6 + &va) Opr.

Compare with (14.112) using (14.47). Show that
if the tangent vector v is parallel transportec
along meridians (9pv || #), then v maintains con-
stant angle with @ (and @), but when paralle
transported along parallels (0, v || #) then

P v’ _ 0 cos v’
?|v?sin@|  |—cosf 0 v¥sinf|’

such that v rotates about # at rate — cos 6 witl
respect to 6, ¢ in the tangent plane. In this par-
allel transport case, show that

D0 =2 X v —cosOF X v=—sinf0 x v.
Show that
Eij3 (8181’?) . (83'821”’) = eij38il“1j2 = Eij3aj1—‘2i1

and deduce another expression for g K in (14.75)
Show that for any differentiable vector a, b anc
scalar 8 functions of some variables, with 0 in-
dicating derivative with respect to one of those
variables,

a-a=1= a-0ka=0,

(14.116
a-b=0= a-0;(8b)=La-db.

Let a; = 0;r and a; = a;/|a;|, where r(u', u?) =
r(u,v) parametrizes a surface, and 9; = 9/0u’
Use (14.116) and (14.23), or (14.110c), together
with (14.62), to show that for the orthonorma
frame {@1,a> = x a1,7n} (Fig. 14.17)

diay = (&%

then
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(14.54)

(14.55)

(14.56)

(14.57)

Next, using €®bjbjy = 0 and ¢*2 = g11/g
(14.92), show that

ij3 bi1 bjlc ng
/911 /g22
_ 3 b bje 9%
/911 /g22
Then, using €939;0;, = 0, deduce equation
(14.76). Repeating this calculation with the or-

thonormal frame {&', @2, 7} yields the alternate
formula

17 ~ ~2
62]38,'0,1 . 8]-0, = €

K\/g=201(a"-02a2) — 2 (&' - 01a2).

Verify (14.76) for a sphere of radius R with
(u',u?) = (0,¢) and K = 1/R? a1 = 0, &> = ¢.
Show that (14.77) is incorrect for a spherical cap
bounded by the parallel at § = 61 on a sphere
of radius R for which K = 1/R? &, = 0,
a? = @. This is because of the spherical coordi-
nate singularity at the poles. Show that (14.77)
is correct for a spherical annulus with polar angle
0 <6y <0 <60, <m, and two boundary curves
080, 051. Show that the limit 6y — 0 gives the
correct result for the annulus area.

Show that (14.78b) gives the correct result for a
spherical cap 0 < ¢ < 2w, 0 < 6 < 6p. Dis-
cuss the x4 integral for 8y — 0, 6 = m/2 and
O — 7.

~1
a

Fig. 14.17 Orthonormal Darboux frames {a1, a2, 7}
and {a',a2,n}, based on coordinate tangents and
their reciprocals.

Let a; = 9;r and a; = a;/|a;|, where r(ul,u2) =
r(u,v) parametrizes a surface, and 9; = 9/0u’.
Consider the right-handed frames {a1, al=nx

(14.58)

(14.59)

a1,7} and {@' = @2 x A, @z, A}, with o the an-
gle between the coordinate curves, from a; to as
(Fig. 14.17). Show that the geodesic curvatures
(14.7b) of the coordinate curves are

. a’- 0141
gl = — —
\/911
(14.117a)
a' - 0o
Kgoa = ————(—.
g22

Then, writing {@1,a%} in terms of {&', @2}, show
that (14.76) yields Liouville’s Gaussian curvature
formula

K \/g = 618204
+ 02(Kg1y/g11) — O1(Kg2/G22)
Use (14.116), together with I'¥ (14.37) and
9" (14.92), to show that the geodesic curvatures

of the coordinate curves (14.117a) and the Gaus-
sian curvature K satisfy the equations

F2
Rgr = |2 211
gi1 gi1

(14.117D)

L (14.117¢c)
_ [ g Ta
Rg2 = = — —»
g22 g22
and
K \/§ = 618206
+ 82 (ﬁﬁl) + 0 <@r52> . (14.1174d)
g1 g22

From problem 14.53 and using (14.116), show
that

eijsaifll . ajd2 = 6”3((9]‘ (ﬁ Cl.2 . 8ia1>

g1
= 6”38] (£F51> 5
g1

and derive the following compact formula for the
Gaussian curvature K,

K5
_a, (@ﬁl) _a (@rg) . (14.118a)

g1 g11

Repeat the calculation for the basis {a', a2z, 7},
to obtain

K+/g
=0 (‘/—f%) — s <@r12) . (14.118b)

g2 g22



(14.60)

(14.61)

(14.62)

(14.63)

For orthogonal coordinates gi; = gi;ds; and g9 =
0% /gii (no sums over i), then (no sum over k)

1

L5 =g"" Tmij = Erkij- (14.119)

Use (14.42) to show that the Gaussian curvature
formula (14.117d) and (14.118a) reduce to

s (2 0 (%))
(14.120)

Check the K = 1/R? result for spherical coordi-
nates (0, ¢).

For conformal coordinates ¢;; = h25¢j, show that

the Gaussian curvature K in (14.120) reduces to

Liouville’s formula (Liouville 1850, p. 590)
K=-—

0101 —|—8282)ln h. (14.121)

1
72 (
Check the K = 1/R? result for Mercator coordi-
nates (13.14).

From the Gauss (14.39) and Weingarten (14.64a)
formulas, show that 91071 = 92017 implies the
compatibility equations

Oubh + b3 TE,, = OsbF +b7'TS,..  (14.122)

From the Gauss (14.39) and Weingarten formulas
(14.64a), show that

O (9:9;7) = (akrij + TP, — b,-jbfc) ar

n (Fﬁjbkz + akbi]-) A, (14.123)

(14.64)

(14.65)

FExercises 23

Then, from 0;0,0;r = 0,0;0;r, conclude that

0Ty, — akrf;j + F%Pém — FZTZm
= bl — bijbl, (14124

ajbik — akbi]’ -+ Fékbﬂ — Féjbkl =0. (14.125:
The second of these compatibility conditions are
the Mainardi—-Codazzi equations. The first one
brings out the Riemann curvature tensor

Rijie £ 0,0 — 015 + TG — T T

(14.126
Lowering the upper index ! through multiplica-
tion by the metric gm;, yields the covariant Rie:
mann curvature tensor

Rmije = gmlRéjky
in terms of which (14.124) reads

Rmijk = bikbjm — bijbkm. (14.127:
In particular, R2121 = b11b22—bi12b21 = b= det B
proving that Gaussian curvature K = b/g de
pends only on the metric, since Rﬁj  depends only
on the Christoffel symbols that depend only or
the metric (14.43).

Since b;; = bj;, deduce from (14.127) that
Ruijk = Rjkmi = —Rimjk = —Rmakj. (14.128

Show that (14.125) is trivially satisfied wher
j =k, and is equivalent to (14.122) when j # k
in which case (4, k) = (1,2) or (2,1) for a 2D sur-
face. Start from (14.125) and use b;r, = bj" gmpk-

Hy

Fig. 14.18 (Exercise 14.28) Brachistochrones for L/H corresponding to 61 = 7/3,2n /3, m, 4w /3 in (14.103).



Curvilinear Coordinates

15.1 Coordinates and dimensions

In 3D space, a curve C can be defined by two implicit equations, or
one explicit vector function 7(¢) that maps a point ¢ in an interval I =
(to,tf) C R to a point P on C C E3,

tel—PeC, OP=r(t).

The variable t is the coordinate of point P on that curve C in that
representation. A curve is a 1-dimensional space, its codimension is
3 —1 = 2, in 3D space. The codimension is the number of implicit
equations needed to define the subspace, and is the dimension of the
ambient space minus the number of coordinates of the subspace.

A surface S can be defined by one implicit equation, or explicitly by
a vector function r(u,v) that maps a point (u,v) in a subset U of R? to
a point P on the surface S C E3,

(u,v) eUd - P €S, O?:r(u,v)7

and (u,v) are the coordinates of point P on the surface S in that repre-
sentation. A surface is a 2-dimensional space; its codimension is 3—2 = 1
in 3D space.

A volume V), can be defined by inequalities, with bounding surfaces
that define a subset of E3, for example |r| < R is the sphere of radius
R centered at the origin O. A volume can be represented by an explicit
vector function 7 (u, v, w) of three variables (u,v,w) in a subset U of R3,

(u,v,w) eUd - P €V, O?:r(u,v,w).

The coordinates (u,v,w) are curvilinear in the sense that coordinate
curves are not straight lines, in general. A volume V is a 3-dimensional
subspace of 3D space; its codimension is 0. The word ‘volume’ is also
used for the measure V of that set; thus, the volume V of the set |r| < R
is §WR3, and a volume set as a nonzero volume measure.

Example 1 A tetrahedron is the space between four nonparallel planes.
Any point P inside the tetrahedron with vertices A, B,C,D can be
parametrized as (Fig. 15.1)

r=ras+uat+vb+wec, (15.1)

WithrA:WLa:ﬁ,b:ﬁ,c:@,andogwgvgugl.

15.1 Coordinates and
dimensions 231

15.2 Coordinate curves and

surfaces 23¢
15.3 Line, surface, and volume

elements 242
15.4 Inverse map 244
15.5 Volume integrals 24¢€
15.6 Change of coordinates 244
Exercises 254

A

Fig. 15.1 Tetrahedron.
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Fig. 15.2 Torus.

Fig. 15.3 Toroidal coordinates.

Example 2 A sphere of radius R centered at r. is bounded by one
closed surface, and has the implicit equation |[r — r.| < R. In cartesian
coordinates this translates into the implicit nequality

(2 — 20+ (y = 9o)? + (2 — 2)? < B, (15.2)
That sphere can be parametrized as
r=cX+yy+ 2z (15.3)

with x,y, z constrained by (15.2). A convenient parametrization for that
sphere is
r=1r.+ ssinf (Xcosp + §sinp) + z scos b, (15.4)

where s = |r — 7| is the distance to the center C of the sphere not to

the origin, # is the polar angle, ¢ is the azimuthal (or longitude) angle,
and the coordinate domain f is0 < s < R, 0<0 <7, 0< ¢ < 27.

Example 3 A torus is the set of points within a distance a of a circle

r=rc(p)
m@in |r —re(p)] < a.

For a circle of radius R centered at O in the zy plane, the torus is
parametrized in terms of (s,0,¢) as (Fig. 15.2)

r=(R+scosf)(kcosp+§siny)+zssinb, (15.5)
with0<s<a<R,0<60<2m0<p<2m.

Example 4 A torus can also be described by toroidal coordinates that
are bipolar coordinates (u,w) (7.14) in the (z, z) plane rotated by angle
v about the z-axis (Fig. 15.3) as

r=xX+yy+zz
R, . N o .
= 7(smhw(xcosv+ysmv) +zs1nu)
coshw — cosu

with R, = vV R2 — a2, and

(15.6)

L RAR.

—r<u<m, -—-w<ov<m sln w.
= Pl iy bl 2 R—R*i

If the torus is centered at C, with its equator in a plane perpendicular
to 7, it suffices to add r. to (15.5) or (15.6), and replace X,¥,Z by an
orthonormal basis a, b, no.

Example 5 An ellipsoid can be parametrized using non-orthogonal co-
ordinates (15.63), akin to spherical coordinates, or with orthogonal el-
lipsoidal coordinates corresponding to the three real roots t = (u, v, w)

of the equation
2 2 2
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15.2 Coordinate curves and surfaces

A volume parametrization r(u,v,w) includes a triple set of coordinate
curves, one curve for every fixed (u,v) whose tangent is dr /0w, for ex-
ample. The same r(u, v, w) defines a triple set of surfaces, one surface for
every fixed w with tangent planes defined by dr/0u and dr/0v, and nor-
mal N, = 0r/0u x dr/dv, for example (Fig. 15.4). The parametriza-
tion r(u, v, w) is assumed sufficiently smooth, at least twice continuously
differentiable (C?) so the second partial derivatives commute.
At any point 7(u, v, w), there are three coordinate curve tangents,

or or or

—_— =, — 15.
ou’ Ov  Ow (15.7)
and three coordinate surface normals
or Or or Or or Or
Nu’l):i a vw — A ~ quzi - 1.
8u><8v 3UX8w 8wX8u (15.8)
The Jacobian determinant, or simply Jacobian,
or Or Or
= — X — +— 15.
d ou % ov ow’ (15.9)

determines whether the coordinates are a locally valid parametrization
of 3D space. The Jacobian is the dot product of a tangent vector with
its corresponding surface normal

J:Nuv’%:va'%:qu°%a

as follows from the cyclic property of the mixed product axb-c = bxc-a.

If J = 0, then the tangent vectors are locally in the same plane, and
the coordinates are singular at that point. That can happen at some
limit points, or limit curves, but J certainly cannot be zero everywhere;
otherwise, we do not have a volume parametrization, and J should not
change sign, since that would correspond to the volume being turned
inside out. The coordinate ordering (u,v,w) defines the sign of the
Jacobian and right-handed ordering has J > 0. Some examples are
discussed later in this section.

A vector function F' of position r (a vector field, F(r)) can be ex-
panded in terms of either the coordinate tangents or surface normals

as
1 or\ or Or
(F‘m)mxm+"'

Lo or\or,
Oov  Ow/ Ou ’

(15.10)

where the dots (---) stand for two similar terms obtained by cyclic
permutation of (u,v,w). The components in one basis are obtained by
projecting onto the other and dividing by the Jacobian.

or /0w

w

Fig. 15.4 w isosurface with tangents
Or/Ou, Or/0v and normal N .
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g 1=,
i 0 if i # j.

laka Lamé coefficients, after Gabriel
Lamé, “Mémoire sur les coor-
données curvilignes,”  Journal de
mathématiques pures et appliquées, 5,
(1840), 313-347, although what Lamé
called h is here 1/h.

Tangents and normals bases

In Ricci index notation with (u,v,w) = (u!,u?,u3) and 9;r = dr/ou’,

the coordinate tangent vectors define the covariant basis

The coordinate surface normals INj, = 0;7 X Oy = a; X aj, such
that a; - N j, = €;;1J, yield the contravariant basis when normalized by
J = a; X as-as,

N N N
alz%, a’ = (}317 a’ = JIQ, (15.12a)
with a® x a? - a® = J~!. In Ricci index notation
. N,
a' = GUk L R d Nij = Jeijk ak, (1512b)

2J

where the factor of 2 arises from the sums over j, k that contribute two
equal terms.
These bases are biorthogonal, that is,

a;-a’ =§, (15.13a)
but not orthonormal themselves, and
gij = a; - a;, a'-al = g9 (15.13b)
are the metrics of both bases such that
a; = g;;a’, a' =ga;. (15.13c¢)

The metrics are symmetric, positive definite matrices and inverses of
each other (14.23), ‘ ‘ ‘
girg" =8 = "% grs. (15.13d)

Orthogonal coordinates

The coordinates are orthogonal if their tangent vectors are orthogonal
at every point

ai’l“ . 8jr =0 ifs 7é ] (15.14)

The surface normals IV are then also orthogonal to each other and
parallel to their respective tangent vector. Thus, the covariant and con-
travariant vectors have the same direction when the coordinates are
orthogonal, and it is convenient then to work with the scale factors'
h; = |0;7r| and the local orthonormal basis 4; such that (no sum over 7)

The Jacobian for orthogonal coordinates is simply the product of those
scale factors,

J = |(91’I‘| |({92’I"| ‘837'| = h1h2h3. (1516)
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The basis vectors @; and the scale factors h; vary with the coordi-
nates, in general (Fig. 15.5). However, just as Christoffel symbols I';j
can be expressed in terms of derivatives of the metric g;; (14.43), the
derivatives of the orthonormal basis vectors 4; can be expressed in terms
of derivatives of the scale factors h,. It is left as an exercise (15.11 or
15.12), to verify that (no sums)

d;h; Ohi

Opt;) - g, = Oy At — 85t 15.17a
j J
h;j hi
yielding Fig. 15.5 Orthogonal directions.
N . O;h; . Orhy . Oxhy . O3hy

Oith; = w;—2—= — 6;; [ @ + 1 + 1 . 15.17b
7 h; J( " hy ? hy ° hg ( )

As for surfaces, coordinates are conformal if they are orthogonal, and
the scale factors are equal at every point; that is, hy = hy = hg =
h(u,v,w). Thus, conformal coordinates have

81»7' . (9j’l" = hZ(SiJ‘. (15.18)

However, in 3D space, the class of conformal maps is very restricted by
Liouville’s theorem, as explored in exercise 15.17.

Cartesian coordinates r = xX+yy + zZ are orthogonal and confor-

mal
or or or
— =X, aiy =Yy, & =Z. (1519)

The basis vectors have magnitude 1 everywhere and the Jacobian J = 1.

Cylindrical coordinates r = pp(p) + 22 have
or or or

o _ 5 o _ aTr_; 15.20
o P 9, G Th ( a)

since dp/dy = @ (10.18). They are orthogonal with scale factors

p(p) = cospx +sinpy

hy=1, hy=p, h,=1, (15.20b)

and Jacobian J = h,h,h, = p. The basis vector derivatives have been
computed in (10.18), and now using (15.17b),

Oph Oph 0:h N
06— 0% — 5. o= —ple 3%l _ 5 (15,200
h hy “h
Spherical coordinates r = r#(6, ) have
7(0,9) =sinf p(p) + cosH2
@—'F @—ré @—rsine“ (15.21a)
A R P @ ‘

since 97/80 = 0 and 07 /0p = sinf @ from (10.23), or (13.16). They
are orthogonal with scale factors

hr=1, hg=r, h,=rsinb, (15.21b)



242 Curvilinear Coordinates

and Jacobian J = h,hgh, = r2sin@. The derivatives of the direction
vectors have been computed in (10.23), and now as a check of (15.17b),

Orhe . Ophi

990 = —7 e =7
T @
A h
0,0 = 9562 ? = cosb,
o (15.21c)
89¢:éaWh6 :Oa
he
Orh ~ Ogh A
Op,p = —7 W £ _0 2 ? = —fgsinf — O cosd.
r 0

Tetrahedral coordinates 1 =r4 + ua + vb+ we, (15.1), have

o or o or
ou 0 v ow
Noyw bxe Ny cxa Ny axb

(15.22)

J bxc-a’ J cxa-b’ J axb-c

They are orthogonal only if @, b, ¢ are mutually orthogonal.

15.3 Line, surface, and volume elements

Line elements

To compute line integrals and measure distances in terms of our (u, v, w)
coordinates, we need the coordinate line elements
or or or

d’ru = —udu, dT’U = %d’U, d’l"w = %dw

The line element for an arbitrary coordinate increment (du,dv,dw) is

dr = r(u+ du,v + dv,w + dw) — r(u, v, w),
or or or .
=_—d —dv+ —dw = du'o;r, 15.2
5 u+8v v+8ww u'o;r (15.23)
which is the chain rule in differential form. The arclength element ds
follows from

ds* = dr - dr = g;; du'd?, (15.24)
where g;; = 0;r + 9;7 is the metric of the displacement basis, and ds? =
(ds)? not d(s?) = 2sds.

Surface elements

To compute surface integrals and measure areas in terms of coordinates
(u,v,w), we need the coordinate surface elements. The surface element
on a w-isosurface, for example, is

dS., = dr, x dr, = N, dudv, (15.25a)
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while the surface elements on a u-isosurface and a v-isosurface are, re-
spectively,

dS,w = Nywdvdw, dSu = N e dwdu. (15.25b)

The surface element for an arbitrary quadrilateral surface patch perpen-
dicular to v at point r(u, v, w) is

dS = dry x dry = 9;r dul x 0;r dul = Nijdu’idu% (15.25¢)
o du1 d’LLQ d'U1 d'UQ dw1 dU)Q
o Nuv d’U1 d’Ug T vw dw1 d’w2 + wu d’LL1 dUQ ’

where the differentials dry, dro, are the edges of the surface patch, per-
pendicular to d.S = fa dA, and nonparallel to each other, but otherwise
arbitrary (Fig. 15.6). Indeed, a surface S is specified in u’ coordinates
as a composite function

s(t', %) = r(u (t', £2), u? (", 1), P (¢, 1%)).

The surface element for S is then

_0s Bs . Or 8u' or ou’ 5
dS = BT 8t2 dt'dt = 50 ot 8 T dt'dt
ou’ ou? 9
i 1 B2 —dttde?,

and that is (15.25¢) with du} = 9u’/ot! dt* and dub = Ou’/0t? dt?, for
i=1,2,3.

Volume element

Finally, to compute volume integrals and measure volumes in terms
of coordinates (u,v,w), we need the volume element dV, that is the
dot product of a coordinate line element with the corresponding surface
element,

dV =dr, -dS,p = dr, - dSyy = dry - dSyue
_[(or 8r or
~\ouw " v 0w

(15.26)
dudvdw = J dudvdw.

This is the determinant of the coordinate line elements by the cyclic
properties of mixed products, a-b x ¢ =b-c x a. We assume that the
coordinates (u,v,w) are ordered such that J > 0. That is why spherical
coordinates are listed as (r, 6, ), and not (r, ,8), for instance, where
is the polar angle. The latter ordering gives J < 0.

ds

d’!’g

d’l"l

Fig. 15.6 Quadrilateral surface ele:
ment.
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General domain element

The differential scalar measures, ds for arclength, dA for surface area,
and dV for volume, given by

dr or  Or 14 2
ds‘du‘du, dA‘aulXauQ dudu,
or Or Or 14213

can be expressed in a unified form in terms of the metric g;; = 0;r - 9,

as
dp = /g du'du? ... du", (15.27)

where g = det|[g;;] is the determinant of the metric. Expression (15.27)
readily applies to higher dimensional subspaces, such as an n-dimensional
“surface” (or manifold) embedded in an m-dimensional space, with
0<n<m.

For n = 1, (15.27) is immediate since g = g11 = (dr/du) - (dr/du).
For n = 2, it follows from (14.28b). For n = 3, using the contravariant
expansion of the covariant basis, a; = g;;a’ (14.23), and a’ x @ - a* =
€7k (a' x a? - a?),

(a1 X ag -+ a3)(a1 X ag * (13)

= (a1 X as -+ ag)(eijkgug2jg3k)(a1 X 0,2 . 113) = Jgjil =4g.

Another derivation that generalizes to higher dimension n < m in
m-~dimensional euclidean space R™, is to orthogonalize the basis vectors
Or/Ou’ = a; using Gram-Schmidt. In matrix notation, with the basis
vectors as the columns of matrix A = [a;7...a,], this is the QR decom-
position A = QR where Q' Q = I and R is upper triangular n-by-n. The
diagonal elements of R are the length of the edges of the rectified paral-
lelotope and the volume V is thus the product of the diagonal elements,
that is, V' = det R. This is

V = /det(ATA) (15.28)

because det(ATA) = det(RTQ'QR) = det(RTR) = (det R)”. Since the
metric g;; = a;-a;, that is, G = ATA in matrix form, this yields formula
(15.27).

15.4 Inverse map

The map r(u, v, w) = r(u',u?, u3) specifies (the radius vector of) a point
P in 3D euclidean space as a function of the coordinates (u,v,w) =

(ul,u?, u?). Expression (15.23)

or or or .



for the line element dr is the starting point for constructing the inverse
map u'(r).

For a given arbitrary dr from a starting point », eqn (15.29) yields
the corresponding coordinate increments du’ provided the tangent vec-
tors 0;r form a basis, that is provided J = 017 X dor - 037 # 0. The
solution du® of (15.29) for given dr is obtained by dotting (15.29) with
the contravariant basis a’ (15.12), yielding

‘ ‘ ik
du'=a'-dr = ﬁNjk - dr, (15.30)
where N j;, = 9;7x 9y are the surface normals, functions of (u', u?, u®) =
(u, v, w).

For example, picking dr = ds N1 = ds Ny, in the direction of the

local normal IN 15 to the u3-isosurface, yields

d u 1 N/uw']?uv f(u,v,w)
di v = j Nyy Ny | = g(uv v, ’LU) ) (1531)
S lw Nuo -+ Nuo h(u, v, w)

These are coupled differential equations yielding (u(s), v(s),w(s)), and
the corresponding curve 7(u(s),v(s),w(s)) is perpendicular to w = u3-
isosurfaces from an arbitrary starting point, with s the arclength along
that curve. These curves are the w = u? gradient lines.

More generally, to determine u(ry),v(r1), w(ry) for any point r1 we
can start from any (ug, v, wo) at ro = r(ug, v, wp) and integrate along
the straight line r(t) = ro + t(r; — ro) with ¢ = 0 — 1. The coordinates
u'(t) follow from (15.30) through the differential equations

du? €Ik dr €9k

at = ﬁNjk . a = ﬁNjk . (’F1 — 7’0). (1532)
The normals IV j, and Jacobian J are continuous functions of the coor-
dinates (u',u?,u?) such that (15.32) is again a system of three coupled
differential equations for (ul(t),u?(t),u(t)) = (u(t),v(t), w(t)).

Thus, given r(u'), we can use the ODEs (15.31) or (15.32) to construct
the inverse map u‘(r). Clearly, this inverse map construction is possible
only if J # 0, which is seen as the condition for a locally one-to-one
invertible map du’ «+— dr.

In dimension n > 1, J # 0, does not guarantee globally one-to-one
mapping. For example, cylindrical coordinates

T(p,p,2) = pp(p) + 22 =pcospX + psinpy + 22, (15.33)

with tangent vectors (15.20a), have Jacobian J = p > 0, that is nonzero
if p # 0, so the map is locally one-to-one for p # 0, yet it is not globally
one to one since r(p, v, 2) = r(p,p + 27, z). On the z-axis, where p =
0, the coordinates are singular and not locally one to one, since ¢ is
arbitrary.

Spherical coordinates

r(r,0,9) =ri(0,p) =rsinfcospX +rsinfsiney + rcosfz, (15.34)

15.4  Inverse map 24°f
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with tangent vectors (15.21a) have J = r?sinf > 0, except along the
polar axis where § = 0 or 7, ¢ is undefined, and J = 0. The singularity is
even stronger at r = 0, where both 6 and ¢ are undefined. The spherical-
to-cartesian map (r, 0, ¢) — (z,y, z) can be inverted analytically, as done
in (7.4). In the ODE inversion procedure, one computes the coordinate
tangents 9;r and the surface normals IV, obtaining for example

Nj3i(r,0,0) = g—; X % =rsinf ;

then one integrates (15.30) in direction 6 = N;, yielding

dr dep de 1
&, Py P2 15.
ds " ds 0, ds r’ (15.35)

to construct 0(r) from arbitrary starting points, and similarly for r(r),
o(r).

15.5 Volume integrals

The definition of a volume integral as the limit of a sum is straightfor-
ward. We imagine the volume V being partitioned into N tetrahedra or
hexahedra, then

N
/vf(r) v = lim n; fn AV, (15.36)

where AV}, is the volume of the nth polyhedron, and f,, is an estimate
of the average of f(r) in the nth polyhedron, for instance, the average
of the values at the vertices of that polyhedron. As for surfaces, the
limit AV,, — 0 should correspond to an acceptable mesh refinement
where AV,, — 0 as the cube of its diameter. Flattening polyhedra, or
shrinking them to a line, is not an acceptable limit.

If an explicit parametrization 7(u,v,w) for the volume is known, we
can use the volume element (15.26) and write the volume integral in r
space as an iterated triple integral over u, v, w,

/v Frydv = //u Fr(u, 0, w)) I (u, v, w) dudvda, (15.37)

where J = 9,7 X 9,7 - O, > 0 is the Jacobian of the coordinates, and
the u, v, w limits of integration should be chosen such that the volume

of the domain
V= / dv = /// J(u,v,w) dudvdw > 0.
% u

We write the sum over volume elements dV as a single sum, since it is
the limit of a single sum over all polyhedra, but the iterated integrals
over the scalar coordinates u, v, w are a triple sum.



For example, the volume element for orthogonal spherical coordinates
r =170, @) is, from (15.21a),

dV = r%sin 6 drdfde,

and the volume of a sphere of radius R is

2m prm R 4
V= / / / r?sin 0 drdfdy = —wR3.
o Jo Jo 3

For the torus, parametrized as in (15.5) that are orthogonal coordi-
nates with
or or

or or or
Js 00 Oy
and thus dV = s(R + scos ) dsdfdy, so the torus volume is

(15.38)

, = s, =R+ scosf

2m 27 pra
V= / / / s(R + scos ) dsdfdy = 21°Ra® = (27 R)(wa?).
o0 (15.39)
For the tetrahedron (15.1), r(u,v,w) = r4 +ua +vb + we, the

volume element
dV = (a x b - ¢) dudvdw

and the volume

1 u v
V:// /(axb-c)dwdvdu:éaxb-c.
o Jo Jo

15.6 Change of coordinates

(15.40)

A change of coordinates from (ul,...,u") to (@', ...,u") corresponds to
a change of tangent space basis 0r/du’ — dr/0u’. The transformations
of one basis into the other follow from the chain rule as, with sums over

Js
or  Or ou

s = —— 15.41
0w~ oui ou’ (15.41a)
or  or oW

out  ouw ou (15.41b)

In matrix notation, the forward transformation (15.41a) reads
ory [oul o o' or
ou' out oul oul| |dul
1 2 3

Or | _|Oul du Du” ) Or (15.42)
ou? ou?  ou? u?| | Ou?
or ou'  ou® out| | Or
ou? Low3  ou3  9u3l “ou

where the Jacobian matrices

J N i
J']u[ﬁu}7 JZ|:8U]J17

“ out ou?

15.6  Change of coordinates 247
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2Some writers switch rows and columns
in the definition of the Jacobian matrix

J.

have i as the row index and j as the column index.? The backward
transformation (15.41b) involves the Jacobian J% = J~*. The Jacobians
are inverse of each other as implied by (15.41), and verified directly by
the chain rule since

ouk ow  ow

T B = B = 7 (15.43a)
ok ouw oW -
5 5eF = 37 = & (15.43b)

Cartesian to curvilinear example

In 3D, with cartesian coordinates 7 = (,y,2) and curvilinear coordi-
(

nates u’ = (u,v,w), then Or/dz? = e; = (%,¥,%) and (15.41) yields
or or 0z  Ox . Oy. Oz,
Oui Ozl out @X—i_ auiY+ o
with
or'  0x® 023 or Oy 0z
gr = |0zl a2 0z _ |0z Dy 0z (15.44)
ou?  Ou?  Ou? v v Ov
ozt 0x* 0 dz Oy 0z
03 0w O0ud ow dw Ow

and the cartesian components of the tangent vectors dr/du’ along rows.

Covariant transformations

Transformations of covariant components and metric follow from their
definition and (15.41) as

5itp or » or o’ » ou?
i =P =P 5 -5 —Pig—
ou ouw’ 0u ou (15.45)
Caor or_or o or ol ooud
Yii = 9ai " ouw  ouk 9w oul 9w Mol ow

In matrix notation with p = [p;] as a column vector of covariant com-
ponents, and J = [0u? /0T"], that is

p=Jp, G=JGJ".

The covariant components thus transform like the basis vectors (15.41a),
(15.42), and that is the definition of “covariance,” in general. The inverse
transformations follow from (15.43) or directly from (15.41),

o wow_ ow
Lo ou out 7 Out’ (15.46)
o _Or Or ___ 0uOu
949 = Bui " ow = It oud

thatisp=J 'pand G=J'GJ .



Contravariant transformations

The contravariant metric g% is the inverse of the covariant metric Jijs
hence, its transformation rule is the inverse of (15.45)
o Ot 0w’

ouk dut”
The transformation of contravariant vector components can then be ob-

tained from the metric and covariant components, p* = g% Dj, or directly
from the identity

i7" =g (15.47)

or , Or

- -D = — J 1548
5P =357 (15.48)

where p is an arbitrary tangent vector. Using (15.41) to transform the

last expression yields

p

or ,  Or 0w

—p' = — -,

ou’ ou* ou’

and since the basis vectors Or/du’ are linearly independent, this gives
the contravariant components transformation as

S T
pt = -’ 15.49
ow ¥ ( )
In matrix notation, writing p’ = G 'p = [p’] for the column vector of
contravariant components, with p = [p;] and J = [0u? /9u’] as before,

this is
Cfl —J TGg! Jfl’ f)/ —J 7 p/

The inverse transformations likewise follow from (15.48) and (15.41), or

directly from (15.43), A

ou’

ou’

i

p:

P (15.50)

That is, p’' =J" p'.

Intrinsic definitions

The transformation rules (15.45) and (15.49) can be obtained, and in-
deed serve as the definitions of covariant and contravariant vectors and
tensors, without reference to the bases a; = 9;r and a® = g a;.

The starting point is the first fundamental form that measures dis-
tance and is a geometric invariant, independent of the choice of coordi-
nates, such that

ds? = gy;da'da? = gydutdu!, (15.51)
for two sets of coordinates (u!,...,u"™) and (a',...,%"). From the chain
rule, . l

k _ —1 1 _ Y% -5
du” = 95 dua’, du' = 557 da?, (15.52)

substituting these differentials in (15.51) that holds for any (da?, ..., da")

yields o
_ ou® Ju
9ij = 9kl 507 Hai (15.53)

15.6  Change of coordinates 24¢
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vectors as the gradients of the coordi
nates: a’ = Vu'.
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The inverse metric g then transforms as in (15.47). Next, we can
define the covariant components p, of an arbitrary vector p as those
components that transform similarly to (15.53) as

ouP

7 15.54
bi = aul Dk, ( )

and its contravariant components p’ £ ¢¥p; that transform, from (15.47)

and (15.54), as

out
= Ok p,
such that the dot product of two arbitrary vectors p and q defined as

~i

p

(15.55)

P-qa=pid = gip'd =p'a = 9" pig;. (15.56)

is invariant under a change of coordinates (ul,...,u") — (a',...,u").

Surface element transformations

The transformations of surface elements readily follow from (15.41). For
a surface parametrization r(u', u?) and a change of coordinates (u!,u?)
— (u*, u?), the surface element becomes

_ or or or or ou' oul
d ——da'di? X — ———du'du?
S=gat X a1 A" = 55 X 547 put gz W0
or or ot owl . |,
7({9“1 X 78 5 Eijg 78 1 78 d d (1557)

or or 1
= 9.1 8 et J datda?,
using the identity a; X a; = €;;3 a1 X aa, where
oul  ou?
ou? ou? oul  oul O(ut, u?)
J=€i3———5 = =detJ = ——~
€3 at ouz oul  ou? ¢ d(u',u?)
ou?  Ou?

is the determinant of the 2-by-2 Jacobian matrix J.
Since the surface element dS in terms of the (u!,u?) coordinates is

_Or or 2
ds = Sul 8 du du
(15.57) yields the change of variable formula for iterated double integrals
as,

dutdu? — Jdatda?, (15.58)

writing “—” instead of “=" because the coordinates correspond to dif-
ferent partitions of the same domain. Thus, du'du? is the area of a
rectangle in the (u',u?) domain, but Jduldu? is the area of the quad-
rangle in the (u!,u?) domain, which is the image of a rectangle of sides

(da!,du?) in the (@', @?) domain. The equality is (15.57), not dS = dS.



For example, a domain A in an euclidean plane is naturally parametrized

in cartesian coordinates (u!,u?) = (z,y) with surface element

dsS = g—; X %dxdy = z dzdy,

but the particular domain A might be better parametrized using other
coordinates. For example, polar coordinates (p, ) with z = pcosy,
y = psin @, are better suited for the annular sector

A:(z,y) €eR? sit. {p1< /o +y? < pa,

(15.59)

1 < atan2(y, ) < @a.

The surface element in those coordinates (', %) = (p, @) is

_ Or Or or or|% %
dS = — x ——dpdp = — x — |9?  9¢|dpdp = zpdpde. (15.60)
dp 0 dr =y |55 o2

Volume element transformations

Likewise, the volume element in terms of the (u!, %2, u®) coordinates is

- Or or O0r . 1. 5. 4
dV = 7 X 92 9 du du“du
or or Or ufowout | .
=90 9w o oal o o 1 T4
or or Or 131-24-3

(15.61)

where ou’ ou? OuF _ O(ut,u? ud)
= Gk gut gaz e et = a(at, a2, ud)
is the determinant of the 3-by-3 Jacobian matrix J, and the identity
a; X a; + ay = € a1 X az - a3 has been used. The volume element for

the (u',u?, u®) coordinates is

or or Or .4, 9.4
w)(w'%du du du,

and (15.61) yields the change of variable formula for iterated triple in-
tegrals as

J

dV =

dutdu®du® — Jdatda?dad, (15.62)

where J is the Jacobian determinant in (15.61), again writing “—” in-
stead of “=" since these correspond to different partitions of the same
domain. The equality is (15.61), not dV = dV.

It is clear from (15.57) and (15.61) that the Jacobian determinant

o(ut,... um)
J=to )5y
a(at,...,a") ~
of the change of variables (u!,...,u") — (@!,...,u") should be sign

definite, that is, everywhere positive (or negative, but then reordering
the coordinates changes its sign). The Jacobian may vanish at singu-
lar points, or singular curves, but certainly not everywhere otherwise
(@!,...,u") are not valid coordinates.

15.6  Change of coordinates 251
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Volume of an ellipsoid by successive transformations

An ellipsoid is nicely parametrized by
r(s,0,) = s(asinfcosp + bsinfsin ¢ + ccosb) (15.63)

with 0 < s <1,0< 0 <m, —1 < ¢ <7 The vectors a, b, c are
fixed and linearly independent. If they are mutually orthogonal, they
are the principal radii of the ellipsoid. To compute the volume, we would
need to calculate the coordinate tangent vectors, then the Jacobian to
evaluate the volume as

2 ar or Oor
V= // ; 89 8 dsdfdep.

That is easy enough, but we can do the calculation even more simply
using successive coordinate transformations starting with the tetrahedral
coordinates (15.40)

r(u,v,w) =ua+vb+we

ith Jacobi
with Jacobian J_alxﬁ ﬁ_axb )
YU ou T ov ow ’

and coordinates in the unit sphere u?+v%+w? < 1, followed by spherical
coordinates (s,0, ) for that unit sphere with Jacobian

O(u, v, w 5

(]2:7):5 sin 6,
4

o5
—~
5/3
<
=

and volume 47 /3 (15.38), that is,

27
or 5‘r or\ O(u,v,w) 47
———= dsdfdp = — b-c.
///( v 8w> (5,0, ) sdp=rgaxo-e
Carnot cycle

As another example of coordinate transformations, consider a Carnot
cycle for a perfect gas of volume V' and pressure P. The Carnot cycle is
an idealized thermodynamic cycle that consists of (Fig. 15.7)

(1) an isothermal expansion from 0 — 1 with PV =T,
(2
(

) an adiabatic expansion from 1 — 2 with PV = Sy,
3) an isothermal compression from 2 — 3 with PV = Tp, and
)

(4) an adiabatic compression from 3 — 0 with PV7 = S,

where Sy, S, To, T1 are positive constants, and v = c¢p/cy > 1 is the
ratio of heat capacities.

The work W done by the gas when its volume changes from V, to
Vy is ‘Zb PdV. This is most easily understood for a gas in a cylinder
with a piston, since work = force x displacement, P = force/area, and
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_ oyv)
0 AW = GirgdTdS
0 Ty 1
So S1
P T
3 Ty 2
\% S

Fig. 15.7 Carnot cycle. Left: (P, V) diagram. Right: (7, 5) diagram. Schematic.

dV=area x displacement. Thus, the area inside the cycle in the (P, V)
plane is the net work performed by the gas during one cycle.
The area W of the (P, V) domain

. TOSPVSTD
"1 So < PVY < Sy,

corresponding to the Carnot cycle, can be calculated by elementary
methods, but the calculation is most straightforward using the change
of variables

T=PV, S§=PV" (15.64)
with
OT.5) _ 0T 05 _ 9T 08
AP, V) OPOV 0V OP (15.65)

=VPyW - PV7 = (y - 1)S.
The Jacobian of the inverse transformation (7',S) — (P,V) is simply
the inverse of (15.65), that is,
o(P, V) . 1
=J = —. 15.66

a(T.s) G-DS (1560
This change of variables maps the curved Carnot domain C in the (P, V)
plane to a simple rectangle in the (7,.5) plane. The area in the (P,V)
plane is then

oS v)
W = dPdV = / —=dSdT
//CV T() SO a(T7 S)

| T —T,
:/ / —d8dT = Omi
n Js, (Y—1)8 y—=1 S
from the change of variable formula (15.58). In thermodynamics, our T’
is nR times the temperature in kelvins, where R is the gas constant and

n the number of moles, and ¢y In(S1/Sp) is the entropy jump from state
0 to 1 (and thus 3 to 2 also).

J =

(15.67)
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Exercises

(15.1)

(15.2)

(15.3)

(15.4)

(15.5)

(15.6)

Show that bipolar coordinates (u,w), in (15.6)
with v = 0, are conformal. Show that the identi-
ties cos? u+sin? u = 1 and cosh? w —sinh? w = 1

yield

T — R* 2 + 2’2 _

tanh w " sinh?w’
2 ( R. )2 R?
x+ |z — ==
tanu s u

What curves are these? Find the zz plane area
element dA in terms of u and w.

R2

Show that toroidal coordinates (15.6) are orthog-
onal but not conformal. Find the volume element
dV in terms of w, v, w.

Elliptic coordinates (u,v) are defined by

x = coshucosv, y =sinhusinwv,

where x, y are standard cartesian coordinates in a
2D euclidean plane. Show that the u-coordinate
curves are ellipses, and the v-coordinate curves
are hyperbolas. Sketch the curves. Show that
these are conformal coordinates in the plane and
find the surface element dA in terms of u and v.

A spheroid is an ellipsoid of revolution with the
standard cartesian equation

2 2 2

A

a a c
The Earth is a slightly oblate (a > ¢) spheroid as
a result of centrifugal acceleration. Parametrize
the spheroid in two different ways: (i) as a mod-
ification of spherical coordinates, and (ii) by ro-
tation of elliptic coordinates. Is either system of

coordinates orthogonal? conformal?

The determinant of the coordinate tangents is J
in (15.9). Show that the determinant of the sur-
face normals (15.8) and the determinant of the
metric (15.13b) both equal J?,

Nuo X Ny » Ny = J? = g 2 detgij]. (15.68)

Show that the covariant (15.11) and contravari-
ant bases (15.12) satisfy

k
aixaj:Jeijka,
; (15.69)

: j 1 ijk
a'xa’ =J €"ay.

(15.7)

(15.8)

The Christoffel symbols (14.34), (14.37), are the
components of the derivatives of covariant basis
vectors 0;a; = 0;0;7 = 0ja;, such that

dia; 2 Txyy a® =T}, ay, (15.70a)
here for 3D euclidean space with indices in
{1,2,3}, and sums over k. There are 3> —3 =6
vectors 0;0;7 = 0;0;7 and thus 3 * 6 = 18 com-
ponents I'y;; and Ffj. The Christoffel symbols
are given in terms of derivatives of the metric, as
derived in (14.43).

Show that
dia’ = T a" = —¢'"Toir. g™ @i, (15.70b)
and
0iJ =T J,
8ig5k =T gin + Ty, gujs (15.70¢)
D = ~Tlg* Ty,
then, using (15.69),
ai X ala] = O7
(15.70d)

at o (aj X ak> =0,

where J = a1 X a2 - a3 & Va is the Jacobian de-
terminant, a’ are the contravariant vectors such
that a’ - a; = 6;, with g;; = a; - a; the covariant
metric, and g = a' - @’ the contravariant met-
ric. These are the two fundamental vector calcu-
lus identities: the curl of a gradient, V x V(.),
and the divergence of a curl, V+(V X (-)), vanish,
as discussed in Chapter 16.

The identities (15.70d) are for 3D euclidean space
with sums over ¢ = 1,2,3. Those identities are
not true in general for a 2D surface as illustrated
in the next problem. Compare (15.70a), (15.70b)
to (14.39).

For  spherical coordinates (0,p,7) where
{a',a* a*} = {0/r,/(rsinf),#}, show that

\E\)‘.G>

1 1 2 1
a xoia +a° x0a =
while a'd; x a® = a’ x d;a'

=a'x Blal +a? x Bzal +a® x 83(11 =0.



(15.9)

(15.10)

(15.11)

(15.12)

Similarly, show that

a'-91(a' xa®)+a®- 8:(a' x a®)

b o i\, e 9 7
T r 00 \r2sind rsind Oy \ r?sinf
. 2

"~ r3sing’

while a'0; - (a1 X a2) =a'-9; (a,1 X a2)

=a'-01(a' xa®)+a’-d(a' xa®)+a®-93(a' xa’) = 0.

From (14.43) and (15.70c), show that

U5 = 59" Oigr = J 10, (15.71)
Use (15.70b) to show that the contraction of the
Riemann curvature tensor Rﬁjk (14.126) over the
first and last indices vanishes, R;;; = 0 (sum over
For orthogonal coordinates with 9;r = h;@; (no
sum) and 4; - @; = d;;, show that the Christof-
fel symbols (14.34), (14.43), here with indices in
{1,2, 3}, become (no sums)

Trij = 5 (6% 0ig5; + Oki 0jgsi — 0ij Orgii)
= % (5jk 81'}1? 4+ O @-hi — 0ij 8kh3) . (15.72)

In particular, I'y;; = 0 when all indices are dis-
tinct (i.e. when €;;5 # 0). Then, using

F]m'j = 6kT‘ . (818]7") = hk’[lk . 6i(hj’ilj),

derive (15.17). For orthogonal coordinates, up-
per and lower indices become equivalent since
a; = h;@; and a* = @;/h; = H;4;. In the above
formula, indices are repeated on the right hand
side but there is no sum since they are all in lower
positions.

For orthogonal coordinates with 9;r = h;4; (no

sum) and @; -+ @; = 05, thus 0;(9;r « Opr) =
az(h]hk)éjk Use 8,81{[" = 8;@817' to show that
. 2% o Ol o Oihi o Oihi
" h T e b T hihs

Rewriting this equation for (¢,7,k) — (4, k,7) —
(k,i,7) then adding two of those equations and
subtracting the third, deduce (15.17)

a]' h; Oxhi

-
h; "

- aiﬂj = Oks

(15.73)

(15.13)

(15.14)

FExercises 25f

For 1 = 1 that is

0 _ (92h1 _ 63h1
N he hs .
ul ux
01 |t2| = 02l 0 0 T2
. ho .
e sh w
3h1
0 0
h3
that can be written
. . . Oshi . Ooh N
01t = w1 X Uy = | Ge —us X Uy,
hs ho

and similarly for d>@; and 03@; by cyclic permu-
tation of (1,2,3). This derivation of (15.73) i
similar to that for (14.43) but avoids using I';;i
explicitly.

For orthogonal coordinates with 9;r = h;@; (nc
sum), and ’ili . ’ilj = 51‘]‘, use 8163’&1 = 63-61-12,
for i # j together with (15.17) to deduce the fol-
lowing Lamé (1840) relations (with 4, j, k distinct
here),

o (2 ) vy (B = b5y
and
) Orh; . 8jhi akh]‘ N
@( o >7 h, h (15.75°

The latter can be written
agakh, = iajhl 8kh] + iakhz ajhk (1576
hj hk

Orthogonal coordinates have 0;r - 9;r = 0 wher
i # j. Derive an identity from 9 (9;r - 9;7) =0
Rewrite that identity for (i,j,k) — (j,k,1) —
(k,1, ), for distinct indices (€51 # 0), add two o
those and subtract the third to show that

(€ijx # 0,

which can also be obtained from (15.72). Con-
clude that coordinate tangents are principal di-
rections for the coordinate isosurfaces; that is
orthogonal coordinate curves are lines of curva
ture for the coordinate surfaces.> For exam-
ple, Oir and 027 are principal directions at any
point on a wu3-isosurface whose unit normal it
f = @3 = H3037, since

Fijk =0oir - ajak’r =0,

b12 = 113 . 81627" = 07 gi2 = 617” . 821" = 0,

so [bi;] and [gi;] are diagonal for u3-isosurfaces
parametrized by (u',u?).

3 Lines of curvature are curves that are everywhere tangent to the principal curvature directions.
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(15.15)

(15.16)

For conformal coordinates with 9;r-0;r = h25ij7
use 0;(9;7r - 95r) = 9i(h*) (no sum), and 9;(0;r -
9jr) = 0 for ¢ # j, to show that

Fijj = 81-1' . 8j8jr = 7haz‘h, (Z 75 j)
which can also be obtained from (15.72). Con-
clude that b1 = by = —03h on u‘q’-isosurfaces7
together with bj2 = 0 = g12 as shown in the pre-
vious problem, and gi1 = g22 = h? by definition
of conformal. So

K1 =bi1/gn1 = 33(}1_1) = ba2/g22 = K2

and k = 03(h™') in all directions at all points on
u®-isosurfaces, and similarly for ! and u? isosur-
faces. Thus, all points are umbilics (14.73), and
conformal coordinate surfaces must be planes or
spheres. This is Liouville’s theorem, and a major
limitation of conformal coordinates in dimension
n > 3. For example, there cannot be 3D confor-
mal coordinates for an oblate spheroid, or for a
torus.

Consider the inversion map

uX+ovy+wiz

r(u,v,w) = R

(15.77a)

As a map from u = (u,v,w) € R® to x =
(z,y, 2z) € R3, this is

u
X=—%&Uu=

uTu ’

xTx
and 2% 4 y? + 2% = (u® + v® + w?) "', Show that

OuT » OpT = Oy + Op? = Oy » Our = 0,
OuT » Oy = OyT + OuyT = Oy + O
_ 1
T (W w?)?
(15.77b)
Hence, this map is conformal. Show that the co-
ordinate isosurfaces are spheres and that the in-
side of the unit sphere is mapped to the outside
of the unit sphere, and vice versa. Show that
spheres through the origin are mapped to planes,
for example the sphere

P4+ +(z—a)’=d +— w= (227",

in which case (u,v) are stereographic coordinates
for those spheres (Fig. 15.8).

(15.17)

Fig. 15.8 (15.77a) r(u, vo, 0) (red), r(uo, v, 0) (blue).

Liouwille’s theorem on conformal coordinates.
For conformal coordinates with 0;r - 9;r = h2(5ij,
(15.17b) becomes, with L =Inh = —In H,

&-ﬂj = ﬁiajL

— 51']' (’&181L + U202 L + ’&3(93[/) , (15.788.)
that is,
Oitt; = —0;0; L — 4Ok L,
o ROk (15.78b)
&-uj = uiajL,
for distinct ¢,j,k. Show that 0;0;t; = 0;0;4;
implies that (cf. exercise 15.13)
0;0; + 0;0;)L + (0xL)(0x L) = 0,
@di+2,0)L + (GL)OL) =0,

0i0x L — (0;L)(0kL) =0,
and in terms of H these equations read (no sums)
(0:iH)? + (0;H)* + (0 H)?
H )

(0:0; + 0;0;)H =
0;0,H = 0.

The second, 0;0xH = 0, was obtained in a some-
what different manner in exercise 15.15. It im-
plies that H = f1(u1) + f2(u2) + f3(us), where
fr is a function of conformal coordinate uy only.
Substituting this form in the first H equation
yields, for (i,7) = (1,2),
fitfo+1fs

and two similar equations for (¢,7) = (2, 3), and
(3,1), where the prime ()’ here denotes deriva-
tive with respect to the function argument. The
right-hand side (RHS) is identical for all three
equations. The first equation for fi + f3 that
is independent of us implies that the RHS is in-
dependent of uz. The other two equations, for
3 + f5 and f3' + f1', in turn show that the RHS
is independent of w1 and w2, so it is constant.




(15.18)

(15.19)

(15.20)

(15.21)

(15.22)

(15.23)

That implies that fi’ = f3 = fi = C constant.
Integrating and ensuring that the RHS = 2C
yields

1

h H=
where D is another constant, and C' = 0 when
H = D. So the only nontrivial conformal map in
3D is the inversion map (15.77b).
This is Liouville’s original proof published in his
annotated edition of Monge’s book, accelerated
here with index notation.*

%C(u%+u§+u§) or H=D,

The equations for L = In h in the Liouville proof
can be obtained more generally from the van-
ishing of the Ricci curvature tensor in euclidean
space. The Ricci tensor R;; is the contraction
of the Riemann curvature tensor Ri;, (14.126)
over the second or third index (equal up to a sign
change)

Ri; = Ry,
= 0,5 — kIl + TS, — DT

For conformal coordinates, g;; = h*8;; and

~h?
= 6F0,L + 650 L — 6,60, L.

Then in RY with 6§ = N, show that I'f, = N§;L
and

Rij = (N —2)(8;0;L — 8;L9; L)
+ 6:;6" (OkOIL + (N — 2)0x LO,L) .

For euclidean space R;; = 0. Show that these
reduce to (15.79) for N = 3.

Integrate the nonlinear coupled ODEs (15.35)
starting from (ro, 6o, o).

A curve 7(t) is given in terms of spherical coordi-
nates as (r(¢),0(t), ¢(t)) for t = to — ty. Derive
an explicit expression for the length of that curve
as a t-integral in terms of the functions r(t), 6(t),
o(t).

A curve r(t) is given in terms of (u, v, w) coordi-
nates as (u(t),v(t),w(t)) for t = to — ty. Derive
an explicit expression for the length of that curve
as a t-integral in terms of (u(¢),v(t), w(t)).
Show that g““gkj = (5;- for the transformed met-
rics defined in (15.45) and (15.47).

Let ' = g”p; and p* = ¢g"'p;. Show (15.55) from
(15.47) and (15.54).

(15.24)

(15.25)

(15.26)

(15.27)

(15.28)

(15.29)

(15.30)

(15.31)

(15.32)

(15.33)
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Calculate the area of the ellipse 2? /a*+y°/b* = 1
and the volume of the ellipsoid z*/a® + 32 /b +
2%/c¢> = 1 by mapping them to a disk and ¢
sphere, respectively.

Consider the coordinates (r,¢) — (z,y) =
(rcosg,rsing). Calculate the Jacobian matri
and determinant of that transformation, and o
the inverse transformation (z,y) — (r,¢). Ex-
press the latter in terms of (z,y). Briefly justify
your work.

Consider  the coordinates (z,v, 2) =
(rsinfcos @, rsinfsin g, rcosf). Calculate the
Jacobian matrix and determinant of that trans-
formation, and of the inverse transformatior
(z,y,2) — (r,0,¢). Express the latter in terms
of (z,y,2).

Verify (15.67) using a direct calculation in the
(P,V) domain. Show your work.

Calculate the (x,y) area such that 0 < a1 < a2y <
as and 0 < iz < y < Box. Sketch the domair
and select suitable coordinates.

Calculate the (x,y) area such that 0 < a1 < zy <
az and 0 < B; < zy? < fB2. Sketch the domair
and select suitable coordinates.

Calculate the (z,y) area such that

0< o <zy < ag,
0< B <z”—y? < B

Sketch the domain and select suitable coordi-
nates.

Calculate the area between the curves with

;EQ —+ y2 = 2(1153, 20421', 2,81:[/, 2621/7

for positive a1, a2, B1, B2. Sketch.
Calculate the integral

oo oo
/ / e_(z2+y2)d:cdy
—00 J —o0

using polar coordinates. Dzeduce the value of the
gaussian integral [*_ e™ " dz = /7.

Calculate

/ / (a® + 2® + y*)*dady,

for a # 0 and « real, using suitable coordinates
For what values of o does the integral not exist?

4Joseph Liouville, “Extension au cas des trois dimensions de la question du tracé géographique,” Note VI, in Gaspard Monge
Application de l’analyse a la géométrie, 5eme Edition, Revue, Corrigée et Annotée par M. Liouville, 1850.



Fields

In physics, a field is a function of position P in physical space. A field

can be a scalar field, a vector field, or a tensor field. 16.1 Scalar fields 25¢
16.2 Vector fields 261

16.3 Gradient 26¢

16.1 Scalar ﬁeldS 16.4 Curvilinear coordinates 26§
16.5 Curl and del 271

A scalar field is a scalar function of position P in physical space such as 1.6 Stokes’ theorem 27¢€
temperature T(P) or pressure p(P) at some point P in a gas. A scalar 1.7 Divergence 278
field is denoted 16.8 Divergence theorem 281
16.9 Orthogonal coordinates 28¢

f(P)’ f(T)’ f(x’ Yy Z)’ f(?", 0, QO)’ T 16.10 Vectorgidentities 287

where the meaning of the function f(+) varies with how position P is 16.11 Laplacian 28¢
16.12 The heat equation 29¢

specified. For example, the distance from P to the origin O is the scalar
field Exercises 29¢

0P| =r| =r =@+ 22 = V@ + 7 + 2,

in spherical, cylindrical, and cartesian coordinates, respectively, where
r = OP is the position vector of P with respect to a chosen origin O
(§7.1).

A standard way to visualize scalar fields is through plots of its level
sets, or contours. A level set of f(P) is the set of all points P for which
the field has a given value, fj say,

f(P) = fo.

In 3D, the level set f(P) = fo is the implicit equation of a surface,
an isosurface of f(P). For example, |r| = ry is a sphere of radius 7
centered at the origin O. If P is restricted to a surface & with implicit
equation g(P) = 0, then the level set f(P) = fo with g(P) = 0 is the
implicit equation of a curve on that surface, an isocurve of f(P) on S. a

Examples of scalar fields
(1) The scalar field
f(P)=a-r=|a|s=ax+ayy+a.z, r

where s = a - r is the distance from O in direction @, has level sets 0
a-r = fy, which are planes perpendicular to a in 3D, and lines Fig. 16.1 Contours of f(P) =a - r.
perpendicular to a in 2D (Fig. 16.1);
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Fig. 16.2 Level sets of |AP| = |[r—74].

A
Fig. 16.3 0 isosurfaces.

Y1 P2
Fig. 16.4 ¢ isosurfaces.

¥3

(2) The level-sets of distance to point A,

|AP| = [r—ral = V/(z—24)? + (y=ya)? + (—24)2,

are spheres centered at A in 3D, and circles centered at A in 2D
(Fig. 16.2);

(3) The level sets of §(P) = arccos(7 - ﬁ), the angle between 7fi and
AP, are cones with apex at A and axis fi in 3D, and radials from
A in 2D (Fig. 16.3);

(4) The level sets of ¢(P), the angle between the planes (z, %) and (2, r),
are half-planes starting at the z-axis in 3D, and radials from the
origin in 2D (Fig. 16.4);

(5) The level sets of f(P) = min (d(P, A), d(P, B)), the distance from P
to the nearest of two points A or B, are spheres or partial spheres
(Fig. 16.5); and

(6) The level sets of f(P) = d(P, AB), the distance to a line segment
AB, are cylinders with axis AB capped by hemispheres in 3D, and
parallel lines equidistant from AB capped by semi-circles in 2D,
known as the stadium shape, Fig. 16.5.

Fig. 16.5 Contours of distance to nearest of two points, and to a line segment.

Daily weather reports provide visualizations of the temperature and
pressure fields at the Earth’s surface. Contours of equal pressure are
called isobars. Contours of equal temperature are called isotherms. Fig-
ure 16.6) shows atmospheric pressure contours over the North Atlantic
on October 30, 2012. The tight almost circular contours on the center
left, with a box indicating “STORM,” is hurricane Sandy hitting the
New York City area. The letter L indicates the approximate center of a
low pressure area. There is another low pressure area, a cyclone, on the
top right between Scotland and Iceland, and another lower center right
over the Azores islands, west of Portugal and Morocco. The bold letter
H indicate the approximate center of high pressure areas, anticyclones.
Norway is on the top right of the figure, and Wisconsin is center left,
just left of Lake Michigan and below Lake Superior.
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16.2 Vector fields

A wvector field F(P) is a vector function of position P such as the wind
velocity V' (P), an electric field E(P), or a magnetic field B(P) at point
P in physical space. A vector field is denoted

F(P),F(r),F(x,y,2),F(r,0,9),...,

where the meaning of the vector function F'(-) varies with how point P
is specified. For example,

(1) The vector field

F(p):ﬁ:r:rf:pﬁ+zizxi+yy+zz,

is the distance and direction from the origin, in vector, spherical,
cylindrical and cartesian representations. This simple F(r) = r is
the vector field equivalent of the function f(z) = x;

The vector field
ﬁ T—7TA

|AP] | — 14|
is the (unit) direction vector pointing away from A (Fig. 16.7);

F(P) (16.1)

The inverse square law is the field

7 pp + 22 X+ yy + 22
F(P)=—= = 16.2
(P) 12 (p 4 2232 (22 4 g2 + 22)3/2 ( )
in spherical, cylindrical, and cartesian coordinates. This is the elec-
tric field induced by a point charge, or the gravity field of a point
mass, or the velocity field of a point source of fluid, up to physical
unit factors (Fig. 16.8);

16.2  Vector fields 261

Fig. 16.6 North Atlantic surface pres-
sure contours. Hurricane Sandy (left)
Oct 30, 2012.

M2
0N

Fig. 16.7 Unit radial vector fielc
(16.1).

e

Ko

Fig. 16.8 Inverse square law (16.2).
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Fig. 16.9 Line vortex ¢/p (16.3).

Fig. 16.10 Vortex dipole (16.4) quiver
plot.

Fig. 16.11 Field lines for radial field
dr/dt = 7.

(4) The line vortex field

ZXr @ zy-—yx

F(p)= 22T _¥_2Y=9=*
(P) |Z x r|? p 2+ 32

(16.3)

is the velocity field induced by a line vortex in fluid dynamics, or
the magnetic field induced by a line current in electromagnetism, up
to physical unit factors (Fig. 16.9); and

(5) The vector field

iXSl iXSQ

F(P) (16.4)

Tlaxsi2 |z x 822
with s; = Flﬁ =7r—1ry, and sy = Fgﬁ = 1 — 79, is a vortex
dipole in fluids, or the magnetic field induced by two parallel and
opposite line currents in electromagnetism. Its quiver plot is shown

in Fig. 16.10.
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Field lines

One way to visualize vector fields is to display the actual vector F(r) at
point 7 as in Fig. 16.10, but such quiver plots quickly become cluttered
with arrows overlapping each other. Another way is to plot field lines.
A field line is a curve C that is everywhere tangent to the vector field
F(r). Thus, if r(t) is a parametrization of a field line, then

dr

— = F(r(t)), 16.5
T Fr() (16.5)
since dr/dt is a vector tangent to the curve at r(¢). For a given vector
field F'(r), this is a vector differential equation for 7(¢) with ¢ an arbi-
trary time-like parameter. There is one such field line for every starting
point r¢. For example,

(1) For F(r) =, the field lines are the solutions of
dr  dr dr dr dr

E—ET+TEZT = azl,azo,



since # - d#/dt = 0. Thus, # = #¢ is constant and r(t) = r¢ + t 7o,
corresponding to lines radiating away from the origin (Fig. 16.11);

(2) For the vector field F(r) = w X r with w = w® independent of r,
the field lines obey

whose solutions are (10.38)

r(t) = 7l + cos(wt) (& x 7o) x @) + sin(wt) (& x 7o)

and correspond to circles perpendicular to the axis (O,w) and cen-
tered on that axis. This vector field corresponds to solid body rota-
tion (Fig. 16.12); and

(3) The field lines of the vortex dipole field (16.4) are shown in Fig. 16.13,
for z pointing out of the page.

A

Fig. 16.13 Vortex dipole (16.4) field lines.

16.3 Gradient

A scalar field f(P) is differentiable at point P in euclidean space if it
has a linear approximation in a neighborhood at that point, that is, if
there exists a vector field V' (P) such that

£(Q) = £(P) + V(P) - PG + o(|PQ)), (16.6a)

for any point @ close to P. The little oh notation o(|PQ|) means an
expression that goes to zero faster than the distance |PQ)|, such that
(16.6a) is equivalent to the limit statement

L 1@ = J(P) - V(P)- PG
|PQI—0 |PQ)|

The vector field V(P), if it exists, is the gradient of f(P) at P, written

—0. (16.6b)

V(P) =V [(P),

16.3 Gradient 26:

Fig. 16.12 Field lines for solid body
rotation dr/dt = w x r.
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Vi
f+df

f dr

Fig. 16.14 df = dr - V f.

frdf |V

f

Fig. 16.15 V f is L to level sets.

v

f~ 5 I+

Fig. 16.16 Level sets and V f.

and read as “grad f” or “del f.” The symbol V is called the del operator.
Definition (16.6a) can be written in differential form as (Fig. 16.14)

df =dr-Vf, (16.6¢)

where df = f(P + dr) — f(P) is the change in f resulting from the
arbitrary differential step dr from P and V f(P) is independent of dr.
The gradient V f(P) determines the rate of change of f in any direction
from point P.

If the limit @ — P is taken for a fixed but arbitrary direction §, then
(16.6b) with PQ) = § As, or equivalently (16.6¢) with dr = §ds, gives
the directional derivative of f(r) as

of _ .
5. =4 V1. (16.7)

where

87f ~ m f(P+8As)— f(P)  f(P+8ds)— f(P)
0s  As—0 As ds

with direction § fixed, hence the partial derivative notation df/3s.
More generally, for f(r(t)), (16.6¢) yields

df _dr

S =vy, (16.8)
and, for f(r(u,v,w)), (16.6¢) or (16.7) gives

of or

0= u \S2 (16.9)

where
g _ flr(u+du,v,...)) = f(r(u,v,...)
ou du ’
and similarly for df/0v and 9f/O0w.

Geometric characterization

It follows from (16.6) that V f is perpendicular to the level set of f at
r, since df = 0 for any dr such that dr - Vf =0 (Fig. 16.15), and the
magnitude of V f is the rate of change of f with respect to distance in
that V f direction, which is the direction of greatest increase of f at r
(Fig. 16.16). This is confirmed by the directional derivative (16.7) that
shows that 9f/0s is largest when § is in the direction of V f.

To encapsulate that geometric characterization of V f, let S be the
direction of steepest (or greatest) increase of f at 7, and s the distance
in that direction, then of

vi=§5. (16.10)
where this df /s is the rate of change in the steepest increase direction
S , not to be confused with the rate of change in an arbitrary direction
§in (16.7).



In summary, V f, the gradient of a scalar field f(P), is a vector point-
ing in the direction of greatest increase of f, whose magnitude is the
rate of change of f per distance in that direction. It is perpendicular to
level sets of f and its magnitude is inversely proportional to the distance
between level sets. The gradient is a vector field F(P) = V f derived
from the scalar field f(P).

Fundamental gradients

(1) The gradient of f(r) = a7, with a constant, is (Fig. 16.17)
Via-r)=a. (16.11)

This is immediate from (16.6a) since a-7" = a-r+a-(r' —r). Equation
(16.6a) defines a local linear approximation, but this f(r) = a -7 is
already linear. Geometrically, a-r = |a|s where s = & - r is the (signed)
distance from the origin in the direction @, and that is the direction of
steepest increase. Thus, (16.10) gives

In particular,

V(y-r)=Vy=3, (16.12)
z.-r)=Vz=2.

(2) The gradient of f(r) = |r — ra| = |AP|, the distance from point A
to P, is (Fig. 16.18)
T—7TA

Vil =

(16.13)
since the direction of greatest increase of |[r — 74| is in the direction of
r — 14, that is, the unit vector (r —r4)/|r —r 4|, and the rate of change
of that distance | — r 4| in that direction is obviously 1. In particular,
the gradient of distance to the origin |r| = r, is

Vr =7 (16.14a)

Similarly, the gradient of distance to the z-axis is Vp = p.

(3) The gradient of f(r) = 6 = arccos(z - ), the angle between Z and
r, is (Fig. 16.19)

N
V=0 _—=— 16.14b

ds 1’ ( )
since the direction of greatest increase of 6 is @ (south), and an infinites-
imal step ds in that direction yields an increment df such that ds = rdf,
and thus 00/0s = 1/r, as illustrated in Fig. 16.20. This gradient is not

defined at € = 0 or 7 and diverges as r — 0.

16.3 Gradient 26

Fig. 16.17 V(a -r) = a.

V|AP|
Fig. 16.18 V|r — r 4/, (16.13).

Fig. 16.19 V0, (16.14D).
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0] P

Fig. 16.20 ds = rdf = 900/0s = 1/r
(16.14b).
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Fig. 16.21 ds = pdp = 9¢p/0s = 1/p
(16.14c).

(4) The gradient of f(r) = ¢ = atan2(y - r,%X - r), the angle between
the planes (z,%) and (Z,7), is
L 0p P P

=—p-L- =X = 16.14
Ve=¢ ds p rsinf’ ( °)

since ¢ is the direction (east) of greatest increase of ¢ (longitude), and
an infinitesimal step ds in that direction yields an increment dy such
that ds = pdy = rsinfdy, where p = rsinf is the distance to the z
axis, as illustrated in Fig. 16.21.

Note that atan2(y, x) jumps by 27 across the negative x axis thus its
gradient does not exist there, but ¢/p is continuous across that line. It
is often useful to think of ¢ as the continuous multivalued function

p = atan2(y,z) mod 2, (16.15)

with Vo = @/p = —y/p along x < 0,y = 0. The singularity of Vi at
p = 0 cannot be avoided, however.

Figures 16.20 and 16.21, to construct VO = 8/r and Vo = @/p
geometrically, should be compared with Fig. 13.9 that serves the same
purpose to derive dr /90 = rf and dr/dp = p@ in (13.16). These vector
derivatives are inverse of one another. For example, V@ is the rate of
change of 6 with respect to dr in the direction of greatest increase of 6,
while 9r/00 is the rate of change of r with respect to 6 with r and ¢
fixed. Furthermore,

@-Vﬁzl, @-Vgo:O,
90 o0 6,16
o wo—o0, I .vo=1 (16:16)
gp T ap VYT

This is a special case of a general result derived in (16.27).

Gradient rules

The summation and product rules hold for gradients,
V(f+9)=Vf+ Vg, (16.17)
V(fg)=(V g+ f(Vy). (16.18)

These can be derived from the differentiation rules

d(f +g)=df +dg,  d(fg) = (df)g+ f(dg),

together with (16.6¢), or as special cases of the chain rule (16.19).
For a scalar function f(u,v,...) of multiple scalar fields u(r), v(r), ...,
the chain rule in differential form reads
of of

df = 5 dut = dv -
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then, applying (16.6c) to the differential of each scalar field yields

dr-Vf= afd Vu—&—?dr Vv 4 -
Since this equality holds for any dr, it implies the chain rule for gradients
0
Viu,v,...)= a—fV —l—afva—i- (16.19)

Examples

If (x,y, z) are the usual cartesian coordinates, then (16.19) with (16.12)

gives p 5
f 5. 9 5 f 5
v = - - 16.20
That is the standard cartesian formula for the gradient7 but the com-
bination of the differentiation rules with the fundamental gradients can

often bypass cumbersome cartesian calculations. For example,

—1
V')"_1:V<‘/1’2+y2+2’2) = — L )"(_’_7

(22 + g2 + 22)°/

but the chain rule (16.19) with (16.14a) gives ! 'For a general f(r), that is
_ N df _df .
d(r—t v L@ (16.21
v o g, 7 (16.22) J0=g =g ™ nen
dr 72

The latter derivation is simpler and yields a clearer result.

Fig. 16.22 Bipolar coordinates
u=ay—ai, v=In(s1/s2).

As another example, consider bipolar coordinates © = as — a1 and

v = In(sy/s1), illustrated in Fig. 7.12, where s; is the distance to F}

and a; the angle from (Fy, Fy) to (Fy, P), and similarly for sy and ag,

as illustrated in Fig. 16.22. The chain rule (16.19) with (16.13) and
(16.14b) gives

V’LL:VOQ—VCH:%—&,
S22 51 R (16.23)
S2 5

1 1
Vo=VInl = Vs -~V =251
S1 S9 S1 S2 51
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or/ou

v

Fig. 16.23 Vu is orthogonal to wu-
isosurface, and to dr/dv and 9r/ow.

Since &; and &y are the 90° rotation of §; and §s, respectively, then
likewise Vu is the 90° rotation of Vu; therefore,

Vu-Vov=0, |[Vu| = |V,

showing that bipolar coordinates are orthogonal and conformal. Deriv-
ing these results in cartesian coordinates is considerably more cumber-
some and opaque.

16.4 Curvilinear coordinates

The chain rule (16.19) readily yields expressions for V f in other coor-
dinate systems. For instance, in spherical coordinates (r, 6, ),
of of of

Vir0,0) = EV?‘ + %VQ + %Vgo

T Ao rsinf’

(16.24)

since Vr =#, V0 = 8/r, Vo = @/(rsinf), from (16.14). In cylindrical
coordinates (p, ¢, z), with Vp = p, Vo = ¢/p, and Vz = z, (16.14),

we obtain
0 3] 0
Vip,p,2) = le+ iV@+ Wy,
Op ¢ 0z (16.25)
= g [’j + ﬁ f + g A ‘
op do p 0z
For general curvilinear coordinates (u,v,w),
V f(u,v,w) = a—fVu—i— a—va—I— 6—wa. (16.26)

ou ov ow

Curvilinear coordinates specify the position vector 7 in terms of (u, v, w)
coordinates with Jacobian (15.9)

_or o or
T ou dv Ow

such that the map (u,v,w) <— 7 is one-to-one, and a scalar field f(r)
can be viewed as a function of r or of the coordinates (u,v,w). The
inverse map specifies the scalars (u,v,w) in terms of r, and these are
the scalar fields that appear in (16.26). Equation (16.9) gives

af or of or of or

ou  Ou v/, v v v/, ow  Ow Vi
These hold for any field f and in particular for f = u, v, or w, yielding
(Fig. 16.23)

J >0,

Vu 1 0 0
Vo .[5’“ or 3’“}: 01 0 (16.27)
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Hence, the gradient basis {Vu, Vv, Vw} is the contravariant basis
(15.12), the reciprocal of the velocity basis {0r/0u, dr /v, Or/Ow}.
The contravariant basis vectors are the surface normals (15.8) divided
by the Jacobian (15.12); thus,

Vu = % g—z X g—;, (16.28a)
or _ J Vv x Vuw (16.28Db)
ou ’ '
and similarly for Vv, Vw, dr/0v, Or /0w by cyclic rotation of (u,v,w),
with 1
Vux Vv Vw = 7 (16.29)

The velocity basis {0r/0u, 0Or /v, 0r/0w} consists of tangents to the
coordinate curves along which two coordinates are fixed. The gradi-
ent basis {Vu, Vv, Vw} consists of normals to the coordinate surfaces
across which one coordinate is fixed.

Velocity and gradient bases

In index notation with (u,v,w) = (u!,u?,u?), the coordinate tangents
yield the covariant basis

a;=— =o;r, (16.30)

while the coordinate gradients make up the contravariant basis

a' =Vu' (16.31)

These bases are biorthogonal (16.27) (Fig. 16.24),

or
ol

Fig. 16.24 Coordinate tangents anc

a;-a’ = Vul = 52, (16-32) gradients are reciprocal bases.

with metrics
gij =a;- aj = BZ"I" . 83'7',

2 o , . (16.33)
g7 =a'-a’ =Vu' -V
Equations (16.28) read

i €” k

Vu' = gajr X Opr — Oir x 0j7 = Jeip, Vur,
L (16.34)

- , , , ij
o;r = J% Vil x Vub +— Vil x Vol = EJ O,

with summation over lower indices repeated as upper indices. The fac-
tors of 2 arise from the sums over j and k, which contribute two equal
terms.?

The two bases are identical in cartesian coordinates such that

2Olr7 equivalently, from eijkejkl = 25;.

r =X +yy + 22 = 2'e; = x€ (16.35)
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with 8r/6‘xl = €, = V,I,L', and €;-e; = (Sija T; = $i, e, = ei, J =1.
There is no need to distinguish between upper and lower indices for
cartesian coordinates, except perhaps for the summation convention.
The coordinate tangents are the natural basis for velocities since
dr or . Or or

E:u%—k %—F %_uar—ual, (16.36)

while the coordinate gradients are the natural basis for gradients since

af af af 8f

but the coordinates in one basis are obtained by projecting onto the
other,

vi=g L =a'aif,  (16.37)

W=7 Vi, O0;f = 0;r - V. (16.38)

An arbitrary vector field F () can be expanded in terms of either basis
as

F'=F.Vu,
Fi =F. 81'7“.
Switching from one expansion to the other is done by raising or lowering
indices using the metrics (16.33)

F=F'or=FVui <& { (16.39)

Fy=g;;F, F'=g4F;, (16.40)

with sum over the lower index j repeated as an upper index.

Gradient field

A vector field F(P) is a gradient if there exists a scalar field f(P) such
that F = V f at any point P. That scalar field f(P) is the scalar po-
tential of F'(P). The scalar potential f(P) is defined up to an arbitrary
constant. In the coordinate gradient basis,

F =FVu' =Vf=(0,f) Vu', (16.41a)

implies that F; = 0, f, where 0; = 3/0u’ and F; = F - 9;r are the covari-
ant components (16.39). If the F;’s are continuously differentiable (C1),
then f, if it exists, would be twice continuously differentiable (C?), and
its partial derivatives would commute 0;0; f = 0;0;f. Therefore, exis-
tence of a scalar field f(P) such that F = V f requires the integrability
conditions 0;F; = 0;F;, that is,

0 or 0 or

In cartesian coordinates the integrability conditions (16.41b) for

F=FXx+F3y+F.2=FVx+F,Vy+F,Vz

e dF, OF, OF, 0F, 0F, OF, (16.42)
dor oy’ Oy 09z 0z  Ox '




Thus, solid body rotation F' = Z X r = xy — yX is not a gradient field,

since
OF, _or_ | O _d(w)
oxr  Ox oy oy
but centrifugal acceleration F = (Z x r) X Z = zX + y¥ is a gradient
since OF;/0x? = 0 for all i # j,
oF, 0y _,_OF, _0x _
or  dxr oy Oy
Indeed, this F' = 2% + yy = V(2? +y?)/2.
In spherical coordinates, the integrability conditions (16.41b) for

0=

F=F.#+F0+F,¢

) (16.43a)
= F,.Vr+ (rFy)V0 + (rsin0F,)V,
are
d(rFy) OF. O(rsin0F,) 0O(rFp) OF, O(rsinfdF,)
or 09’ a0 0o | Oy or '
(16.43b)

This is (16.41b) for F; = F - 0;v with the spherical coordinate tangents
(15.21a),
or or or )

e = F,, F% = rFy, F% =rsinfF,, (16.43c)
but we bypassed these explicit projections on the covariant basis by
directly rewriting F' in terms of the gradient basis (Vr, V6, V) (16.14)
in (16.43a). Thus F =z x r = rsinf ¢ = x§ — yX considered above, is
still not a gradient field, of course, since

oF, O(rsinfFy)
dp or

0 # = 2rsin? 4,

but F = (2 x r) X 2= 2%+ y§ = pp = Vp?/2 still is a gradient.
These examples illustrate that whether a vector field is a gradient

should not depend on the choice of coordinates. The geometric invariant

that vanishes when a vector field F is a gradient is the curl of F'.

16.5 Curl and del

In 3D, the integrability conditions (16.41b) for F' to be a gradient can
be written N -
kaai (F . (9]'7“) = e”k&Fj = O, (1644)

with sums over i and j. This form suggests that ¢'7%9;F; are the three
components of a vector, but a vector is a geometric object invariant
under a change of coordinates. The vector associated with those com-
ponents is the curl of F' defined as

curl F = €% (8, F;) J 1oy, (16.45)

16.5 Curl and del 271
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where 9; = 8/0u’, F; = F-0;7r, and J = 017 x a7+ 037 is the coordinate
Jacobian equal to the square root of the metric determinant J = /g
(15.68).

Curl F defined in (16.45) is V x F where V is the del operator defined
in arbitrary coordinates (u,v,w) = (u',u?, u?) as

V= Vug-i-vvg-i-vwi = Vu' 0, (16.46)
ou v Jw

such that V f = Vu'! 9;f is the gradient of f as in (16.37). Indeed,

V x F =Vu' 9; x F=Vu' x 0;F, (16.47a)
then, expanding 0;F = (9;F - 9;7) Vu/ as in (16.39) and using (16.34)
Vui x Tl — E”kakr yields
J
V x F = Vu' x Vu! (9;F - 9;r)
= Vui X Vuj (GZ(F . Bjr) —F. &-@-7’) (1647b)
= J_leijkakr (GiFj) y
because Vu' x Vu/ 9;0;7 = 0 by symmetry of 8;0; = 9;0; and anti-
symmetry of the cross product Vu! x Vu/ = —Vu/ x Vui. Thus, V x F
in (16.47b) equals curl F in (16.45). With (u,v,w) = (u',u?,u?) and
Jacobian J, the curl formula (16.45), (16.47b) expands to
g or jor or
T ou v dw 10r [0 or 0 or
F=-"—|—|F-—|-—|(F.—
v J Ou (81} < 8w> ow < 61}))

10r (0 or 0 or
10r (0 or 0 or
T ow (au (Fa> ‘a(Fau))
Alternative derivations of this general formula are sketched in exercises

16.24, 16.25 and 16.28. It is essentially Stokes’ theorem (16.60).
The del operator V is invariant under a change of coordinates from

(u',u?,u?) — (v',v% v3) since by the chain rule
;0 pOout (o 9\ o . 0
because ,
oo o
vk u;  Ovk Ok
Likewise,
. OF _ . OF
V x F=Vu'x S =Vv XW7

and the curl V x F' is invariant under a change of coordinates.



Del and curl in standard coordinates

Expressions (16.46) and (16.47) hold for general coordinates (u!, u?,u?) =
(u,v,w). In particular, the del operator is

V—fcg-l—Aﬁ—l—i2

- T oz yay 0z

—Pap ) 0o 92 (16.49)
o 60 5 0

2,00, & 0

in cartesian, cylindrical, and spherical coordinates, respectively, from
(16.12) and (16.14). A vector field F(r) is expanded as

F=F,%+F,y+F.2,
=F,p+F,p+F.z, (16.50)
=F 7+ F0+F,¢,

and the corresponding expressions for its curl are then, from (16.47c),

V x F
=X (8yFZ — 8sz) +3(0,F, — 0, F,) + 2 (6wa — 8ny) , (16.51a)

_ P (OF. O(pFy,) , (OF, OF;
p \ Oy 0z 0z dp

2 (UpF,) _OF,
( 5 " ap ) (651D)

p
7 (O(sinfF,) 0F, 6 (OF. 0O(rsinfF,)
~ rsind 00 Op rsinf \ Oy or

g 6(7‘F9) _ aFT

. ( 5 50 ) (16.51c)

In the spherical coordinates case, for example, (u!,u? u3) = (1,0, p),

or
e

o))

or R or o
oir = 5 = 7, Oor 50 = r@, Osr

= rsinf¢,

from (15.21a) with Jacobian J = r?sin#, so the covariant components
of F are

FW=F .-0r=F, I=F:-0gr=1Fy, F3=F:0,r=rsindF,.

Substituting in (16.45) or (16.47¢) yields the spherical form of V x F' in
(16.51). The cartesian and cylindrical expressions are derived similarly.
Alternative direct derivations of formulas (16.51) are provided in the
examples below and in (16.93) for general orthogonal coordinates.

16.5 Curl and del 27:
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Curl properties

The defining property is, of course, that the curl of a gradient vanishes

(16.44)
VXxVf=0 (16.52a)
C? means twice continuously differen- for any C? scalar field f(r). This is easy to remember symbolically
tiable. from the vanishing of the cross product of parallel vectors a x aa =

0. However, this analogy must be used with care since V is a vector
differential operator; thus, for example

V xzVy=VzxVy=2+#0.

The curl is a differential operator that obeys the summation and prod-
uct rules

Vx(F+G)=VxF+VxG, (16.52b)
Vx(fG)=VfxG+fVxG. (16.52¢)

These are straightforward to prove and remember from the regular sum-
mation and product rules for derivatives applied to (16.47), with the
understanding that (V x f)G does not make sense for a scalar field f,
but Vf x G does.

\ Curl examples

The curl of solid body rotation F =z x r = xy — yX = pp is straight-
forward to calculate in cartesian or cylindrical coordinates (16.51)

5 (2
S O s (P OCWY 20 s
J&T\ X(ZX7r)=12 P oy Z > op (16.53)
Thus, the curl of solid body rotation is twice the rotation rate (here Z).
. R ~ The curl of F' = F(p)¢ can be calculated directly using fundamental
_ 1d(pF)
Fig. 16.25 Vx F(p)p =, "2 gradients (16.14) and curl properties,
V x F(p)p =V x (pF(p))Ve
ApF) & _ 1d(oF),
=V((pF(p)) x Vp=—"pxX — = — zZ, (16.54
(pF(p)) b ) dp (16.54)
essentially re-deriving (16.51b) on the fly (Fig. 16.25).
The curl of the inverse square law field (16.2) F = #/r? is tedious
to calculate in cartesian or cylindrical coordinates. It is straightforward
I using the formidable spherical coordinates formula (16.51), but more
‘\\\ /I/’ simply from (16.22) and (16.52a), for r # 0,
—— [ ] — ,",; B 1 _
’/’/ \\\\ V x 2= V xV(-r=") =0. (16.55)
/ l \ In fact, from (16.14a), (16.19), and (16.52¢), the curl of any radial field
vanishes (Fig. 16.26),
Fig. 16.26 V x F(r)# = 0. dF

V x F(r)f =VF(r)x Vr= e x 7 = 0. (16.56)



The curl of the line vortex field (16.3) is also best obtained using
fundamental properties, for p # 0,

vx (22X Vv x P ovxve—o, (16.57)
2 x 7|2 p

but the curl of any other azimuthal field does not vanish identically as
shown by (16.54) that only vanishes for F(p) = 1/p.

The curl properties (16.52) can be used together with the proper form
for del (16.49) to derive the expressions for V x F'in (16.51). In cartesian
coordinates, with X, ¥,z fixed, we find

V x F =V x (F,%+ F,§ + F.2)
=(VF,;) x%+(VE) xy+ (VF,) x 2
=% (0,F. — 0.F,) + ¥ (0-Fy — 0,F.) + 2 (0,F, — 0,F,), (16.58)

since V = X0, + y9, + 20,, thus recovering (16.51a).

For cylindrical and spherical coordinates, the direction vectors p, @,
7, 6 are functions of the coordinates. One approach to computing V x F'
is to apply V to the direction vectors using their known derivatives
(10.19), (10.24a), or (15.17b). For example, consider a meridional field
F = Fy0 with F a differentiable function of (r,0,¢) and 0 varying with
(6, ) but not r. From the curl properties (16.52) and del in spherical
coordinates (16.49),

V X (Fy0) = (VEFy) x 0+ FyV x 6
OFy . ~ OFypx0 6 06 7 00
= o T 0T 5, (X%+rsinﬁx&p

or Op Tsind +
_0Fy . 0F, # 6 R @ R
o P %rsinﬂ—i_Fa (rx( r)—&—rsinexcos&p

_(0R R\, R ¢ _@drR) OR 7
~\ or r 3gprsm9 T

which matches (16.51c) for F,, = F, = 0. The full (16.51c) can be
obtained by proceeding similarly for the # and ¢ terms.

A better way to handle the varying direction vectors g, @, 7, 0 is to
use the identity V x V f = 0 and fundamental gradients (16.14). For the
same F' = F46, we begin with § = rV (16.14b) to rewrite the direction
vectors as multiples of gradients. Then using (16.52),

or dp rsinf’

V X (F40) = V x (rFyV0) = V (rFy) x V0 =V (rFy) x 0/r
_O(rFp) 7% 0 N O(rFy) @ =6

or r Op r2sinf

- 8(1~F9) QO aFg T
T Oor r B¢ rsinf’ (16.59)

which again matches (16.51c) for F,. = F, = 0. This second approach is
more efficient, and is applied to general orthogonal coordinates in §16.9.

16.5 Curl and del 27
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Fig. 16.27 Line elements dr around a
(u,v) coordinate surface element. Net
circulation of a vector field F' around
that element is the curl dotted with the
surface element eqns (16.60), (16.61),
(V X F) - (Our X Our)dudv.

Fig. 16.28 Surface S with boundary
9S8 and right hand rule orientation for
Stokes’ theorem.

16.6 Stokes’ theorem

It follows directly from the expression for the curl V x F in general
coordinates (16.47c) that (Fig. 16.27)

or Or 0 or 9] or
VXF-|—X—|=—|F-—|—=— | F-— 16.
x (au . 5‘1}) ou ( 81}) v ( au) . (1660)
with two similar equations by cyclic rotations of (u,v,w). Multiplying

both sides of (16.60) by du dv, integrating over a region (u,v) € U € R?
for fixed w, and using Green’s theorem (13.31c) yields Stokes’ theorem

/ VxF.dS=@¢ F-dr, (16.61)
S oS
where P 5 P P
r T ‘s T
dS = % X % d'l,l/dv7 d?“ = %du + %dv

are the surface and line elements of a surface S with boundary curve
0S. The surface S is the image of U € R? through the map r(u,v, w)
with w fixed, while d§ is the boundary of S that is the image of the
boundary of U through the same map. Since the coordinates (u,v,w)
are arbitrary, Stokes’ theorem (16.61) is a general result valid for any
continuously differentiable vector field F(P) and orientable surface S
with boundary dS. The orientation of S and dS must match according
to the right-hand rule, that is, if A(P) is the normal to the surface
and (P) the tangent to the boundary curve S at point P, then the
tangent 7 x £ must point toward the surface. The surface S can have
holes with multiple properly oriented boundaries dSy, as follows from
Green’s theorem (13.31e).

oS

Stokes’ theorem states that the flux of V x F' through a surface S
equals the circulation of F' around the curve boundary of S (Fig. 16.28).
It is a fundamental theorem of vector calculus and provides a geometric
interpretation for the curl as circulation per area in the limit of that
area shrinking to a point P,

F.dr

-V x F = lim 9%147, (16.62)
A=0 A

where 71 is the unit normal to the surface patch of vanishing area A. This

patch can be a disk or a triangle or any shape suitable to the geometry,

as illustrated in Fig. 16.27 and obtained in eqn (16.60).



Consider, for example, the circulation of vector field F' = F.+ + Fob+
F,@ about the meridional sector sketched in Fig. 16.29 with fixed ¢ and

(ro,60,) = (r1,00) = (r1,01) = (ro,01) = (r0,00),

where the components F;., Fy, F, are arbitrary continuously differen-
tiable functions of spherical coordinates (r,6, ), and {#, 0, @} are the
usual spherical direction vectors. That contour consists of two radial
segments along which F'-dr = F - #dr = F,.dr and two meridional seg-
ments along which F - dr = F - r8d0 = rFydf. The circulation around
that closed curve C is then, keeping ¢ implicit since it is fixed,

%F cdr = / (Fu(r,00) — Fy(r,01)) dr

01
+ / (ryFy(r1,8) — roFy(ro,0)) do.
0o

Both of these integrals can be written as double integrals using the
fundamental theorem of calculus

b
£(b) = fla) = / & (16.63)

yielding

r 0
! ! OF,. O (rFy)
F. = — . 16.64
§é dr /TO /90 < 80+ o )d&d?‘ (16.64a)

Now the flux of V x F through the surface patch S enclosed by C = 08
with dS = (9,7 x Opr)drdf = (# x r0)drdd = @grdrdd is

T1 01
/VxF-dS:/ / V x F - $rdrdd. (16.64b)
S T0 90

Stokes’ theorem states that (16.64a) equals (16.64b) for any rg, r1, 0o,
0,. Since we assume continuity of the integrands that requires

_OF, _0(rFy)
90 ar

verifying Stokes’ theorem, and illustrating another way to derive (16.51c)
from it.

The curl came to light in magnetostatics as the differential version of
Ampere’s law. Ampere’s law states that a steady current J induces a
magnetic field B such that the circulation of B around a closed curve C

is proportional to the net current through any surface orientable & with
boundary 0S8 = C,

VXF-¢r=

B-dr = ,,LO/ j-ds, (16.65)
oS S

where j is the current density. Stokes’ theorem leads to the local version
of Ampere’s law, V x B = 7, since the integral version holds for any
surface S.

16.6  Stokes’ theorem

Fig. 16.29 (r,0) sector.

27
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3A “curl” field, F =V x A, is called a
solenoidal field.

or Or Or
J=— X —+ —.
ou Ov Oow

Vul = ?ajr X O

“Note that we have multiplied through
by the Jacobian J for display purposes.
The divergence theorem is emerging.

16.7 Divergence

We have shown that a vector field is a gradient when it has no curl
(816.5). Here, we ask the next question: when is a vector field a curl?
That is, given a vector field F(P), is there another vector field A(P)
such that F =V x A?

If it exists, that vector field A is the vector potential of F', and F is
a solenoidal field.> The vector potential A is defined up to an arbitrary
gradient field since the curl of a gradient vanishes (16.52a); thus, for any
smooth scalar field f,

Vx(A+V[f)=VxA.

From (16.47), V x A = J~1€¥* (0;Ay) 9;r. Expanding F = F'9;r in
the velocity basis, yields

F=VxA & F'=]"1%) 4.
The integrability condition for F' to be a curl is thus
9; (JF") =0, (16.66)

because eijkaiajAk = 0 since €% = —eJF hug 0;0; = 0;0;.
The left-hand side of eqn (16.66) corresponds to a scalar invariant
called the divergence of F' given by

divF =J'0; (JF') = L

9 i
9 (JF-Vu'), (16.67a)

in general coordinates (u',u? u®). This divergence divF = V - F.
Indeed, from (16.34), (16.46), and €%9;0;r = 0 = €%,y r,

V.-F=Vu.o,F
= J_1%€ijk8j’l"‘ X 8;5)" . 81'F
=J 19 (%eijké‘jr X OpT + F)
=J719; (JVu'-F) =J7'0; (JF").

(16.67b)

For (u,v,w) = (ul,u? u3), (16.67b) reads*

0 0 0
JV - F = 5o (JF-Vu) + o (JF - Vo) + 2 (JF - Vw) (16.68)

0 or Or 0 or Or 0 or Or
au<F'avXaw>+au<F'awxm>+aw<F'mxav>‘
The latter expression follows from JVu = 0r/dv x 9r /0w (16.28), and

similarly for JVv and JVw. Invariance of V - F follows from invariance
of V (16.48).



Divergence in standard coordinates

For a vector field F(P) expressed in cartesian, cylindrical, or spherical
coordinates as in (16.50), the contravariant components for (u!, u?, u3) =
(z,9,2), (p,p,2), or (r,0,¢), with corresponding Jacobians J =1, J =

p, or J =1r2sinf, are obtained from (16.14), respectively,
F'=F.V2=F, F*=F-Vy=F, F=F.-Vz=F,

F,
F'=F-Vp=F, FFP=F-Vp=-2 FFP=F.Vz=F,
p
F, f F
F'=F.Vr=F, FFP=F.-V=-2, FPB=F.Vp=__F°

r rsinf’

Substituting in the general coordinate formula (16.68), we obtain

OF, 0F, OF.
VeF = Ty T e
LoE,) | 10F, | OF.

=5t on (16.69)

la(rzFr)+ 1 O(sinf Fy) 1 0F,
r2  Or rsinf 00 rsinf dp

Divergence properties

The defining property is of course that the divergence of a curl vanishes
(16.66),

V.-VxA=0, (16.70a)

for any C? vector field A. This is easy to remember symbolically from
the vector identity a - a x b = 0, though one must be careful with this
analogy because V is a vector differential operator; thus, for example,

V-2Vxyz=Vzr - Vyxz=%-yxz=1#0.

The divergence is a scalar differential operator that obeys the sum-
mation and product rules

V- (F+G)=V-F+V.G,

V-(fG)=(Vf)-G+ fV -G. (16.70)
As for the curl, these follow from (16.68) and the standard differentiation
rules, with the extra understanding that the divergence of a scalar is not
defined; thus, (V- f)G is nonsense, and (V f)-G is the correct expression.
The dot and cross products, a+b and a x b, are defined between vectors
a and b, not vector and scalar.

16.7 Divergence 27¢
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Divergence examples

The divergence of r = X + y¥ + 2Z and that of 2 x r = 2§ — yX are
easy to calculate in cartesian coordinates

\ / Vop= 0T 0 05 g
dr Oy 0z
M s y) o (16.71)
- _— Veaxr) =224 9% .
- . Oz oy
— / \\ The divergence of the inverse square law (16.2) is straightforward in
/ \ spherical coordinates if (16.69) is available, or, directly, using (16.14a)
and the product rule (16.70b) with r = r#, we find for r # 0,
2
Fig. 16.30 V - (F(r)#) = %2 d(gTF). . 1 1 37 3
This approach applies to all radial fields F = F(r)# that diverge in
general, except for the inverse square law F(r) = 1/r? (Fig. 16.30).
Similarly, the divergence of the line vortex field (16.3) is a straight-
forward application of the cylindrical coordinate formula (16.69) since
Z X r = pp, but is easily calculated as
Z X 1 1
ﬁ - (Vp2> 0P+ V(2 xr) =0, (16.73)
\\ for p # 0, since Vp=2 = —2p/p?® is orthogonal to . This method
/ - \ applies to any azimuthal field F' = F(p)¢ whose divergence vanishes for
any differentiable F'(p) (Fig. 16.31).
\ / The divergence properties (16.70) can also be used to derive the carte-
~ sian, cylindrical, and spherical expressions (16.69), either by differenti-
\'—> ating the direction vectors as illustrated for the curl or, in a better way,
by expressing them as cross products of gradients and taking advantage
Fig. 16.31 V - (F(p)®) = 0. of the identity V - V x F = 0 combined with V x fVg = Vf x Vg

from (16.52) that yield the identity
V. (VfxVg)=0. (16.74)
For example,

V- (F0) =V (Fppx#)=V-(Fyrsinfd Ve x Vr)
1 O(rsinf Fy) (16.75)

=V (Fyprsinf) - (Vo x Vr) = g 20 )

since Vr =#, Vo = @/(rsinf), V- (Vo x Vr) =V -(V xpVr)=0
from (16.74), and using the spherical form of V (16.49) in the last step.
This approach can be used to compute V « F' in arbitrary orthogonal
coordinates (§16.9).



or
ds, = Em X Edudv

—dS, ~ds,

or Or
ds, = 5 X %dvdu: ds, = al % Sldu du

_4s, ow u

16.8 Divergence theorem

The divergence theorem, and a geometric interpretation for the diver-
gence, readily follows from the general formula (16.68)

TN R —"
IV F = o (JE) 4 o (JF) 4 5 (JFY) (16.76)

0 or Or 0 or Or 0 or Or
—au<F'av aw>+av<F'aw m)*aw(F'auxaU)

in arbitrary coordinates (u,v,w), with Jacobian J. Multiplying both
sides of (16.76) by the coordinate differentials dudvdw (Fig. 16.32),
and integrating over a coordinate “brick,” that is, a rectangular domain
in (u,v,w) coordinate space,

U:ug<u<u, vv<v<y, w <w<w, (16.77)

where ug, u1,vg, V1, Wy, wy are constants, yields

/VFdV /FdS /FdS
/FdS—/FdS+/FdS /FdSw,

Sw 1 “’0

(16.78)

where dV = J dudv dw is the measure of the volume element, and®

0 0
ds, = 25 x & dudw = JVudodw
ov  Ow
is the surface element on a w-isosurface, and similarly for dS,, dS,,.
The 3D domain V is the image of & under the map r(u,v,w), and
the six boundary surfaces are the ug, uy, vg, v1, wo and w;-isosurfaces

16.8 Divergence theorem 281

Fig. 16.32 Surface elements dS foi
a (u,v,w) curvilinear volume element
The net outward flux of a vector fielc
F' through that box surface boundary
is the divergence times the volume o
the box (V - F) Jdudvdw (16.76).

_or or or
T ou v Ow’

5The wu-isosurface element dS, was
written dSyw in (15.25).



282 Flields

corresponding to the same 7(u,v,w). The surface integrals arise from
the fundamental theorem of calculus. For example, (Fig. 16.33)

/ / / a(F- & X 81°> dwdvdu
wo Jvo Jwy OW Oou Ov
o or Or or Or
—/uo/vo <F'%X%)wl—<F'%xm>w0]dvdu
:/ F-dSw—/ F.dsS,.
Suy Swo

With (u,v,w) ordering such that J = 9,7 X 9,7 - 0,7 > 0 the surface

) or Or normal 9,7 X 0, points outside of the domain at the upper bound w-
Fig. 16.33 dS. = 9 < gy dudv isosurface but inside on the lower bound wy (Fig. 16.32), and similarly
for the other four isosurfaces. Thus with the minus signs in front of the
lower surfaces, the six surface integrals in (16.78) yield the net outward
flux of F' through the entire surface boundary & = 0V of the volume V,

yielding the divergence theorem, also known as Gauss’s theorem,

/ V. .FdV = F.dS, (16.79)
v oV
where 0V is the closed surface boundary of volume V with surface ele-
ment dS = 71 dA pointing outward. This is a general result that applies
to any sufficiently smooth vector field F(P) and volume V with bound-
ary surface S = 0V with unit normal 72 pointing outward, and it provides
a geometric interpretation for the divergence of F' as the limit of the ra-
tio of the flux of F' through a closed surface over the volume enclosed
by that surface

V.F = lim M_

Jim #OV— (16.80)

The divergence theorem (16.79) can be applied to a spherical coordinate
brick (Fig. 16.34)

ro<r<ry, 00<0<6, 9o <o <o,

Y for constant rg, 71,600,601, w0, w1 to derive V - F' in spherical coordinates
(16.69), for example, similarly to the Stokes’ theorem example for the
x curl in (16.64). This is left as exercise 16.36.

The above derivation is quite general since the coordinates are ar-
bitrary, but the assumption that the boundary consists of coordinate
isosurfaces requires further discussion. Coordinate singularities also ne-
cessitate a closer look. For example, for a sphere of radius R with the
usual spherical coordinates (7,6, ¢) and

Fig. 16.34 (r,0, ¢) brick.

0<r<R, 0<60<7m 0<Z<p<2m,

the r = 0 isosurface reduces to 1 point, the # = 0 and 7 isosurfaces reduce
to line segments, and the flux outward of the ¢ = 0 and 27 isosurfaces
are equal and opposite so they cancel out such that the entire flux comes
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from the r = R isosurface. A cleaner argument considers the limit € — 0
for the brick

eR<r<R, e<l<m—¢ 0<p<2m—c¢

For a more general derivation, we prove the divergence theorem for a
tetrahedral domain, then tile an arbitrary domain with such tetrahedra.
Consider a coordinate tetrahedron where three of the edges correspond
to u, v, and w coordinate curves, and the three faces with those edges are
coordinate isosurfaces (Fig. 16.35). Let Py, P1, P», P3 be the vertices of
that tetrahedron with coordinates (u,v,w) = (0,0,0), (1,0,0), (0,1,0),
(0,0,1), respectively.® Let Sy be the face opposite to vertex Py, such SFor a tetrahedron with flat faces
that Si, S, S3 are coordinate isosurfaces with u = 0, v = 0, w = 0, 7(Wwv,w) =70 +uar +vaz +was
respectively. The face Sy with vertices Pp, P, P is assumed to be such where ay, is the position vector of ver
tex Pj from vertex Pp.
that at any point P on Sp its unit outward normal 7(P) satisfies

fL-Ouyr >0, f-0,r >0, 7-9,r>0. (16.81)

This condition guarantees that all coordinate curves flow outward of the
patch Sp, not in and out or tangentially, and Sy can be equally well
parametrized as

(1):0<u<1, 0<v<wvp(u), w=uwy(u,v),
(2):0§U<13 nggw23(u)7 UZUO(’U,’UJ)7
3):0<w<1, 0<u<uz(u), v=uvy(w,u).

We use parametrization (1) and the fundamental theorem of calculus
to integrate the 9/0w term on the right-hand side of (16.76), yielding

// / 92 (JE) dwdvdu—// JF“’ (JF“’)SS] dvdu,

but the integral on the surface Sy where w = wp(u,v) is not the flux
of F through that surface anymore because (9,7 x 0,7) is not nor-
mal to that surface. The parametrization for that face Sy is s(u,v) =
r(u, v, wo(u,v)) with surface normal

u v \du v Oou \Ow v Ov \Ou Ow)’

Fig. 16.35 (u,v,w) tetrahedron.

such that its surface element dSo = (9s/0u x 9s/0v) dudv satisfies” "Similarly for the other parametriza
tions
0 0
" dSy = o= . dS,, = J dudv (16.82) dSo - Oyr = Jdvduw,
dw dw

dSg - Oyr = Jdwdu.
since the dot product with dr/dw cancels out the two extra terms in
Ou8 X Oy s that involve cross products with dr/0w. Now the full F field
has the tangent basis expansion

F = FYOur + F'0ur + F¥ 0,7,
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with (F*, FY, F*) = F - (Vu, Vv, Vw), then on surfaces Sy and Ss

JFYdudv = F - a—r X a—rdudv = F*9,r-dS.
Ju  Ov

Thus, the integral of the (JF™)/Ow term in (16.76) gives the flux of
the F* 9,7 component of F' out of face Sy minus that into face S3. That
component is tangent to faces S; and Ss so it has zero flux through those
faces; therefore, the flux of F 0,7 out of face Sy minus that into face
S3 equals the flux of that component out of all four faces,

/ / / 9 (gEm dwdvdu:yg(F“’@wr)-dS, (16.83)
S

where § = Sy + §1 + 82 + S3 is the total surface boundary of the
tetrahedron, with the surface element dS = 7 dA pointing outward.

The same argument using parametrization (2) for Sy, shows that the
integral of the first term in (16.76) yields the outward flux of component
F“9r/0u through the entire surface S, and likewise with parametriza-
tion (3), the integral of the second term in (16.76) gives the outward
flux of FY0r/0v through S, such that the sum of all three net fluxes is
the outward flux of the total field F' through S, yielding the divergence
theorem (16.79) for the tetrahedron.

An arbitrary volume domain V can be tiled using a collection of such
tetrahedra, with cancellations of the outward fluxes through common
faces, yielding a proof of the divergence theorem (16.79) for any volume
V with piecewise smooth surface boundary & = 9V. That volume V
can be sphere-like or torus-like or any other topology, including inner
holes, that is, “Swiss-cheese”-like, with multiple disconnected surface
boundary components Sy, oriented outward of V. This is particularly
useful to handle fluxes of vector fields with isolated singularities, such
as the gravitational and Coulomb field F(r) = (r — r1)/|r — r1]? with
an inverse square law singularity at » = r; (Fig. 17.3).

The divergence arises in electrostatics through Gauss’s law stating
that the outward flux of the electric field E(P) through a closed surface
S is proportional to the net electric charge inside the volume V enclosed
by that surface. If p(P) is the electric charge density (charge per volume)
at point P, Gauss’s law states that

E.dS = l/ pdV, (16.84)
oy € Jy

where ¢ is the electric constant. The differential version of Gauss’s law,
V - E = p/eg, arises from rewriting the surface flux integral as a volume
integral using the divergence theorem since Gauss’s law applies to any
volume V.



Gradient and curl theorems

Applying the divergence theorem (16.79) to the vector field F(P) =
a f(P) where a is any constant vector yields, using (16.70b),

/VV-(fa)dVa-/vadV

= fa-dS=a- fdsS.
av av

Since this holds for any a, we obtain the gradient theorem
/ VfdV = fds. (16.85)
% av

Thus, in fluid mechanics, the net pressure force on a fluid volume is

—yg pﬁdA:—/VpdV
oV %

and the net pressure force on a fluid element of volume dV is —Vp dV.
The minus sign arises because the scalar pressure field is compressive,
but 71 points outward in the divergence theorem with d.S = nnd A.

Similarly, applying the divergence theorem (16.79) to the vector field
F(P)xa instead of F(P) for any constant vector a yields, using identity
(16.101),

/\}V-(an)de(/\}VdeV)-a

= FXa-dSz(?ﬁ ﬁdeA)-a
oV )%

where dS = nidA is the outward pointing surface element. Since this
holds for any constant a, we obtain the curl theorem

/VdeV:§£ i x F dA. (16.86)
v oV

The divergence and gradient theorems can also be applied in euclidean
2D space by considering f(z,y) and F(x,y) as 3D fields independent of
the third coordinate z. We then apply the divergence and gradient
theorem to cylindrical domains parallel to the z axis whose intersection
with the (z,y)-plane is a closed curve C with line element dr = tds,
enclosing an area A in the (z,y)-plane. Then the surface element on the
side of the cylinder is (Fig. 16.36)

dS =dr xdzz =t x 2dsdz = fdsdz,
where 7o = £ x % is the unit outward normal to the cylinder and the curve

C, with ds = |dr| as the arclength element along the curve. The dz (or
z integrals over arbitrary cylinder heights) drop out and we obtain the

16.8 Divergence theorem 28%

X

Fig. 16.36 Tangent and unit outwarc
normal.
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Watch out for meaning of Fy,, Fy, Fy.

planar version of the gradient and divergence theorems

/VfdA:ygfﬁds,
A C
/V-FdAz%F-ﬁds.
A C

These 2D versions also follow directly from Green’s theorem (13.31c) by
rewriting the latter in divergence instead of curl form.

(16.87)

16.9 Orthogonal coordinates

For general orthogonal coordinates (u,v,w), the coordinate tangents
dr/dut are orthogonal to each other, and thus the coordinate gradients
Vu' are also orthogonal to each other and parallel to their correspond-
ing tangent vectors. It is convenient therefore to define the scale factors
hy, hey, hey as the magnitudes of the tangent vectors such that

or or or

a. = hu'&, . = hvﬁa a . = hww7
ou N ov 5 ow " (16.88)
VU:E7 VU:E, VU]:E,

with orthogonal direction vectors ordered such that & x ¥ = W, so the
Jacobian is simply

or Or Or

= by >0, 16.
J= oo ot >0 (16.89)
and the del operator (16.26), (16.46) reads
; @ 0 v 0 w 0
=VU O = e e 16.
V=V hu8u+h7j8v+hw8w (16.90)
An arbitrary vector field F(P) is expanded as
F =F,a+ F,v+ F,w, (16.91)

where these orthogonal components F - 4; = (F,, F,, F,,) should not be
confused with the covariant components F' « 0,1 = (hy Fy, ho Fy, by Fuy).

Curl

To compute V x F'| we write F' in terms of the coordinate gradients
F = (h Fy)Vu+ (hyFy)Vu+ (hyFy ) Vw, (16.92)

then use V x Vf =0 (16.52) as for V x (F48) in (16.59), to obtain

() (6(thw) 8(hUFv))

VX F = v ow

o B

o o (16.93)

@ (3(hF,) d(h.F.)
huhv ou ov ’

This formula also follows directly from the general one (16.45), of course.




Divergence

For V - F', we write F in terms of coordinate gradient cross products

Vv x Vw + Vw x Vu + . Vux Vv, (16.94)

u v w

with J = hyhyhy (16.89), then use V - (Vf x Vg) = 0 as done for

V - (Fp0) in (16.75) to calculate

JF, B JF, _18 JF,
V-(hu vaVw)-V(hu> VUXVU}_J@u(hu)

with V as in (16.90) and Vu- Vo x Vw = 1/J (16.29). Similar expres-
sions for F, ¥ and F,w follow by cyclic rotation of (u,v,w). Thus, the
divergence of F = F, 4+ F,® + F,% in orthogonal coordinates (u, v, w)

1S
1 0 (JF, o (JF, 0 JF,,
VFUQJm%m@JWNm»’m%

that also follows directly from the general formula (16.68).

F =

Standard coordinates

For cartesian coordinates (z,y, z) with tangent vectors

or or oy oo
ax7ay’az - 7y7 Y

the scale factors are (hg, hy,h.) = (1,1,1). For cylindrical coordinates
(u,v,w) = (p, p, 2), the tangent vectors are

or Or Or A~ oA
57%7& :(p,p(P,Z).
Thus, {4, 0, w} = {p, p,z} with scale factors h, =1, h, = p, h, = 1.
In spherical coordinates, (u,v,w) = (r,0, ¢), the tangent vectors are
(g:, %, g;) = (f,ré,rsin@cﬁ).
Thus, {@,?,w} = {r“,é,g&} with scale factors h, = 1, hg = r, hy, =

rsinf. Substituting these scale factors in the curl formula (16.93) and
the divergence formula (16.95) yields (16.51) and (16.69), respectively.

16.10 Vector identities

Two fundamental identities are that the curl of a gradient (16.52a) and
the divergence of a curl (16.70a) vanish for any fields whose second
derivatives are continuous (C?),

V xVf=0,

(16.96)
V-VxF=0.

16.10

Vector identities 28

J = hyhyhy.
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Three other vector identities are

Vx(VxF)=V(V-F)—(V-V)F, (16.97)
Vx(FxG) =(G-V)F—(V-F)G

+(V-G)F — (F-V)G, (16.98)
Fx(VxG)=(VG)-F - (F-V)G, (16.99)

where V - V = V? is the Laplacian operator discussed in section 16.11.
These can be verified using index notation with V = Vu'0; and the
double cross product identity (4.9)

ax(bxe)=bla-c)—c(a-b). (16.100)

These identities can be reconstructed on the fly from that double cross
product identity combined with the product rules and a little extra care
in handling the vector differential operator V. Order does not matter
inb(a-c) = (a-c)b = (c-a)b for regular vectors, but the order matters
for the vector differential operator V,

V(V.-F)#4(V-F)V % (F-V)V,

so we need to decide which of those expressions to select.

The first identity (16.97) is fundamental in fluid mechanics and elec-
tromagnetism. The left-hand side of (16.97) is a field, the curl of the curl
of F, not an operator. Each term on the right of (16.97) should consist
of double derivatives of F'; hence, the b(a - ¢) term of the double cross
product must be V(V - F), the gradient of the divergence of F. The
other valid expressions for regular vectors, (a - ¢)b and (c - a)b, would
yield (V- F)V and (F - V)V; but those are differential operators, not
fields. Likewise, the right choice for the —c(a - b) term of the double
cross product is —V - VF = —V?2F, the Laplacian of F, not F(V - V)
which would be the Laplacian operator scaled by F', not applied to F.
The explicit verification in general coordinates has one subtlety given in
exercise 16.43.

The second identity (16.98) can also be reconstructed from (16.100),
together with the product rule since V is a vector differential operator;
hence, V x (F x G) represents derivatives of a product and this doubles
the number of terms of the resulting expression. The first two terms on
the right-hand side of (16.98) are the double cross product (16.100) for
derivatives of F' while the last two terms are the double cross product
for derivatives of G. This is straightfoward to demonstrate in general
coordinates with V = V' 9;, and the summation convention,

V x (FxG)=Vu' x9;(F xG)=Vu' x(0;F x G+ F x 9;G)
=(G-Vu)o,F — (Vu' - 0,F)G
+ F(Vu' - 9,G) — (F - Vu')9;G
=(G-V)F—(V-F)G+(V-G)F — (F-V)G,
which is indeed (16.98).



In the third identity (16.99), the del operator V only applies to G,
so we must write the first term on the right hand side as (VG) « F, not
V(G - F') that would include derivatives of F. The second term also
involves the tensor VG, but F - VG = (F - V)G can be interpreted as
the scalar operator F' - V applied to G. The verification of this identity
is straightforward, from (16.47a) and (16.100),

Fx(VxG)=Fx (Vu x 9;,G)
=Vu'0,G-F—F-Vu'9,G
=VG-F—-F-VG,

and reveals that
VG-F =Vu'(0,G-F)+ Vu?*(0:G - F) + Vu*(3:G - F).
Another useful vector identity is
V- (FxG)=G-(VxF)—F-(VxGQG), (16.101)
which follows from the mixed product property
a-bxc=c-axb (16.102)

together with the product rule since V applies to both F' and G, so
there should be two terms, and F x G = —G x F' to reconstruct the
second term. The verification in general coordinates is straightforward

V- (FxG)=Vu -9;(F xG)
=Vu' - (0;F) x G+ Vu' - F x (8;G)
=G -Vu' x0;F — F-Vu' x 9;G
=G-VxF-F-V xG.

A consequence of (16.101) and (16.52a) is
V.- (VfxVg)=0, (16.103)

that also follows from V f x Vg = V x (fVyg), and (16.52a). Some other
identities are explored in exercises (16.141) and (16.142).

16.11 Laplacian

The Laplacian operator is the divergence of the del operator V2 = V. V.
The Laplacian arises in many contexts, a canonical example being the
conduction of heat through a material. If g is the heat flux, with units
of heat (energy) per unit time and unit area, such that the flux of heat
through a surface S is [ 59+ NdA, then the net flux outward of a volume
element dV is

V.qdV

16.11  Laplacian 28¢
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from the divergence theorem (16.79). Fourier’s law of conduction then
prescribes the heat flux as proportional to the gradient of temperature
Ta

q=-\VT,

where A > 0 is the material’s thermal conductivity, and the negative
sign indicates that heat flows from hot to cold. The divergence of the
heat flux is thus

V.q=-V-(A\VT)=-\V?T,

proportional to the Laplacian of temperature if A is uniform throughout
the material. If C' is the volumetric heat capacity and @ the volumetric
heating rate, then the rate of change of the amount of heat in volume
element dV equals to the rate of heat input Q dV minus the net heat
flux out of the volume element, V . g dV, yielding the heat equation

0
ot
for the temperature T'(r,t) at point 7 and time ¢. In equilibrium, §/9t =

0, and assuming constant conductivity A, the temperature T'(r) obeys
Poisson’s equation

(CT)=Q-V-q=Q+V-(\VT) (16.104)

— VT =Q/)\, (16.105)

which reduces to Laplace’s equation, V2T = 0, for no internal heating

(Q=0).

Laplacian in arbitrary coordinates

The Laplacian is a scalar operator whose expression in cartesian coordi-
nates is simply

V=V .V=_—"-+_——5+_->. (16.106)

The Laplacian in cylindrical and spherical coordinates can be obtained
by applying the expressions for the divergence (16.69) to the correspond-
ing expression for V (16.49). They are given below as examples of the
general coordinate formula (16.110), (16.113). Likewise, for any orthog-
onal coordinates (16.88), the divergence (16.95) of V (16.90) yields, with
Jacobian J = hyhyhy,,

Vi=V.V
1 0 J 0 0 J 0 0 J 0
= (au (haau> o (hzav) * ow (haaw» - (16107)

In general coordinates (u!,u? u?), the formula for V - F (16.68) in-
volves the contravariant components F' of F = F9;r in the tangent
basis, while a gradient is naturally expressed in terms of the gradient
basis Vf = Vu'd;f (16.46). Switching from one basis to the other



follows from biorthogonality Vu’ - d;r = 4% (16.32), and involves the
metrics g* = Vu' - Vu/ and g;; = 9;r - 9;r, with

Thus
Vf = Vujﬁjf = (gij(()jf) 81-7',

and the Laplacian in arbitrary coordinates follows from (16.67) as

Vif=V-Vf=J"19;(Jg"0;f). (16.109)

The cartesian expression (16.106) corresponds to J = 1 and g% = §¥,
the Kronecker delta. In cylindrical coordinates (p, ¢, z), (16.107) and
(16.109) yield

10 ( 8 1 9% 9
w12 <pap> 5t (16.110)

since Vp=p, Vo =¢/p, Vz=12, J =p, and

— oo
—
=
&
=
—
—
=

) 1 0
[g¥]= |0 1/p?
0 0

In spherical coordinates (r,0,y), with Vr = #, V8 = 8/r, Vo =
@/(rsind)), J =r?sinb,

B 1 0 0
7] = [0 1/ 0 , (16.112)
0 0 1/(r?*sin?0)

and (16.109) or (16.107) yields

10 (,0 19 9 1
2_ -9 (29 — | sinf— ———. (16.11
v 2 or (r 8r> + r2sinf 00 <sm 89) + r2sin? § Op? (16:113)

The Laplacian can also be applied to a vector field. The Lapla-
cian of the velocity field V' (P) arises in the Navier-Stokes equations
of fluid mechanics, and the Laplacian of the electric and magnetic fields,
E(P) and B(P), arise in electrodynamics. For a cartesian basis where
F = F,%+ F,§ + F,z and the basis vectors {X,§,2} are constants, the
Laplacian is simply

V2F = xV?F, + §V?F, + 2V°F,. (16.114)

For other coordinate systems, the Laplacian of a vector involves extra
terms from the variation of the basis vectors and is computed below with
the help of a vector identity.
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Laplacian of a vector

For general curvilinear coordinate systems, the basis vectors are not
constant and the Laplacian of a vector field involves the derivatives of
the basis vectors. The Laplacian of a vector arises in the V x (V x F) =
V(V - F) — V2F and that identity can serve to derive expressions for
V2F in various coordinate systems. It is used hereafter to evaluate the
Laplacian of the coordinate gradients as V2Vuk = V(V2uF).

General coordinates

Using V2 = V-V and F = Fja* where a* = Vu* are the contravari-
ant/gradient basis vectors and F, = F' - Oyr = F - a;, are the covariant
components, the product rule leads to

V?F =V .V (Fa") =V . (VE, a" + F,Va")
=V2F, a* + 2V F, - Va"* + F,V2a*

with, from V = a’d; and (15.70b),
VF,-Va" =a'9,F; - a’9;a" = —(81»Fk)gij1"§l a'.
Then, from identity (16.97),

V?a" =V (V-a") -V x (Vxa")
= VVaF = a9, (J710; (Jgou"))
=aly, (J_l@ (Jgik)) ,

because V x a¥ = V x VuF =0, and (16.109) was used for V2u* with
djuk = oukjow = 6? Therefore, putting everything together with
some renaming of summation indices yields the general formula

V2F = a* (V2F, - 20" T 0:F; + F; 0u(J7'0: (Jg7) ), (16.115)
where, from (14.43),

29", = 29" """ Tk = 9" 4™ (Oigkm + Okgmi — Omyir) -
This expression for the Laplacian of a vector is often called the “vector
Laplacian.” This is the same V? operator as in (16.109), but the deriva-
tives of the basis vectors introduce extra terms besides the Laplacian of
the components.

For orthogonal coordinates, the metrics g;; and ¢% are diagonal, and
thus we can reduce (16.115); however, that expression is in terms of the
covariant components F; = F'-0;r, instead of the orthogonal components
F - 4", which are used in the case of orthogonal coordinates. Thus, a
secondary reduction is necessary to obtain an expression in terms of
those orthogonal components. A direct derivation is given below.



Orthogonal coordinates

For general orthogonal coordinates as in §16.9, vector fields F(P) are
represented as
F =F,a+ F,0+ F,w, (16.116)

in terms of a variable but orthogonal basis {@, ¥, @ }. The most compact
expressions for V2F arise from using identity (16.97)

VZF=V(V-F)-V x(VxF),

with the expressions for V, V- F' and V x F' in orthogonal coordinates
§16.9; however, the vector components and the scale factors are entan-
gled by that approach. To obtain the orthogonal formula corresponding
to the general formula (16.115), we proceed similarly to that derivation.
Focusing on the F, @ component, the Laplacian V?F = V-V F expands
to

V.V(F,4) =aV?F, +2VF,-Va+ F,V*a (16.117)

with the orthogonal expression for V (16.90).
The VF, - V4 can then be evaluated using the Lamé relationships
(15.17),

(16.118)

Expressions for VF, - Vo and VF,, - VW can be obtained by cyclic
permutation of (u,v,w). For the V24 term in (16.117) we use the vector
identity (16.97)

V2=V (V-4) -V x(V xa),

together with the orthogonal expressions for V, V « F and V x F' in
§16.9 for F = 4, that is, (Fy, Fy,, F\y) = (1,0,0), to obtain

19 (J . ® Oh, W Oh,
V'“—Jau(hu)v VX ke Dw Ry B (10119

@ (0 hy Oh\ O [ h, Oh,
VX (Vxd) = - <(’9v(huhv8v> +8w(huhw8w)>

L0 0 hoh w0 ( b Oh,
huhyw Ou \ hyh, OV huhy Ou \ hyhy Ow )’

16.11 Laplacian 29:¢
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where J = hyhyhy,. Subtracting from V(V - @) yields the expression
for V2@. Formulas for V2% and V2 follow by cyclic permutations of
the variables. Collecting all the @ components of V2F we find that

@ -V:F = V%F,

Byh, Ouhas D Ol
<8F R+ OuFu aer 5~ OuFu hh2>

B (1. I\ he. (12 2
v F, (h <Jah>+Ja( 3h> aw< &Uhu))
Ou(Ly I\ _huy (B
*F(h (Jah> 7O ( “))
0y (1 2
o (B 3) 5 (fon)

and the ¥ and W components can be obtained by cyclic permutation of
(u,v,w).
For example, in cylindrical coordinates, writing

3
F=F,p+F,p+F.2 =Y Fiy
k=1

with V as in (16.25) and p, @ functions of ¢ only, a direct calculation
yields

1 0F,0p | 10F,0p
2 0p Op  p* Op Op’

3
Z VF, - Vi

with 9,p = @, 9, = —p. Direct application of V? to p and @ yields

from (10.18) and (16.110). Expression (16.117) then gives the vector
Laplacian in cylindrical coordinates as

V:F =5 (V2Fp - %a& - Fg)
p?* Op  p
5 oF P (16.120)
+¢ <V2F¢ + ?8—@” - pij) +2V°F,

Similarly, in spherical coordinates,

3
F=F#+F0+F,¢ = Fpiy,
k=1

with V as in (16.24), and 7, 0, @, functions of 6 and ¢ only; thus,

Fr Vi, — — 22k 94k
VBV =550 90 T 2’ e 0 0y



Using (10.24) and (16.113) (see exercise 16.70), expression (16.117) yields

2 0Fy 2 OF 2F, 2Fy cos
=7 p- Y= e T
" (V r2 90  r2sinf Oy r2 r2sin 0
A 2 OF, 2cosf OF, Fy (16.121)
0 (V*Fp+ == — L.
+ ( o+ r2 00 r2sin® 6 8(,0 r2 sin29>

+ (szer 2 OF, 2cosl OFy F, >

r2sinf dp | r2sin260 dp  r2sin®6

16.12 The heat equation

For a homogeneous material with constant heat capacity C' and conduc-
tivity A, and no internal heating (Q = 0), the heat equation (16.104)
reduces to oT

7 27 16.122
T kYT, (16 )

where T'(t,7) is the temperature, and k = \/C' is the thermal diffusivity.
Since d/0t has units of 1/time, and V? has units of 1/length?, the ther-
mal diffusivity must have units of length? /time, that is, meters? /second
in ST units.

It is easy to verify that (16.122) has simple decaying sinusoidal solu-
tions of the form

T(t,r) = e ¥t cos ka,

for any real constant k, where x is the usual cartesian coordinate with
r = X + y¥ + 2Z. Since the equation is linear, we can construct other
solutions by linear combinations of those simple exponential solutions.

T

16.12 The heat equation 29%

Fig. 16.37 T'(¢,z) in (16.123) at t = 0 and «t = 0.5, illustrates smoothing and diffusion.

A fundamental example is the solution corresponding to a sum of
coskx at t = 0, that is,

N
T(t,x) = Ze‘“kztcos kx, (16.123)
k=0
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8 Although T(0,x) oscillates about 1/2
for all x # 0, it doesn’t converge to
1/2 anywhere! T'(0,x) is essentially the
Dirichlet kernel Dy (z) = 2T(0,z) — 1.

9In a Hilbert space of functions.

shown in Fig. 16.37 for N = 5. There is constructive interference of
the cos kx modes at x = 0 that add up to an initial value of 7'(0,0) =
N +1 =6 at x = 0, but destructive interference for all other z’s such
that the sum tends to 1/2 + 7 times a delta function as N — oo, t — 0,
for —m < x < 7 (exercise 19.22),%

= Zcos kx — % + 7o (x). (16.124)
k=0

The integral
/ T(t,z)dx = 2,

—T
for all times ¢t. This corresponds to the total heat (divided by the heat
capacity C) in the domain. The total heat is conserved for all times
since there is no flux through the boundaries at x = £, but the heat is
concentrated near x = 0 at ¢t = 0 and rapidly diffuses over the domain.
Thus, the heat equation rapidly damps high wavenumbers k, and spreads
local hot and cold spots. It smoothes and diffuses.

General 3D solution

More generally, the heat equation has simple Fourier mode solutions of
the form
2,
T(t,r) = e Flklt giker (16.125)

where k = kX + ky¥ + k.2 is any real wavevector, independent of ¢ and
r, the complex exponential e*® = cos ¢ + i sin ¢ by Euler’s formula, with
i being the imaginary unit such that > = —1. This is easy to verify
from (16.19) and (16.11),

v?eik-‘r -V. Veik-‘r —-Vv. (ikeik-‘r) _ _|k:|26ik-‘r"

0 _ 2 _ 2
—e K|k|"t _ —I€|k|2€ K|k t’
ot

(16.126)

such that (16.125) is indeed a solution of (16.122). Since that equation
is linear, the general solution in an unbounded domain is a superposition
of all possible Fourier mode solutions, that is,

T(t,r) = ///}Rg T(k) e ¥tk g, dk, dk., (16.127)

with T(—k) = T*(k) for reality, where ()* denotes complex conjugate.
The complex amplitudes T(k: can be determined from the initial con-

dition
T(0,7) /// ek T dk,dk,dk, . (16.128)
R3

It is useful here to think of T(0,) as an infinite “vector”® with r as
the row index, e’*" as an infinite “matrix” with r as row index and k
as column index, and T'(k) as an infinite vector with k as row index.



Then the triple integral on the right-hand side of (16.128) is a matrix—
vector multiply. That “matrix” e”*7" is complex orthogonal, up to a

(27)3 normalization, so that its inverse is it transpose conjugate divided
by (27)3 and

T(k) = ﬁ ///RS T(0,r)e”*"dedydz, (16.129)

in cartesian coordinates with » = x%X + y¥ + 2Z. The integral (16.129)
is the Fourier transform of T(0,r), from real space r to Fourier space
k, and (16.128) is the inverse Fourier transform from k space back to r
space.

Diffusion in a disk

For diffusion of heat from a localized hot spot in a plane or diffusion in
a disk or cylinder, polar coordinates (p, ) are more useful than carte-
sian coordinates (x,y) = p(cosg,siny). The heat equation in polar
coordinates follows from (16.110) with 9/0z =0

10T 10 ([ 0T 1 0°T
——— ==\ |+ 55> (16.130)
kOt  pdp \' Ip P2 02

This linear partial differential equation has constant coefficients in ¢ and

o but not p; thus, it admits exponential solutions in ¢ and ¢ of the form

Tion(t, p,) = e K0 £, (p), (16.131)

where the radial structure function f,(p) must solve the second order
differential equation

1d dfn , n?
S p= k2 — =) fn=0, 16.132
pdp<pdp>+< pQ)f ! (16:132)
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obtained by substituting Tk, (¢, p, ¢) into (16.130). The azimuthal wavenum-

ber n must be an integer for 27 periodicity in ¢, but k can be any positive
real wavenumber if we consider the infinite plane.

We can eliminate k by introducing a nondimensional radial variable
x = kp such that d/dp = kd/dy and the differential equation for
fn(p) = Bn(kp) = By(x) is Bessel’s equation of order n

1d / dB, n2
R + (1 _ ) B, = 0. 16.132b
x dx ( dx ) X2 ( )

Bessel’s equation has two independent solutions: Bessel functions of the

first kind B,,(x) = Jn(x) (Fig. 16.38) and of the second kind B, (x) =
Y,.(x). These special functions can be obtained by the Fuchs—Frobenius
method yielding series expansions of the form

oo
Tn(X) = X" Y emx™,
m=0 - (16.133)
Yo(x) = Ju(x)Inx + Z dnX™",

m=0

Bessel functions, see: NIST Digita
Library of Mathematical Functions
Chap. 10. https://dlmf.nist.gov/
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!]()

J1
Jo

25

| | |
kp
Fig. 16.38 Bessel functions Jo(kp), J1(kp), J2(kp).

with J,,(x) ~ x™ and Y,,(x) ~ x™", Yo(x) ~Inx as x — 0. Thus ,J,(x)
is regular but Y,,(x) is singular at x = 0. This second Y, () solution is
needed for domains that exclude y = 0 such as an annulus, but must be
rejected for regular solutions that include x = 0.

Eigenfunctions of the Laplacian

Solutions (16.125) and (16.131) are eigensolutions of the heat equation.
They keep the same shape for all times but uniformly decay in amplitude
at rate exp(—kk?t), in contrast to superpositions of such modes such as
(16.123) that change shape and show diffusion. The eigensolutions of
the heat equation are eigenfunctions of the Laplacian. Indeed,

v2eik‘r — _|k‘2eik-r7

v2 (eimpJn(kp)) — 2 (eimpJn(kp)) ’ (16.134)
where f,,(p) = Jn(kp) is the Bessel function of the first kind of order
n. These two sets of modes, the Fourier modes exp(ik - 7) for all real
wavevectors k, and the Fourier Bessel modes ¢ J,, (kp) for all integers
n and positive real k, are complete sets of complex orthogonal functions
that can serve as bases to represent any sufficiently well-behaved function
in the plane (z,y) = p(cos p, sin ).

In particular, Bessel functions can be expressed as superpositions of
Fourier modes, and vice versa. For example, when n = 0, the function
Jo(kp) is an axisymmetric eigenmode of the Laplacian. Its wavenumber
is k, so it is a sum of all Fourier modes with |k| = k fixed, k = (k;, k) =
k(cos a,sina) and r = (z,y) = p(cos g, sin p), such that

k-r =kp(cosacosy+sinasinp) = kpcos(a — ¢),

summed over all «, with equal amplitude da/(27) because of axisym-
metry, that is,

1 2r 1 2
kp) — — zkpcos(oz—tp)d _ 7/ Zk/’cosﬁd . 16.1
Jo(kp) 27r/0 e a=g | e B. (16.135)



Similarly, the other Fourier Bessel modes, €™ J,, (kp), also have wavenum-
ber k but sinusoidal variation in the azimuthal direction. They are sums
of Fourier modes over all angles o with fixed wavenumber k£ and complex
amplitudes e*da/(27),

ing (_,L)n o ina ikp cos(a—p)
e Iy (kp) = o/, e'"%e da

_A\n 27 . X
- einw(zil) / einBeikpeosByg, (16.136a)
T Jo

The (—i)™ is a normalization so that J,(kp) is real with

(kp)"

Tn(kp) ~ 2nn!’

kp — 0, (16.136b)

as can be verified from a Taylor series expansion of exp(ikpcosf) in
powers of (kp) and calculation of the resulting trigonometric integrals.
The integral representation can also be used to determine the asymp-
totic behavior as kp — oo using complex integration and the method of
steepest descent. That yields

5
T (kp) ~ ,/W—kpcos (k’p—ng - %)), kp — 0, (16.136¢)

which is a very good approximation (Fig. 16.38) long before oco!

FExercises 29¢

Exercises
(16.1) Find and sketch the field lines of F(z,y) = tances.
X —yy.
(16.2) Show that f(z,y) = /|zy| has 0f/0x = 0 = For the first two, prove that the angle betweer

(16.3)

(16.4)

(16.5)

af /0y at (z,y) = (0,0), yet Vf does not exist,
and f(z,y) is not differentiable at (0, 0) according
to (16.6a).

. . . df
It is tempting to write (16.6¢c) as V f = I Why
is that incorrect?
Show how to swiftly calculate V f for f(P) =
(i) r73, (ii) rsin6, and (iii) z/r®, where r = |r|,
z=12-7r=rcosb.
Show how to swiftly calculate V f for
(i) f(P) = |F1P| 4+ |F2P|, the sum of distances
to fixed points Fi and Fb;
(ii) f(P) = |F1P|—|F2P]|, the difference of those
distances; and

(iii) f(P) = |F1P|/|F2P)|, the ratio of those dis-

(16.6)

(16.7)

(16.8)

V f and Flﬁ equals that between V f and F5
modulo 7, for any P. What are the isosurfaces
of f(P)?

Calculate WV (A/|r —r1|+ B/|r —r2|) where
A, B, 71,72 are constants, (i) using fundamen-
tal gradient properties, and (ii) using cartesiar
coordinates.

Let 6 be the polar angle. Calculate 96/0x where
0/0x means (y, z) fixed in cartesian coordinates
(z,y,z). Express your result in spherical coor-
dinates (1,6, ). Compare cartesian coordinate
approach to one using directional derivative anc
fundamental gradients.

For the region R in a plane defined in cartesiar
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(16.9)
(16.10)
(16.11)
(16.12)
(16.13)
(16.14)
(16.15)

(16.16)

(16.17)

(16.18)

(16.19)

(16.20)

coordinates (z,y) by

0<u <zy < us, 0<v <y/z <,

consider the coordinates u = zy and v = y/x.
(i) Sketch the u and v coordinate curves. High-
light R. (ii) Find and sketch 9r/du, dr/dv, Vu,
and Vwu. Are these orthogonal coordinates? (iii)
Calculate
ou T Ou " Ov T Ov

Show that the vortex dipole field (16.4) is the
gradient of the angle F1 PF5.
Show that df/d¢ = 0 for f(r) = In(s1/s2) and
dr/dt = F(r) given in (16.4).
Show that the vortex dipole (16.4) field lines are
the contours of f(P) = In (|FyP|/|F2P|).
Show that eijk&-@jr =
r(ut,u?,u®).
Show that Vu' x Vu/ - 0;0;r = 0 for curvilinear
coordinates (u',u?, u®).
Show that Vu' x Vu? 0i(F - 0;r)

= Vu' x Vo’ (0;F) - (957).
Review, explain and expand (16.32) and (16.34).
Use in the following problems.
Show that 9,7 - 8; V) = —8;0x7 - Vu?. Use that
and (16.34) to verify

v v \% V.

0 for any C? function

V x Vil =Vu' x8; Vil =0,  (16.137a)

v. (Vui x Vuj)
— Vit ., (Vui x Vuj) —0. (16.137D)

For curvilinear coordinates (u',u? u®) with
9;r = Or/0u’ and Jacobian J = d17 X Jar -3 >
0, show that

V- (J o) =0,

16.137c¢
V x (Jﬁlai'f' X 8]‘7‘) =0. ( )

Show that
V-0ir=V-a; =T, =J"'0:J. (16.137d)

Show that
V.Vi=V.a =79 (Jg”) . (16.137¢)

Verify that V x V f = 0 for curvilinear coordi-

nates (u', u?,u?).

(16.21)

(16.22)

(16.23)

(16.24)

(16.25)

(16.26)

(16.27)

(16.28)

Verify that V - V x F = 0 for curvilinear coordi-

nates (u', u?,u?).

Derive/explain

VxF:aixai (Fja,j)

=J % a, 0,F;, (16.137f)

where a' = Vu', ax = Oxr, and J = a1 X az-as.

Derive/explain
V.F = a'-9; (Fjaj) = J 9 (JFY), (16.137g)

where @' = Vu', a; = 0;r, and J = a1 X az-as.

Derive (16.47c) using (u,v,w) instead of
(u',u?,u®). Starting from (16.47a) written

V x F
=VuXxOF+VuxF+Vwxo,F,

express Vu, Vv, Vw in terms of Ou7r, 0y, OuwT
from (16.28), use the identity (a x b) x ¢ =
bla - ¢c) —a(b - c), and “integrate by parts”
a-9;b = 09(a-b)—b-0;a. Thisis an alter-
nate derivation to that in (16.47).

Derive (16.60) wusing (u,v,w) instead of
(ut,u?,u®). Starting from (16.47a) written in
terms of (u,v,w) as in the previous problem, dot
with Vw = J 18,7 x 8,7 from (16.28), use the
vector identity a x b-c = a-b X ¢, and “integrate
by parts” a-9;b=0;(a-b) —b- 0;a.

Use circulation around cylindrical coordinate
patches to calculate V x (F(p)@) through Stokes’
theorem as in Fig. 16.29. Sketch the three
patches and explain your derivation.

Use circulation around an appropriate surface
patch to calculate @ - V x F' using Stokes the-
orem as in (16.64a) and (16.64b).

For curvilinear coordinates (u,v,w) with Jaco-
bian J > 0, consider a coordinate surface patch
S:u <u<wu, v <wv <, w= wy Use
the fundamental theorem of calculus backward,
flz1) — f(mo) = j:ol (df/dzx) dz, to show that

F .dr
a8
9] or 0 or
- (7o) - 3 (75 f awae
or Or
_//X-<%><%>dudv—/sX-dS.

Deduce (16.60) and (16.47c) for X =V x F.



(16.29)

(16.30)

(16.31)

(16.32)

(16.33)

(16.34)

Demonstrate the
(16.67b), that is,

cancellation occurring in

ik

T&-(Bj'r X Opr) = Ou(Our X Op)
+ 0y (Owr X 0ur) + 0w (Dur X dyr) = 0.

Use that to derive the general formula for V - F
(16.68) without index notation, starting from

V. F=Vu:0,F+Vv:0,F+Vw-0,F,

and using (16.28).

Use (16.60) to derive the formula for (i) the 2
component of V x F' in cylindrical coordinates
(p, ¢, 2), and (ii) its # component in spherical co-
ordinates (r, 6, ).

Sketch the vector field specified in spherical co-
ordinates (r, 0, ) as

cosf sirzﬁé
T

remt
r3

F=2

+

and determine whether it is a gradient field.

Use (16.14) and the product rules to calculate
V x (p®@) and V - (p*p) for constant but arbi-
trary real a. Sketch the fields.

For curvilinear coordinates (u,v,w) with Jaco-
bian J > 0, consider a coordinate brick V : up <
u < u, vo <K v < v, w < w < wp. Use
the fundamental theorem of calculus backward,
f(z1) — f(wo) = f;ol (df/dz)dz, to show that
the outward flurz of F' through the closed surface
boundary & = 9V of V is

F-dS:// fdudvdw:/idv
av v/

with
1o} or  Or
f*%(”a*%)
0 or  Or 0 or Or
+%<F'%Xa>+%(“%x%)~

Deduce formula (16.76) for V - F = f/J. What
are the units of f and of f/J?

Use the fundamental theorem of calculus to write
the net flux of a vector field F' out of a cartesian
coordinate “brick,”

ro<r<mw, Yo<y<y, 2 <z<z,

as a volume integral and deduce the divergence
theorem and the form of V - F' in cartesian coor-
dinates.

(16.35)

(16.36)

(16.37)

(16.38)

(16.39)

(16.40)

(16.41)

(16.42)
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Use the fundamental theorem of calculus to write
the net flux of a vector field F' out of a cylindrica
coordinate “brick,”

z0 < z < 71,

po < p<p1, o< <,

as a volume integral and deduce the divergence
theorem and the form of V - F' in cylindrical co-
ordinates.

Use the fundamental theorem of calculus to write
the net flux of a vector field F' out of a spherica
coordinate “brick,” 16.34

ro<r<ry, 6<O0<0601, o <<,
as a volume integral and deduce the divergence
theorem and the form of V « F' in spherical coor-
dinates.

Use the product rule and V - r = 3 to show that

v rmR) =rg (L) 4L

Compute V - F and V x F, with r = O? =
X + yy + 2%, for the following;:

(i) F = ar +w x r, with @ and w constants
Sketch F(P).

(i) F = Sy%, where S is constant (shear flow)
Sketch F'(P).

(iii) F = a(zk—yy) with a constant (stagnatior
point flow). Sketch F'(P).

(iv) F =.A-7r, where A is a constant tensor sc
F; = Ajjz; in cartesian coordinates. This is the
linear term in a local Taylor series expansion.
(v) F =8 r+wxr, where S = 87 is a constant
symmetric tensor and w is a fixed vector.

Use cartesian coordinates ' = (x,y, 2) to show
that V- (VxV)=0but Vf-(VxV)#0,ir
general, for any sufficiently differentiable scala
f(P) and vector V (P) fields.

Prove in general or disprove with an example
F.-(VxF)=0.

Use cartesian coordinates = = (z,y, z) to shown
that V x Vf =0 but Vg x Vf # 0 in general
for any sufficiently differentiable f(P) and g(P)

Verify (16.97) and (16.98) using index notatior
for cartesian coordinates z* = (z,y, z) such that
Vz' = 0r/0z" = (X,§,%) are constant.
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(16.43)

(16.44)

(16.45)

(16.46)

(16.47)

(16.48)

(16.49)

Explain why (Vu' x 8;Vu?) x 9;F = 0, then
deduce

0, Vul (Vui : ajF) = V! (&-Vuj -a]-F) .

Use that result to verify (16.97) in general coor-
dinates.

Derive the identity
(VXxF)xF=F.-VF — %V(F - F). (16.138)
For a vector field in euclidean space F' = Fla; =

Fia' with a; = 9;r and a' = V', (16.39). Use
(15.70a) and (15.70b) to show that

OF = (&Fj + rg’ka) a;
= (aiFj - Fijk) a’, (16.139)
VF = (&Fj + ngF’“) a'a;
- (al-Fj - rj’ij) a'a’. (16.140)

V F is a tensor, the derivative of the vector field
F(r) such that dF = dr - VF, for any dr, as in
(16.6¢) for a scalar field.

Show that
V(F-G)=(VF)-G+(VG)-F
=Gx(VXF)+G:-VF
+Fx(VxG)+F-VG. (16.141)
Show that
(VX F)-(VxGQG)
=(VF): (VQ)" — (VF): (VG), (16.142)

with ab : ed = (a - d)(b - ¢) for regular vectors,
and A : B = A;;B;; in cartesian coordinates.

Using (15.70b) and (16.46), show that
V-V= (alal) . (ajaj)
— g (aiaj —Tk ak) . (16.143)

and that this equals the Laplacian operator in

(16.109).

For cylindrical coordinates (p, ¢, 2) =
(u',u?,u?), show that
0 @ 0
[0:0;7] = |@ —pp O],
0 0 0

(16.50)

(16.51)

(16.52)

and, thus, the Christoffel symbols of the second
kind, Ffj = VuF. 0;0;r, consist of the three ma-
trices [Ffj] for k = 1,2, 3, respectively,

0 0 0 0 1/p 0] [o 0 0
0 —p 0|, |1/p 0 0,0 0 0
0 0 0 0 0 o] [0 o0 o0

For spherical coordinates (r,6,¢) = (u',u?,u?),
show that

0 0 @sinf
[0:0,7] = ] —rf prcosb |,
@sinf  @prcosd —prsinfd

where p = #sinf + 6 cos 0, and, thus, the
Christoffel symbols of the second kind,

Ty, = vu* - 9,07,

consist of the three matrices [Ffj] for k=1,2,3,
respectively,

0 0 0

0 —r 0 ,

0 0 —rsin?@
0 1/r 0 0 0o 1/r
1/r 0 0 .| 0 0 cotd
0 0 —2sin20] [1/r cotd O

Consider elliptical cylindrical coordinates (u,v, z)
where

x =acoshucosv, y=asinhusinv, (16.144)
for cartesian coordinates (z,y, z), with a > 0 is a
real constant and v > 0, —m < v < 7. Find
the coordinate tangent vectors dr/du, Or/dv,
Jr/0z, the Jacobian J, the covariant metric [gi;],
and its inverse [¢"/]. Show that the Laplacian in
these coordinates reads
82
* 8U2>

and that cosh® u — cos? v = sinh? u + sin® v.

82
T o

82

v = : (—
a?(sinh? u + sin? v) \ Ou?

Consider paraboloidal coordinates (u,v,w) such
that the standard cartesian coordinates (z,y, z)
are given as

T = uv cosw,
Yy = uv sinw,

z= %(u2 — %)

(16.145)



(16.53)

(16.54)
(16.55)

(16.56)

(16.57)

(16.58)

(16.59)
(16.60)

(16.61)

(16.62)

(16.63)

with u > 0, v > 0, —7 < w < 7. Show that these
are orthogonal coordinates. Find the scale fac-
tors hy, hy, hy and the Jacobian J. Show that
the Laplacian in these coordinates reads

G 1 (1o (o), 10(,0
T w2402 \udu u@u v Ov U@v

1 9%

u2v2 ow?’

+

Explain your favorite simplest ways to show that
Ver=3and V xr =0.

Calculate V - p and V x p, where p = X + y¥.

Consider ® = |r — T'A|_1 where r4 is constant.
Calculate V® and show that V2® = 0. This is
the potential of an electric charge in electrostat-
ics, or of a source in aerodynamics.

Consider ® = a-r/r® with a constant. Calculate
V& and show that V2® = 0 for r # 0. This is the
potential of an electric dipole in electrostatics, or
of a doublet in aerodynamics.

Consider v = a x r with a constant. Show that
V.v=0and V X v = 2a using (i) vector iden-
tities, and (ii) cartesian coordinates.

Consider A = a x r/r® with a constant. Calcu-
late V- A and V x A and show that VA = 0 for
r # 0. This is the vector potential of a magnetic
dipole in magnetostatics.

Some students write # = X + § + Z. How is that
wrong?

Express p, ¢ , 7, 6 in terms of cartesian coordi-
nates x,y, z and directions X, ¥, Z.

Show that
Exr=2xp=—yk+azy=pp=pVep.

Comment on ¢ and V.

Show that
Zxr _ —yx+zy @
xtP T @y s

Discuss the range of validity of these expressions.
Show that

P aX+yy+2Z
27 (224 y2  22)3/2
=V )=V x (¢Vcosb).

<

Discuss the range of validity of these expressions.

(16.64)

(16.65)

(16.66)

(16.67)

(16.68)

(16.69)

(16.70)

(16.71)

(16.72)

(16.73)

(16.74)

(16.75)

FExercises 30:

Show that V - 7# = 2/r and V x # = 0 for al
r # 0, using (i) vector identities, and (ii) carte-
sian coordinates. Sketch #(P).

Show that V- p = 1/p and V x p = 0 for al
p # 0, using (i) vector identities and fundamenta
gradients, and (ii) cartesian coordinates. Sketck
A(P).

Show that V. @ =0 and V x ¢ = 2/p for al
p # 0, using (i) vector identities and fundamenta
gradients, and (ii) cartesian coordinates. Sketct
(P).

Show that V-6 = 1/(rtan6) and V x § = @/1
for all p # 0, using (i) vector identities and funda-

mental gradients, and (ii) cartesian coordinates
Sketch 6(P).

Calculate V - (f¢) and V X (f¢) in cylindrica
and spherical coordinates using vector identities
Consider E = #/r?. Show that V - E = 0 anc
V x E = 0 for all 7 # 0, using (i) vector identities
and fundamental gradients, (ii) cartesian coordi-
nates, and (iii) spherical coordinates. Sketch E.
Use vector identities such as rV6 = 0 = ¢ x 7 =
pVp x Vr, together with (16.96), (16.97) anc
(16.103), for example, to show that

2;. 2f
Vo = 2
24 2cosf 7 0
0=— -
v r2sinf  r2sin?4’
Vig=——*F
® r2sin? 0
Consider B = (% x 7)/|z x r|*>. Show that

V -.B =0 and V x B = 0 everywhere, except or
the z-axis where p = 0, (i) using vector identities
and fundamental gradients, (i) cartesian coordi-
nates, and (iii) cylindrical coordinates. Sketct
B.

Calculate V - v and V x v for

(r—a) (r —b)

r—b|*’

[r —al?
where A, B, a,b are constants using vector iden-
tities and fundamental gradients.

Calculate V f and V2 for f = r-Ar= Agjxta?
where A;; are constants and x' are cartesian co-
ordinates.

Calculate ¢, yda for C : () = acosf + bsin¢
with a, b constants, directly and by Stokes.

Let A be the area of the triangle with vertices
P = (xl,yl), P = (mg,yg), P = (:C3,y3) in the
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(16.76)

(16.77)

(16.78)

(16.79)

(16.80)

(16.81)

(16.82)

(16.83)

cartesian (z,y)-plane and C = 9A denotes the
boundary of that area, oriented counterclockwise.
(i) Calculate [, 2* dA. Show/explain your work.
(ii) Calculate ¢, , v - dr for (a) v = 2% +y¥, and
(b) v = y% — zy. Sketch v(P).

If C is any simple closed curve in 3D space cal-
culate (i) ¢, 7 - dr and (ii) ¢, Vf - dr by direct
calculation using a parametrization »(¢) and by
Stokes’ theorem.

If C is any closed curve in 3D space not pass-
ing through the origin calculate §,(r/r’) - dr by
direct calculation and by Stokes theorem.

Calculate the circulation of the vector field B =
(zx7)/|zx7|? (i) about a circle of radius R cen-
tered at the origin in a plane perpendicular to Z;
(ii) about any closed curve C in 3D that does not
go around the z-axis; and (iii) about any closed
curve Co that does go around the z-axis. What is
wrong with the z-axis anyway? Discuss.
Consider v = w X r where w is a constant vector,
independent of r. (i) Evaluate the circulation of
v about the circle of radius R centered at the
origin in the plane perpendicular to w by direct
calculation of the line integral; (ii) Calculate the
curl of v using vector identities; (iii) calculate the
circulation of v about a circle of radius R centered
at ro in the plane perpendicular to n.

Use Stokes’ theorem and suitably chosen vector
fields F' to show that for any smooth oriented
surface S with boundary curve C and surface el-
ement dS (cf. (4.17)),

/dSzlygrxdr.
s 2 Je

If C is any closed curve in the (z, y)-plane, calcu-
late ¢, 7 ds where 7(r) is the unit outside normal
to C at the point r of C and ds = |dr|. Show and
explain your work.

If S is any closed surface in 3D euclidean space,
calculate ¢ adA where A(r) is the unit outside
normal to S at point » on S and dS = ndA is
the surface area element. Show and explain your
work.

If § is any closed surface in 3D, calculate
955 p ndA where 7 is the unit outside normal to
S and p(r) = (po — pgz-r) where po, p, and g are
constants (This is Archimedes’ principle with p
as fluid density and g as the acceleration of grav-
ity.) Calculate the torque, ¢sr x (—ph)dS for
the same pressure field p.

(16.84)

(16.85)

(16.86)

(16.87)

(16.88)

(16.89)

(16.90)
(16.91)

(16.92)

Using both direct surface integral calculation and
the divergence theorem, calculate the flux of r
through (i) the surface of a sphere of radius R
centered at the origin, (ii) the surface of the
sphere of radius R centered at ro, and (iii) the
surface of a cube of side L with one corner at the
origin.

Use the divergence theorem to calculate the flux
of v = r/r® through (i) the surface of a sphere
of radius € centered at the origin, (ii) any closed
surface that does not contain the origin, and (iii)
an arbitrary closed surface that encloses the ori-
gin. Explain carefully. What is wrong with the
origin anyway?

Calculate V|r—ro| =" and V-((r — ro)/|r — ro|*)
where 7o is a constant vector, using vector iden-
tities and fundamental gradients.

What are all the possible values of
r—a r—b

é(A +B|r—b|3)'ds’

lr —af®
where A, B, a, b are constants and S is any simple
closed surface? Explain/justify carefully.

Calculate the flux of

T—7T1
7 —7rf?

T —7T2

F(r) =
(r)=m 2 |7‘—1°2\3

+m

through the surface of a sphere of radius R cen-
tered at the origin, where m; and mg are scalar
constants and (i) |ri| and |r2| are both less
than R; (ii) |ri] < R < |r2|. Generalize to
F(r) Zivzl mi(r —r)/|r — i

Calculate

r—7r
= [

where r is any fixed position vector and the in-
tegral is over all 7’ in V' : || < R in 3D eu-
clidean space. This is the gravity field at r» due
to a sphere of uniform mass density. The inte-
gral can be calculated directly using symmetry.
The simpler solution is to realize that the inte-
gral over 7’ is essentially a sum over r; as in the
previous exercise so we can figure out the flux of
F(r) through any closed surface enclosing all of
V’. Now by symmetry F(r) = F(r)#, so knowing
the flux is enough to figure out F(r).

Show how to obtain (16.132b) from (16.130).

Verify that (16.135) is a solution of (16.132a) for
n =0.

Derive (16.136b).

av(r),



(16.93)

(16.94)

(16.95)

(16.96)

Use computational software to investigate how
quickly the Bessel function J, (kp) approaches its
asymptotic behavior (16.136¢). Compare with
Fig. 16.38.

Suppose you have all the data to plot the skull
surface (Fig. 16.39). How do you compute its vol-
ume? Provide an explicit formula or algorithm
and specify what data are needed and in what
form.

Fig. 16.39 Skull surface. Courtesy of Rineau and
Yvinec, The Computational Geometry Algorithms Li-
brary, https://www.cgal.org.

Laplacian and divergence theorem

For any smooth real scalar field ¢(r) in a domain
V with surface boundary S = 9V, show that

/v(géVQqZ))dV
- ¢ OV -de/ |Vo|*dV. (16.146)
S v

Conclude that if ¢ satisfies Laplace’s equation
V2 = 0in V with ¢ = 0 or - Vg = 0 on
S, then ¢(r) = 0 everywhere inside V, or ¢(r) is
constant if the boundary condition is o - V¢ = 0
over the entire boundary.

Uniqueness. Show that if two scalar fields ¢(r)
and ¥(r) satisfy Laplace’s VZ¢ = 0, V2 = 0
in a domain V with surface boundary & = 9V
with the same Dirichlet ¢(r) = ¥(r), or Neu-
mann 1 - V¢ = 7 - Vi boundary conditions

(16.97)

(16.98)

(16.99)

(16.100)

FExercises 30¢f

on § = 9V, then ¢(r) = 9(r) everywhere in-
side V. (Hint: consider the difference functior
f(r) = ¢(r) — ¥(r). The functions may differ
by an arbitrary constant in the case of Neumanr
boundary conditions over the entire boundary).

If V-V¢ = V%4 =0 in a domain V then the
divergence theorem gives

55 V¢-dS =0 (16.147
S

for any closed surface S inside V. Show that

(i) Neumann boundary conditions #- V¢ = f(r
for all » on the surface boundary 9V require the
solvability condition §,., f(r)dS = 0;

(ii) ¢(r) cannot have a maximum or a minimun
inside V. (Hint: consider an isosurface ¢ = ¢
surrounding the assumed max or min.)

For any two smooth scalar fields ¢(r) and
in a domain V with surface boundary § =
derive Green’s identity

P(r,
oV

/v (oYY — 9 V29) dV
= 95 (pVp — V) -dS. (16.148'
S

Mean wvalue theorem. Consider (16.148) witl
1 = 1/(4nr) in a spherical annulus 0 < 71 <
r < r2 around the origin. Show that if ¢ satisfies
Laplace’s equation V¢ = 0 then

1 1
m£1¢d51_m ¢ dSa,

2 /s,y

(16.149

where S1 and S are the spherical surfaces of ra-
dius 71 and r2, respectively. Thus, the average o
¢(r) over spheres is independent of radius and ir
the limit 7y — 0, the value of ¢ at the origin it
equal to its average over any sphere around the
origin, as long as the latter is inside the domair
where V2¢ = 0. Since the origin is arbitrary, this
is true for any interior point where VZ¢ = 0
(Hint: use (16.147) and the fact that ¢ = 1/r i
constant on the spheres S; and Ss.)

Consider scalar eigenfunctions ¢(r) of the Lapla-
cian V2¢ = A¢ in a domain V with Fourier-Robir
boundary conditions

ap+BA-Vo=0 (16.150'

on § = 9V for some real functions «, 5 not botlt
zero at the same location. Show that A must be
real and negative. (Hint: consider (16.148) fo
1 = ¢*, the complex conjugate of ¢.)
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(16.101)

(16.102)

If ¢(r) and ¥(r) are eigenfunctions of the Lapla-
cian with distinct eigenvalues, that is, VZ¢ = X ¢
and V29 = pu1 with X\ # p both with the same
boundary condition (16.150), show that ¢(r) and
1(r) are orthogonal in the sense

| o av —o.
A%

We have seen that FF = V¢ if V x F = 0, and
F =V xAif V.F =0. In general, a vector
field is the sum of a gradient and a curl,

F=V¢+VxA. (16.151)

This is the Helmholtz decomposition. The scalar
potential ¢ is defined up to a constant. The vec-
tor potential A is defined up to a gradient field.
(i) Show that

V6=V .F, (16.152)

and

VZA=-VxF,
(16.153)

V-A=0.
Thus, the potentials are determined by Poisson
equations, given V -« F and V x F'| and proper
boundary conditions. (ii) Show that this decom-
position is orthogonal in the sense that

/ (Vog) - (V x A)dV =0,
%
provided the boundary integral

¢n -V xAdS =0,

2%

where dS = 7dS is the surface element for the
boundary of the domain V. Explicit formulas for
¢ and A exist given V- F and V x F in V, and
FonS=0op.1°

10F.g. Appendix B in David J. Griffiths, Introduction to Electrodynamics, 5th Ed., Cambridge University Press, 2023;
Appendix B in Kurt E. Oughstun, Electromagnetic and Optical Pulse Propagation, 2nd Ed., Springer, 2019.



Electromagnetism

Electromagnetism was a major impetus for the development of vector
analysis by Josiah Willard Gibbs, Edwin B. Wilson, and Oliver Heavi-
side. Electromagnetism is all about vector fields circulating along curves
and flowing through surfaces. This chapter highlights some fundamental
applications of vector calculus.

17.1 Electro and magneto statics

First came Coulomb’s inverse square law that an electric charge Q1
located at 71 induces an electric field

Q1 r—1;

E(r)= " — 1
(7’) 47‘&'60 |7‘ —7‘1|3

(17.1)
at point r, where ¢g is the electric constant. This was generalized to
Gauss’s law that the flux of the electric field E through a closed surface
S is proportional to the sum of charges inside the surface

?ﬁ B.as=9 (17.2)
S

€0
where Q@ = ) @, is the total charge inside S. Charges outside the
surface do not contribute to the net flux.
In magnetostatics (steady currents), there is the Biot—Savart law that
a current J flowing along a wire C’ induces a magnetic field (Fig. 17.1)
pod [ dr’ x (r—17")

B(r) = Pl P R (17.3)
where 7’ is the position vector of a point along the wire, with dr’ the line
element along that wire, that is, C' : t' — 7/(t’) for some real parameter
t', and g is the magnetic constant. That curve C’ should be closed or
extend to oo since a steady current is flowing through it (12.81), (12.82).

Magnetostatics also has Ampeére’s law stating that the circulation of
a magnetic field B(r) about a closed curve C is proportional to the total
current flowing through any surface S spanning C (Fig. 17.2),

%B -dr = po, (17.4)
c

where J is the net current flowing through a surface S spanning C in the
direction specified by the right-hand rule and the orientation of C.

17

17.1 Electro and magneto
statics

17.2 Maxwell’s equations
17.3 Electromagnetic waves
17.4 Poisson’s equation

Exercises

Fig. 17.1 Biot—Savart law.

Fig. 17.2 Ampere’s law.

30%
311
314
31¢
32%
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Fig. 17.3 Flux of E through a surface,
sketched here for the 2D version of flux
through a curve with the field of a line
charge E = (r — r1)/|r — r1|2.

Counting and linking numbers

Those laws are not independent. If we substitute Coulomb’s law (17.1)
into Gauss’s law (16.84), all the constants cancel out and we obtain that
for any simple closed orientable smooth surface S (Fig. 17.3)

i% T_rl?)-dS: 1 ?f’rl ?sinsid.eS, (17.5)
A J5 |r — 1] 0 if ry is outside S.

This is a purely mathematical statement that better be true if both
Coulomb’s and Gauss’s laws are correct. We have several ways to verify
this result.

Using the divergence theorem, we transform the surface integral into
a volume integral of the divergence that conveniently vanishes almost
everywhere,

rT—71
. m =0, 7r#r].

To deal with the singularity at 71, we cut out a little sphere about 7
and easily evaluate the flux through that sphere as 4w. The divergence
theorem applied to the volume outside the inner sphere and inside the
outer surface, then says that the flux through the outer surface equals
that through the inner sphere. This is actually the result derived using
spherical coordinates centered at 1, (13.44) (Fig. 13.19) without explicit
use of the divergence theorem! In any case, (17.5) is indeed correct and
Coulomb’s and Gauss’s laws are consistent. One consequence of this
mathematical result (17.5) is that the integral

N
1 r—r,

§ _n = 17.
47T9§9n—1 [=rE dS =k (17.6)

counts the number of points r,, that are inside the closed surface S.
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Similarly, combining the Biot—Savart (17.3) and Ampere’s (17.4) laws

leads to (Fig. 17.4)
dr' x (r—r')
dr = 17.
515/ T = (17.7)

where [ is the number of times that the current J flows through the
surface & spanning C in the direction of the right-hand rule about C.
That remarkable double integral gives the linking number [ of the curves
C and C'. Tt is named after Gauss for reasons that will become clear as
we proceed to demonstrate it. The curve C is simple and closed, and the
curve C’ is also closed or closed at infinity. Again, this is a mathematical
statement about the value of an integral, and it better be true if Biot,
Savart, and Ampere are all correct.

CI

The result is easily verified when the wire C’' is the z-axis and C
is a circle centered at O in the (z,y)-plane; then Biot—Savart gives
B(r) = poJ@/(2mp) (12.82) with dr = p@dy on C such that B - dr =
woJ/(2m)de, yielding (17.4) indeed. More generally, the mixed product
identity gives

dr’ x (r —7') r—r

7|r—r’\3 .dr:7|r—r’|3 dr x dr’,
that is, the flux of a Coulomb field (17.1) through a surface element
dS = dr x dr’. But what surface? Let s(¢,t') = v'(t') — r(t) such that
0s/0t = —dr/dt and ds/0t' = dr’'/dt’; then

dr’ x (r —r') 0s Os
cdr = . x — dt’ dt, 17.
55/ Tpoep W= / / 5P at o (17:8)

where 7(t1) = r(to) and ' (¢]) = r'(t;) since the curves are closed, and
the vector s(t,t') spans a surface, the surface swept by C’ as seen from
P. This feels like a torus, but it is trickier; this surface self-intersects
and turns inside out!

For example, when C is a circle of radius R in the (x, y)-plane, and C’
a circle of radius a < R centered at x = R in the (z, z)-plane (Fig. 17.5),

C:te(0,2r) >  r(t) = Rsintk — Rcosty,
C':t'e(0,2r) —» r'(t')=(R+acost’)kx —asint’Z,
s=r"—r=(R— Rsint+acost' )X+ Rcosty —asint'z. (17.9)

This is similar to a torus but it is not a torus because C’ is translated, not
rotated, around C, and it is not a simple surface as a result; it intersects

Fig. 17.4 Ampeére and Biot—Savart
laws yield the linking number (17.7).
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t=m/2 t=3m/2

t=m

Fig. 17.5 Circles C and C’ example, (17.9).

itself and turns inside out at ¢ = 0 and #w! But for the double integral
(17.8), we can split it into integrals over two simple surfaces (Fig. 17.6)
S :s(t,t), 0<t<m 0<t <2m
Sy is(tt), m<t<2m, 0<t <2m.
These are cylindrical surfaces whose axes are the left and right half of

circle C shifted by Rx. The cylinder endcaps at ¢t = 0 and 7 are not
included.

A A

Fig. 17.6 Circles C and C’ example, -
(17.9), top view. B B

Now the s(t,t’) integral (17.8) can be evaluated from the counting
integral (17.5). Let ®4 be the outward flux of s/|s|® through the AA’
disk at ¢ = 0 and ®p the outward flux through BB’ at t = w. They are
actually equal by symmetry. The surface normal ds/0t x 9s/0t' points
outward at all points of S;. The new origin |s| = 0 (point P in the
r space) is inside &; that needs both endcaps to form a closed surface
through which the total flux is 4w. Thus, from (17.5) we find,

T 27
s s Os Os
op 451 = e x ——dt'dt,=dm — 4 — Dp.
/51|S|3 ' /0/0 s ot " o T AT RAT B

For &3 , the new origin |s| = 0 is outside and 0s/0t x ds/0t' points
inward at all points of S». Again the endcaps AA’ and BB’ are needed



to close the surface. So the net flux of s/|s|® through Sy closed by the
endcaps AB and A’B’ oriented inward is zero from (17.5); therefore,

2w p27
s s O0s Os
Jummeas= [ e < andl = katon

since the flux inward through the endcaps is minus the outward flux.
Thus, the sum of the two integrals over S and S, is 4, verifying (17.7)
for [ = 1. We know from integral (17.5) that the shape of the surface
does not matter, so C and C’ do not have to be circles. If C’ loops around
C several times, we would need to slice and splice the surface swept by
C’ into multiple pieces.

Differential versions of Gauss’ and Ampere’s laws

Defining the charge density ¢(r) as the electric charge per unit volume
at point r, Gauss’s law (16.84) reads

%E-dS:Q: idV:/V-Edv,
S €o v €0 v
where V is the volume surrounded by the closed surface S and the diver-
gence theorem has been used to turn the surface flux of E into a volume
integral of its divergence. Since this applies to any volume V no matter
how small, and assuming continuity, this yields the differential form of
Gauss’s law
v.E- 21 (17.10)
€0

Similarly for Ampere’s law, we define the current density j(r) as the
the number of electric charges flowing in direction j per unit area such
that Ampere’s law becomes

%B-dr:uojz/uoj-dS:/VxB-dS,
C S S

where § is any surface spanning the closed curve C, oriented following
the right-hand rule and the orientation of C, and Stokes’ theorem has
been used to turn the circulation of B about the closed curve C into the
flux of its curl through the surface S. Since this applies to any surface no
matter how small and we assume continuity, this yields the differential
form of Ampere’s law as

V x B = pj. (17.11)

17.2 Maxwell’s equations

When fluxes are not steady a lot of new physics comes into play. First
and foremost came Faraday’s law that a varying magnetic field flux
through a surface spanning a wire circuit generates an electromotive
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IFor example,

r(t,u,v) = §Rusinv
+ Ru cos v(X coswt — Zsin wt)
for a disk of radius R rotating about ¥

at angular velocity w, with 0 < u < 1,
0<v<2m.

force around that circuit, whether that varying flux arises from a varying
magnetic field or circuit. In its modern form, that is

g/B-dS:—yg(E+v><B)-d'r, (17.12)

where ¢ is time, C is a closed material curve (a circuit), v is the velocity
of material point r on that wire, and § is a simple surface spanning
C. If S is parametrized as (u,v) € U — r(t,u,v) at any fixed time ¢,
C is parametrized as r(t,u(t'),v(t')), with ¢’ as the curve coordinate of
a material point on the wire, then v = 9r(t,t')/0t is the velocity of
that material point. As usual, the orientation of the surface and of its
boundary are linked by the right-hand rule.

For S parametrized as r(t,u,v), with u,v as material labels indepen-
dent of time ¢,! the surface integral

i/B dS*—//B or —dudv
at /s
oB 8fr or Or
// or —dd +//B at( av)dudv
ov 87“ 8'r ov
dS+// < St X >dudv

where v = 9r(t, u, v) /Ot and we assumed sufficient smoothness that all
mixed partials commute. That last integral can be transformed using
the mixed product identity a - b x ¢ = b - ¢ X a, the product rule, and
Green’s theorem (13.31c),

//B-<auxar+ar a”) dudy
y P

A5 (G em) -5 (5 <) e

)
LA ) (5
o e (o)

:/ (va)o<ad +8rd> 795 v x B-dr,
au 9 9 a5

where 0B /0u = (0r/0u) - VB and 0B/0v = (0r/dv) - V B have been
used. Thus, v x B cancels out from both sides of (17.12) that reduces

to
9B 15— E-dr:—/VxE-dS,
s Ot a8 s

thanks to Stokes theorem. Since this holds for any surface S no matter
how small, and we assume continuity, this yields the remarkably simple
differential form of Faraday’s law

0B

—_— =— E. 17.1
5 V x (17.13)



But that equation, together with the vector identity V - V x E =0,
require,

0
=V .B=0,
ot
and conservation of electric charges implies that
Jq
—=-V.j 17.14

with ¢ = ¢V - E, according to Gauss’ law (17.10). Thus, Maxwell
reasoned that Ampere’s law (17.11) had to be generalized to
. OF
V X B = poj +MOEOE’
V-B=0,

in order to be consistent with (17.10), (17.13), and (17.14).
Collecting the E and B equations yields Mazwell’s equations

0B
E=—— 17.1
V x 5 (17.15a)
v.E=1, (17.15b)
€0
OE
V xB= MO] + NOGOE, (1715C)
V.B=0. (17.15d)

...and there was light

One most remarkable consequence of Maxwell’s equations, and the mod-
ification of Ampere’s law to include the OE /0t term, is that it predicts
electromagnetic waves. In the absence of charge and current density,
that is in vacuum with ¢ = 0 and 37 = 0, the equations can be reduced
to a single remarkable equation for E(t,r) or B(t,r).

Taking the curl of (17.15a), using identity (16.97), and substituting
for V- E and V x B from (17.15¢), we derive

0 O*FE
V x (V x E)=-V?E = —av <« B = 00 55

yielding the wave equation
0’E
ot?
where ¢ = 1/(up€g). Taking the curl of (17.15¢) and eliminating E
yields the same wave equation for B(t,r).

These variables have physical units, ¢ is time, so 9%/0t? has units of
(1/time?), V is inverse length and V? is inverse length square, E is
volts/length but its units cancel out from both sides of the linear wave
equation (17.16). Thus, the equation tells us that ¢ must have units of
(length/time)?, that is, c is a speed, the speed of light,?

1

v/ Ho€o

= *V*E, (17.16)

CcC =

~ 300000 km/s. (17.17)

17.2  Mazwell’s equations 31

2¢ = 299792458 meters/second.
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Fig. 17.7 Plane E&M wave.

17.3 Electromagnetic waves

Plane waves

It is straightforward to verify that the wave equation (17.16) with V-E =
0 has solutions of the form

E(t,r) = (ay + bz) cos k(x — ct),

for any constant a, b, k, with x = X-r. This is a sinusoidal wave traveling
in the % direction at speed c¢. The wavelength is 27 /|k| and |k| is the
wavenumber, the number of peaks per unit of length. Faraday’s law
(17.15a) gives the accompanying magnetic field as

B(t,r) = X (ay + bZ) cosk(x — ct).
c

These are transverse waves because of V- E = 0 = V - B; the fields
FE and B point in directions ¥ and Z perpendicular to the direction of
propagation, which is X for this simple solution.

More generally, the wave equation admits plane wave solutions in the
form of complex exponential functions

E(t,7) = Ee'*m=Y 4 cc., (17.18a)

where w = =c|k| is the signed frequency; |k| is the wavenumber, the
magnitude of the real wavevector

k= ko% + k,§ + k.2,

independent of ¢ and r but otherwise arbitrary; E is an arbitrary com-
plex vector such that k - E = 0; i is the imaginary unit with i2 = —1;
€' = cos ¢ + isin ¢ according to Euler’s formula; and c.c. denotes com-
plex conjugate, that is,

Ee' +c.c.= Ee' + E*efm*,

where the ( )* denotes complex conjugate, so E(t,r) is real.

These are plane waves since they have the same value all along planes
perpendicular to k where k - r is constant, at any fixed time ¢. They
travel in the direction of k/w, that is, k for w = c|k| > 0 and —k
for w = —c|k| < 0 (Fig. 17.7). They are indeed solutions of the wave
equation (17.16) for any real k as long as w = %c|k| since

Vei(k:-r—wt) — ik ei(k:-'r'—wt),

v2€i(k-r—wt) _ _|k|2€i(k-r—wt)’
iQ i(ker—wt) _ 2 i(k-r—wt)
8t2 e = —w" e .

The constraint arising from V - E =0 is that k - E = 0. The associated
magnetic field B(t,r) follows from Faraday’s law (17.15a) as

k ~ .
B(t,r) = — x E k=) 4 ¢ ¢ (17.18b)
w



Since the wave equation is linear, its general solution is a superposition
of all possible plane wave solutions, that is,

E(t,r) = /// (E+(k) e It 4 B (k) ei‘wlﬂ) e* T dk,dk,dk, + c.c.
R3
(17.19a)
The associated magnetic field B(t, r) follows from Faraday’s law (17.15a),

B(t,r) = /// (§+(k) e It L B_ (k) ei‘wm) e* T Ak, dk,dk. + c.c.

R3

(17.19Db)

with

fa(k)—ixi; E’(k:)—_—kxE

R E g B BB g B

In an infinite domain, the amplitudes E (k) and E_(k) can be deter-
mined from the Fourier transforms of the initial electric and magnetic

fields, E(0,r) and B(0,r).

Wave reflection

Physical boundaries introduce boundary conditions. For example, the
electric field E(t,r) must be perpendicular to a perfect conductor. If
an electromagnetic wave travels in a semi-infinite domain bounded by a
perfect plane conductor perpendicular to 71, the electric field must have
n x E = 0 along that plane. This requires another wave to satisfy that
boundary condition. Let the total electric field consist of two waves

E(t,r) = Elei(kl.r—wlt) + E.2ei(k2.r—w2t) +cc.,

where w; = £c|kq|, wa = *c|ks|. The boundary condition ## x E =0
requires that

A x (Elei(kl.rfwlt) 4 Fyeitkor—wat) | c.c.) -0

for all ¢ and all r along the perfect conductor located at 71 - 7 = A.

Thus, » = A + r with fixed A7 on the conducting plane but the
perpendicular component 7, is free. Since eT**1'" and e**2'" are lin-
early independent functions of 7, and e*1* and e are linearly
independent functions of ¢, nonzero E solutions require equality of the
k components perpendicular to 71, and equality of the frequencies,

ki = k7,
w1 = :|:C|k31| = Wy = :|:C|k2|

Thus, w; and we must have the same sign, and the wavenumbers must
be equal |k1| = |k2|. Hence, the k components parallel to # must have
opposite signs® (Fig. 17.8),

ki =ki+klna,  ko=ki —kla. (17.20)

17.3  Electromagnetic waves 31°F

S

k1 ks

Fig. 17.8 Wave reflection.

3Equal signs would mean that the
waves are identical and E1 = —F5 tc
satisfy the boundary condition, yield:
ing a trivial E(t,r) = 0.
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4G.M. Vasil et al., “Tensor Calculus
in Spherical Coordinates Using Jacobi
Polynomials.” J. Comp. Phys.: X, 3,
(2019), 100013. https://doi.org/10.
1016/j. jcpx.2019.100013

This is the well-known equal angle reflection. The boundary condition
now reduces to

ikl _

= gl
—’I’L><E26 Mkl,

L X El €
so the components parallel to the plane (perpendicular to #) annihilate
each other and the net field is perpendicular to the conducting plane.
Since the electric fields are also perpendicular to their wavevectors they
can be decomposed into two components orthogonal to each other and
to their wavevector,

Elzalkl be+51k1><(ié1><’fb),

~ R “ “ (17.21)
Eys = as ks X 1o+ Ba ko X (kg X ’fL),

such that the boundary condition leads to
. Nl
Qg = _aleQzAkl , 62 — ﬁlem)\kl )

In other words, the boundary condition fully determines k2 and Eg in
terms of ki and E, and vice versa.

If the perfectly conducting boundary is not a simple plane, such that
the boundary condition is still # x E = 0 but fi now varies, a single
reflected wave will not be enough and the incoming wave is diffracted.

Spherical waves

For waves that emanate from a localized source (an antenna), solutions of
the wave equation in spherical coordinates are more useful and relevant.
A complete expansion in vector spherical harmonics® similar to the plane
wave expansion (17.19) can be made, but we will investigate just the
simplest nontrivial examples of such solutions here.

In spherical coordinates, the electric field is E = 7E, + 0E, + pLE,
and the divergence-free constraint reads (16.69)

i@(rzEr) 1 O(sinf Ey) 1 0E,

E = =0. (17.22
v r2  Or Jrrsin@ 00 +7“sint9 Op 0. (17.22)

We begin by looking for a spherically symmetric solution E(¢,r) =
#E.(t,r). Zero divergence imposes (17.22),

=0 = Er(tvr) = %7

1 0 (’I“QE,»)

rZ2  Or

where f(t) is any function of time t only. The wave equation (17.16)
then reduces to )

P, (F

2ae IOV () =0

from the vector Laplacian in spherical coordinates (16.121). In other
words, no such simple radial waves exists. The only spherically sym-
metric solution is the static Coulomb field #/r? with constant f(t).



Since the wave equation is linear with coefficients independent of ¢
and ¢, it has exponential solutions in those two variables, that is,

E(t,r) = e”“te™? P (1, 0).

For our next attempt, we search for azisymmetric waves, independent
of ¢, that is m = 0, and

E:e”m<HL@ﬁy+m%@ﬂ)+¢EAn®)

The Ey and E, components must go to 0 on the polar axis; otherwise,
the field is grossly singular there. The simplest solution, thus, might
have those components proportional to sin # that vanishes at § — 0 and
6 — m. Inspection of (17.22) shows that this will require the radial
component F, o< cosf to balance the Fy  sinf component but the
E, o sinf drops out of the divergence because of our axisymmetry
assumption. This suggests that there may be two classes of axisymmetric
solutions: one class with E, = 0 but E, # 0, Es # 0, and another class
with B, # 0 but E, = Eg = 0.
Thus, we look for E wave solutions in either of the forms

Ep=c ! (7’“ f(r) cos b + 8 g(r) sin 9) , (17.23)
or —twt A :
Er=e @ h(r)siné. (17.24)

Fields of the form (17.23) are poloidal with components in the radial #
and meridional @ directions only. Fields of the form (17.24) are toroidal
with component in the azimuthal ¢ direction only.? The divergence-free
constraint V « E = 0 is automatically satisfied for the axisymmetric
toroidal field (17.24) but for the poloidal field (17.23) V- E = 0 requires

(17.22)
1d(2f(r) | He(r)

=0. 17.25
72 dr ( )

Toroidal E waves

The toroidal field (17.24) automatically satisfies V- E = 0, (17.22). The
wave equation (17.16) for solutions of the form (17.24) reduces to

— k2@ h(r)sind = V(@ h(r)sin ), (17.26)

where k? = w?/c? and, although we assumed axisymmetry, ¢ depends

on . The vector Laplacian in spherical coordinates (16.121) gives
E,(r,0

V(@B n0) =@ (VEr0) - ZD) o

r?sin“ 0

Both sides of the wave equation only have ¢ components for toroidal

fields. Here we assumed further that Ey(r,0) = h(r)sin6, so the wave®

equation (17.26) reduces to

h(r)

r2sin’

—k? h(r)sin® = V?(h(r)sin6) —

17.3  Electromagnetic waves 317

5Called zonal in atmospheric science.

6 Helmholtz equation actually, since we
restricted to e’!, so 92/0t2 — —w?.
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Fig. 17.9 j1(kr)sin6 in k(p, z) plane.

Fig. 17.10 y1 (kr) sin 6 in k(p, z) plane.

Then, using V? in spherical coordinates (16.113), the sin §’s nicely cancel

out to yield )
d*h  2dh 2
—+-—+ (k=5 |h=0. 17.28
dr? + r dr + ( 7‘2> ( )
This is the spherical Bessel equation of order 1, and the substitution
h(r) = B(kr)/vkr transforms it into a Bessel equation (16.132) of order
n = 3/2 for B(x) with x = kr. One solution of eqn (17.28) that is regular
at x = 0 is the spherical Bessel function of the first kind of order 1 and
it has a simple exact formula’ (Fig. 17.9),
) sin(kr)  cos(kr)
h(r) = j1(kr) = — .
(’f‘) .71( Ir) (k)?")Q (k’f')

For radiation from a dipole antenna—a dipole singularity at » = 0
aligned with the z-axis—we also need the spherical Bessel function of
the second kind of order 1 (Fig. 17.10)

cos(kr)  sin(kr)
(kr)? (kr)
To obtain waves radiating from a source at r = 0 we need to properly

combine those two modes. Since the equation is linear, the general
solution is a linear combination of both modes, that is,

(17.29a)

h(r) = y1(kr) = - (17.29Db)

Er(t,r) = ¢ sinfe " (Aj (kr) + By (kr)) + c.c.

for some arbitrary complex amplitude A and B. Substituting the for-
mula for the real ji(kr) and y;(kr) (17.29) and expanding the complex
conjugate yields

@-Er(t,r) it ity SIDET it w iwt\ COSKT
¥ AT (Ae~ W Aretw — (Be~ B*ew

sin 0 (e + A7) (kr)? (Be +Be) (kr)?

_ (Ae—uut 4 A*ezwt) COS KT _ (Be—zwt + B*ezwt) s kT

kr

We pick kw > 0, since both signs of w appear, such that (kr — wt) will

correspond to a wave radiating from r = 0. Recalling the trig formulas
cos(kr — wt) = cos kr coswt + sin kr sinwt,

sin(kr — wt) = sin kr coswt — cos kr sinwt,

we see that A real with B = ¢ A yields the real radiating wave

sin(kr — wt)  cos(kr — wt)
(kr)2 kr ) '

This wave is the far-field of an oscillating magnetic dipole— little loop
of oscillating current centered at the origin in the (z,y)-plane. Note that
the wave decays like 1/r, in contrast to the Coulomb field that decays
faster like 1/r%. One learns in E&M that the electromagnetic energy
flux is given by the Poynting vector E x B/, and that scales like 1/72,
so there is conservation of energy flux.

Ep(t,r) =2A@ sinf ( (17.30)

"DLMF: §10.4 Spherical Bessel functions https://dlmf.nist.gov/10.49



Poloidal E waves

Since Maxwell’s equations show that the magnetic field B and 0B/0t
also satisfy the wave equation, and Faraday’s law (17.15a) gives —0B/0t
V x E, it follows that V x E solves the wave equation whenever E does.
For a general axisymmetric toroidal field Ex = @ E,(t,7,0), we obtain
a divergence-free poloidal field from (16.51c)

P O0(sindEy) QG(TEV,)
rsinf 00 r  Or

The factor of k keeps the same units for Ep as those of Er. It is left as
an exercise to verify that the converse is also true: the curl of an axisym-
metric poloidal field is an axisymmetric toroidal field. A consequence of
these facts is that a toroidal F field goes with a poloidal B field, and
vice versa.

A divergence-free poloidal E wave follows from taking the curl of the
toroidal wave E7 derived in (17.30) yielding

F(r,t) 4

" .10
Ep=2A (2r cos@m—asmH]War(rF(r,t))), (17.32)

kEp =V X ET = (1731)

with
Frt) = sin(kr —wt)  cos(kr — wt)
nh= (kr)? kr '

This is the far-field of an oscillating electric dipole—two equal and oppo-
site electric charges periodically switching sides about the origin along
the z-axis.

17.4 Poisson’s equation

Going back to electrostatics, we saw that Coulomb’s and Gauss’s laws
are consistent with each other, and Gauss’s law is actually a consequence
of Coulomb’s law. In an infinite domain, Coulomb prescribes the electric
vector field knowing the charge density distribution ¢(r’) as

Br)= T Ay 17.33
('I”) N 47'('60 /E3 |’I" - ’I"/l3 q('f’ ) ’ ( ' )
where dV’ is the volume element at 7’ in 3D euclidean space E® and
the integral is over all position vectors ' in that space. Gauss’ law
(17.10) only specifies the divergence of E knowing the charge distribu-
tion, but now Maxwell and Faraday add that the curl of E vanishes
when 0B/0t = 0, and together these two equations

V'E:q/EO,
V x E =0,

fully specify the electric field E. The vanishing curl tells us that E is
the gradient of a potential ¢, defined with a minus sign in physics,

E=-V¢. (17.34)

17.4  Poisson’s equation 31¢
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Fig. 17.11 Image charge for a sphere.

Then, Gauss’s law leads to Poisson’s equation for the electric potential
V-E:—V-V¢:—V%:§L (17.35)
0

The solution to this equation in an infinite domain is, of course, that
corresponding to (17.33), that is,

1 q(T‘/) /
f— d ]. .
o(r) dmeg /Es |r —7/| & (17.36)
where 1
/
= —-—— 1 .
G(r,r") Treolr = 7] (17.37)

is the fundamental solution, also called the unbounded space Green’s
function of Poisson’s equation corresponding to a unit point charge at
7', that is,

— V2G(r,r") =g o(r — 1), (17.38)

where §(r — ') is a Dirac delta density distribution that is zero every-
where but infinite at 7’ in such a way that the net charge is 1. Two
examples of spherically symmetric functions leading to that 3D delta
distribution are

3/(47R3), 0<|r—7|<R
0, |r —7'| > R,
o—lr—r'[2/R?

(b) 6(r—7') = }lziino AR

If there are boundaries, then Poisson’s equation comes with boundary
conditions. For example, the electric field must be perpendicular to a
conductor in electrostatics, that is

(17.39)

AxE=0=nxV§,

on the surface of the conductor. Since V¢ is always perpendicular to
the isosurfaces of ¢(r), this boundary condition says that the conductor
is an isosurface, and ¢(r) must be constant on the conductor.

Point charge and conducting sphere

A classic example is to determine the electric field induced by a point
charge in the presence of a spherical conductor. Let the sphere of radius
R be centered at the origin O with the point charge @) located at ry.
The normal to the sphere 71 is then the radial direction # from the origin,
n = 7. We can satisfy the boundary condition on the sphere using the
method of images and vector algebra. We need an image charge @2 to
negate the tangential component of E induced by @)1; that is, we need
Q2 and 75 such that when |r| = R (Fig. 17.11)

<Q1(7’ —r1) n Q2(r 7'2)> oo Qurxry n Qz2(r x r2)

|r —ry|3 |r — 73 T |r —ro|3




Thus, 1 and 72 have to be parallel since r X ro must vanish with r x r;
when r = R71, so the boundary condition becomes
Q11 Q212

= 17.40
lr —rq]3 |r —rof3 ( )

where r; = |r1|, 72 = |r2| and |r| = R. This shows that Q; and Q2 must
have opposite signs. Evaluating the magnitudes® with # - #; = cosa =
T + o, the boundary condition reduces to

(Q%r%)l/:g(RQ + 73 — 2Rrycosa) = (Q%r%)1/3(R2 + 77 — 2Rr; cos ).

Everything is constant except for the variable 0 < o < 7, so we need
cosa to cancel out, giving Q?/ry = Q3/rs, such that the boundary
condition becomes

r1(R% 4 72) = ro(R? + r2).
That is a quadratic equation for ro with solutions ro = R%/ry, and the

trivial solution ro = r1. In summary, the image is

2

R
Qg = —— Q1 at To = 5 T1. (1741)
T1 7'1

We could have solved this problem by seeking Q2 and 7o such that the
scalar potential field

_ 1 Q1 Q2
o(r) = drreg (|r—r1 + |r—r2|>

is constant on |r| = R; then the a derivative should vanish, yielding
(17.40). Potential lines and field lines are displayed in Fig. 17.12 in
(p, z)-planes for a charge inside a sphere.

(17.42)

Poisson integral formula

The potential function (17.42) with Q1 = 1 and 7o = (R/r1)? 7y is the
Green’s function

1 1 R 1
G - _
(r,m) 4meq (|r—1‘1| o] |r—r2|)’

for Poisson’s equation —V2¢ = q(r)/ey inside the sphere with Dirich-
let boundary conditions ¢ = f(r) given on the sphere. That Green’s
function satisfies (17.38)

(17.43)

~V2G(r,r1) = ¢, 1 0(r — 1)

but now with G(r,71) =0 on |r| = R.
A general solution formula can then be obtained from Green’s identity
(16.148) for ¢ = G(r,r1),

/ (oV?G — GV?¢) dV = §1§ (pVG — GV ) - dS. (17.44)
% [2)%
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Fig. 17.12 Potential and field lines
(17.42).
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Nt r > R, the lower bound in the u-
integral is r — R, and (17.47) = —R/r.

Using V2G = —¢;'6(r — 71), [y o(m)é(r —r)dV = ¢(r1), V¢ =
—q(r)/ep and G(r,71) =0 on r = R, (17.44) reduces to

o(r1) = / G(r,r1) q(r)dV — ¢ f(r)VG-ds. (17.45)
v ov

Since r; is any point inside the sphere, this is a solution formula for
¢(r1) in terms of the known ¢(r), f(r) and G(r,ry). For the integral
on the spherical surface 9V where |r| = R and |r —rs| = (R/r1)|r —r1],
the expression for VG simplifies to

r—ri R r—ry R*—7r? r
4tR? |r —rq]?’

For Laplace’s equation, V2¢ = 0, (17.45) with ¢(r) = 0 yields Pois-
son’s integral formula

1
—60VG <

ar \Jr—=ri®  ri|r—ryf3

R? — 2 ds’
o= 10 ,
(r) ' ( )(r2 + R? — 2rRcos oz)?’/2 ArR

after the substitution (rq,r) — (r,7’), where &’ is the sphere |[r'| = R
with area element dS’, and r - ' = rRcosa. This integral is best
performed by expressing ' and f(r') in terms of polar angle « from r
and azimuthal angle 8 about r, similarly to integral (17.57) below; in
that case, dS’ = R?sinadadf and

(17.46)

R/ r?) simada R*—r? /RJ”” du
2r

= -1
R—r u?
where the substitution u? = RZ 4+ r? — 2Rrcosa, and R > r have been
used.” Thus if the boundary condtion is ¢ = f(r) = ¢o constant on
the sphere |r| = R, then ¢(r) = ¢ for all r inside the sphere. For
nonconstant ¢ = f(r) on |r| = R, the Poisson kernel

1 R? — 12
4mR (R2 4 r2 — 2Rr cos 04)3/2

?g R? — 2 ds’
2+ R2 - 27"Rc05 a)¥/? ATR
. (17.47)

r2

+ R? — 2rRcos 04)3/2 a

—0 VYa#0 (17.48)

as r — R, but goes to infinity at « = 0 in such a way that its surface
integral is always 1, as obtained in (17.47); thus, this Poisson kernel
tends of a delta function for the sphere of radius R as r — R, and
(17.46) yields the boundary condition ¢(r) = f(r) as |r| — R.

Sphere in a uniform field

A similar problem is that of a perfectly conducting sphere placed in a
uniform electric field, E = —EZ, say (Fig. 17.13). Poisson’s equation
reduces to Laplace’s equation V2¢ = 0, that is,

9 28515 1 3(;5 1 (3'2(;5 B
or (T 87‘) + sin 0 90 < S 89) + sin0 9p? 0, (17.49)




in spherical coordinates (16.113), with boundary conditions ¢ — Eo.z =
Eorcosf asr — oo and ¢ =0 on r = R. Clearly, we are looking for a
solution of the form

¢ = Ex f(r)cosb,

with f(R) = 0 and f(r) — r as » — oo. Substituting such ¢ function
into Laplace’s equation gives a second order differential equation for
f(r): ,

2 ﬂ + 2rg —

dr? dr

This is an equidimensional differential equation; it does not change if we
replace r — ar for any a, that is changing dimensions from meters to feet,
for example. Linear constant coefficient differential equations (DE) are
the simplest since they have exponential solutions. Equidimensional DE
are the next simplest; they can be transformed into constant coefficients
by the substitution £ = Inr. Then the DE in z has solutions of the form
e** for some constant s, meaning that the original equidimensional DE
has solutions of the form e*"" = ¢, Indeed, substituting f(r) = r® for
some unknown constant s into (17.50) gives a quadratic equation for s,

2f = 0. (17.50)

s(s—1)+2s—2=5+s5—-2=(s—1)(s+2) =0,

such that the general solution for f(r) is f(r) = Ar + B/r? for some
constants A and B. The boundary conditions f(r) — r as r — oo and
f(R) =0 give f(r) =7 — R?/r? and our potential

R3
¢=FE (r — r2> cos, (17.51a)

E=-V¢

3 A 3 17.51b
—FE (ﬁ(1+2R3>cos0—0<1—RB)sinﬁ). ( )
r r

The electric field F at r = R, 6 = 0 is 3E, as the sphere “pulls in” the
field. The equipotentials and electric field lines are shown in Fig. 17.14.

The fields shown inside the sphere are the mathematical continuation
of the functions (17.51), which are defined everywhere except for a dipole
singularity at » = 0, but those fields are not physical. The electric field
must be zero inside the conducting sphere since the potential there would
be the solution of Laplace’s equation V?¢ = 0 in r < R with ¢ = 0 on
r = R. There are an infinite number of solutions to that problem, but
all are singular except for the trivial one ¢(r) = 0. Another singular
solution is

= (r2 - ]jj) (3cos? 6 — 1), (17.52)

with a quadrupole singularity at r = 0, illustrated in Fig. 17.15. More

generally,
20+1
o=(r- %

TZ—&-l

) Py(cos),

17.4
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Fig. 17.13 Conducting sphere in a fielc
uniform at infinity
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1OE.g. E. M. Purcell and D. J. Morin,
Electricity and Magnetism (1.41),
Cambridge University Press (2013).

Fig. 17.16 Spherical coordinates with
7 as polar axis.

where Py(x) is the Legendre polynomial of degree £ > 0, such that

1 d /. d
oG dd <sm G@Pg(COS 9)> = —{(£ + 1) Py(cos0),

are all solutions of V2¢ = 0 with ¢ = 0 on » = R, but each are increas-
ingly more singular at » = 0. Requiring boundedness at r = 0 rejects
all those solutions, except for the trivial one ¢(r) = 0 for all » < R, and
that is the physical solution.

Surface charge distribution

In the physical problem, a surface charge distribution o(7) on the sphere
is triggered by the external field and the electric field has a jump dis-
continuity across that surface such that'®

. g
Jim (B —B) = —a, (17.53)
where E; = E(r &+ hfa) with r a point on the surface and 72 the unit
normal to the surface at that point. For (17.51b), the E field vanishes
inside the conducting sphere; hence, the surface charge distribution on
|r| =R is

0(0,p) =€ E 7 = —3€yEo cosb, (17.54)

axisymmetric, with negative charge density on the top hemisphere 0 <
6 < 7/2 and positive charge density on the lower hemisphere 7/2 < 6 <
7 . This surface charge provides the dipole part in (17.51), as we now
verify explicitly.

We need to compute the potential due to the surface charge, that is

ostr) = o p TN (17.55)

o 47T€0 G |T*7’/| ’

where the integral is over all ' on the sphere S’ : |r'| = R and dS’ is
the area element for that sphere. The integral is easy—provided we use
the proper spherical coordinates with # as polar axis, not z (Fig. 17.16).

The direction Z is determined by the electric field at infinity E —
—FEoZ. The integral (17.55) is over v’ with r fixed at a polar angle ¢
from Z, with azimuthal direction ¢ such that 2 x # = @ sin§ and polar
direction 6 = @ x 7. Then r’ can be expressed in spherical coordinates
with respect to the {#, 0, @} basis as

(o, B) = R(f‘ cosa + sina(écosﬁ +¢@ sinﬁ)),

where « is the polar angle from 7 and  is the azimuthal angle about #.
In those spherical coordinates, the area element d.S” and distance |r — 7|
are

dS’ = R?sinadadg,

lr —7'|>=7? + R?> — 2rRcos a,



and the surface density distribution (17.54) o = ogcosf’, with og =
—360E00, is

o(a, B) = ogcos = apz -7 = og(cos acos —sinacos Bsinf) (17.56)
since - # = cosf, %+ = —sinf and 7+ B = 0. The integral (17.55) ex-

pressed in terms of these (o, 8) spherical coordinates reads and evaluates
as

b (r) = 00 Rz/’r/27r cos avcos 0 — sin «v cos B sin 0 sin o dfda
47eg o Jo Vr2 + R2 —2rRcos a

_ QRQCOSQ/W sin o cos av da
2¢e0 o Vr2+ R?2—-2rRcosa
oo cos® [TTR 5 o oo (min(r, R))*
=l 12 /|T—R (7" + R —u ) du = 360 2 cosf,
(17.57)
where the substitution u? = r2 4+ R? —2rR cos a with v du = rRsin ada
has been used. Since oy = —3€yF, this surface charge integral in-
deed provides the dipole part of the potential (17.51a) for » > R, and
is —Frcos = —FEz for r < R, where it cancels out the external

field potential ¢oo = Ez. The equipotentials of ¢g(r) are shown in
meridional planes (p, z) in Fig. 17.17.

Well-posedness

We have encountered three fundamental partial differential equations:
the heat equation 9,7 = kV2T (16.122), the wave equation O?E =
?V2E (17.16), and Laplace’s equation V2¢ = 0 (17.49). For the heat
and wave equations, spatially periodic Fourier modes with real wavevec-
tor k are eigenmodes of the Laplacian

VZGik-r — _|k|26ik'7‘. (1758)

They yield fundamental eigensolutions decaying exponentially in time
for the heat equation, and oscillating in time for the wave equation,

T(t, ) = T(k) e rkl teikr, (17.59)
E(t,7) = Ey(k) eTiclkltgikr, (17.60)

which can be superposed to construct general solutions. Even when
other functions are more convenient such as Bessel functions for cylindri-
cal coordinates (16.132), the most useful representation of those special
functions is superposition of Fourier modes (16.135). For Laplace’s equa-
tion, however, Fourier mode solutions do not exist for real wavevectors
k. In cartesian coordinates with k = k,X + k¥ + k.2, we need at least
one of those components to be imaginary such that |k|> = k2 + k:; + k2
vanishes in (17.58).

For example, a solution ¢(z,y) of Laplace’s equation VZ¢ = 0 with
¢ = cos kx on y = 0 can be sought in the form ¢ = f(y) cos kx. Laplace’s

17.4  Poisson’s equation 32F

Fig. 17.17 Potential of a surface dipole
distribution (17.57).
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equation yields
& k2 f (17.61)
dy2 7 '
whose solutions are f(y) = e**¥ and the general solution is the linear
combination f(y) = Ae*¥ + Be™*¥ for arbitrary constants A and B.
Those constants could be determined from initial conditions; for exam-
ple, f(0) = 1, df/dy(0) = 0 yields f(y) = (ek¥ + e *¥)/2 = coshky
corresponding to
od(x,y) = cos kx cosh ky. (17.62)

Although these are valid initial conditions for the second order differ-
ential equation (17.61), yielding a unique solution (17.62) for Laplace’s
equation V2¢ = 0 with the double boundary condition ¢ = cos kz and
0¢/dy = 0 for all z at y = 0. This is not a well-posed problem for
Laplace’s equation.

For the partial differential equation (PDE), any wavenumber k is al-
lowed. Thus, if we consider the slightly different boundary conditions,

¢

@(x,0) = cos kx + e coslz, 8—(35, 0) =0, (17.63)
Y

the unique solution to V2¢ = 0 with those boundary conditions is
o¢(x,y) = coskx cosh ky + € coslz coshly. (17.64)

The problem with that solution is that no matter how small € is, we can
always pick [ sufficiently large to make e coshly as large as we want for
any y # 0, since coshly = (e + e~)/2 grows exponentially from 1 at
y = 0. That means that the solution to the PDE is not continuously
dependent on the initial conditions; a small change in those conditions
can yield as big a change as we want in the solution. Laplace’s equation,
and Poisson’s equation, cannot be solved as an initial value problem; we
need to specify boundary conditions on all sides of the domain.

For example, ¢ = cos kz+e€coslz on y = 0 with ¢ bounded as |y| — oo
yields the unique solution

d(x,y) = coskx e M 1 ecoslaz eIV, (17.65)

and now the small perturbation proportional to € cannot grow as large
as we want for y # 0. In fact, it decays away from y = 0 and goes to 0
with €. The problem is now well-posed with one boundary condition at
y = 0 and another (boundedness) as |y| — oo.

We leave it as an exercise to derive the general solution to Laplace’s
equation V2¢ = 0 with known ¢(x,0) = f(z) and boundedness at infin-
ity as

e} !/
f(&') [yl :

= d 17.66
o(z,y) /_Oo T (z—a)2+¢? o ( )
using a 2D Green’s function —(27) " !ln|r — 7'| for » = 2% + y§, with
an image across y = 0, or a Fourier expansion f(z) = f_oooo f(k)erzdk.
The Poisson kernel in (17.66) is another function that tends to the Dirac

delta 6(x — 2) as y — 0, such that ¢(x,0) = f(x).
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Exercises

This entire chapter consists of solved examples. The stu-
dent is encouraged to go through each example carefully
and fill in the details, and study electromagnetism where
many more interesting problems will be found.

(17.1)

(17.2)

(17.3)

(17.4)

Verify that (17.52) solves Laplace’s equation
V24 =0 with ¢ =0 on |r| = R.

Find the bounded spherically symmetric solu-
tion to —V2¢ = ¢;'D(r;R) that vanishes at
infinity, where D(r;R) = 3/(4wR®) for |r| <
R and D(r;R) = 0 for |r| > R, such that
limro D(r;R) = 4(r) in an integral sense
(17.39). Solve in both regions |r| 2 R separately,
then match the potential ¢ and the electric field
E =-V¢at r = R. Sketch ¢(r) and 7 - E.

Derive (17.45) without the delta function but con-
sidering instead Green’s identity (16.148) in a two-
boundary domain V inside the sphere |r| < R but
excluding a small sphere |r — 71| < ¢, similar to
the derivation of the mean value theorem (16.149),
and taking the limit € — 0.

Consider a point charge @1 at » = r; and an infi-
nite conducting plane at z = 0. Find the potential
¢ and electric field E using an image charge. What

(17.5)

(17.6)

is the actual surface charge distribution filling the
role of the fictitious image charge?
Show that the bounded solution to V¢ = 0 inside
the disk of radius R in the (z,y) = p(cos @, sin @
plane, with ¢(R,¢) = f(¢) on its boundary, is
given by Poisson’s integral formula

d(p, ) =
T f(0) R*—p*

— dé.
o 2w R?+ p?—2pRcos(d — )

(17.67

Use a Green’s function with the method of images
for a line charge with potential —(27) ' In |r —r;
instead of 1/(4m|r — r1|)), or Fourier series

¢(p,p) = > Fulp)e™

m=-—o0

that can be summed using Euler’s formula and ge-
ometric series (19.45).

Find ¢(z,y) such that V3¢ = 0 with ¢(z,0) =
f(z) and ¢ bounded as |y| — oco. (i) Using e
Green’s function, and (ii) using Fourier integrals

f@) = [ f(k)erdk.
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Complex Calculus



Complex Algebra and
Geometry

18.1 The cubic formula

To find the roots of the quadratic equation ax?+bx +c = 0, we complete
the square

—— =0,

4a

2
ar*+br+c=alr+—) +c
2a

yielding 22 = (b* — 4ac)/(4a?) for z = x + b/(2a), then the roots

. —b+ Vb2 — 4dac
a 2a '

This is the quadratic formula of elementary algebra. A real quadratic
polynomial has two, one, or zero real roots depending on whether the
discriminant b*> — 4ac is > 0, = 0, or < 0. The quadratic function y =
ax?+bx+c has a single extremum, y, = (4ac—b?)/(4a) at x, = —b/(2a),
and intersects y = 0 only if 4ac — b? < 0, and we can see the bifurcation
from two to zero roots as 4ac — b? goes positive.

What about the roots of the cubic az®+bx?+cx+d = 0? Completing
the cube to eliminate the 22 term yields

(18.1)

24+ pr4+q=0 (18.2)
for z = x + b/(3a), where the expressions for p and ¢ are given in
exercise 18.1. The cubic w = 2% + pz + ¢ has extrema at z = +/—p/3

provided p < 0. These extrema are w = ¢ + /—4p3/27 and the cubic
w = 2% + pz + ¢ intercepts w = 0 at three real z values provided p < 0
and |q| < /—4p3/27, that is, provided the discriminant
4p3
2
+ — <0.
T 7
A tricky further substitution, z = w — p/(3w), transforms the cubic into
a quadratic equation for w? whose roots are

1 4p3
3 _ 2
=—|—qg=x — .
w 2<q q+2>

Now we have a problem . .. when the cubic has three real roots according
to (18.3), formula (18.4) requires the square root of a negative number.

(18.3)

(18.4)

18
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I'Wessel’s work in Copenhagen was
overlooked for a hundred years, Ar-
gand’s in Paris for only seven years.

How is that possible?! For example, 22—z = z(2—1)(2+1) has three real
roots with p = —1 and ¢ = 0, but formula (18.4) gives w® = +v/—1//27.
This is the conundrum that confronted Italian mathematicians, Del
Ferro, Tartaglia, and Cardano in the early 1500s and led to imagin-
ing that v/—1 exists such that (v/=1)2 = —1. Then w = (v/—1)/3/V/3

for p=—1, ¢ = 0 yields
p_3wi-p (V=DPE41 (D41
3w 3w Jw N 3w N

that is, indeed, one of the three real roots of 2* — z. The symbol v/—1
was used for over 200 years, until Euler introduced the notation

0,

Z=WwW —

i2 /=1 suchthat %= —1, (18.5)

for that imaginary unit. Thus began complexr numbers z = x + iy
composed of a real part Re(z) = x and an imaginary part Im(z) = vy,
both of which are real numbers. For example,

2=2+3i & z=DRe(z) =2, y =Im(z) = 3.

A real number is a complex number with zero imaginary part, and an
imaginary number is a complex number with zero real part.

18.2 The complex plane

Euler used series in the early 1700s to define the exponential function
exp(z) = e” and derive his famous formula for the exponential of an
imaginary number,

e = cos p + isin . (18.6)

Since x = cos¢ and y = sing are the (z,y) coordinates of a point on
the unit circle, it is surprising that it was not until 1797 that Caspar
Wessel, then Jean-Robert Argand independently in 1806,! proposed
that complex numbers should be considered as directed line segments,
with magnitude and direction, in the euclidean (x,y) plane such that
i represents the direction (0,1) and multiplication by i corresponds to
rotation of directed line segments by 7/2 in the (1,0) to (0, 1) direction.
In mathematical notation, that is

z=x+iy = (z,y) =iz =i(r +iy) = —y + iz = (—y,x).

A second multiplication by ¢ corresponds to another 7/2 rotation from
(—y,x) to (—z, —y), resulting in a sign change after two successive ro-
tations by 7/2, (z,y) = (—z,—y) = —(z,y) and indeed i? = —1.

The vector space R? consists of ordered pairs of real numbers (z,%)
representing the coordinates of directed line segments with the usual
vector addition, (z1,y1)+(x2,y2) = (z1+x2,y1+y2). When the complex
product operation defined as

(71, y1)(22, Y2) £ (T172 — Y1y2, T1Y2 + Y172)



is added, the set of real (z,y) becomes the complex plane C, also known
as the Argand plane (Fig. 18.1). Argand introduced the geometric con-
cepts of modulus |z|, argument arg(z), and complex conjugate z*.

Y
iz = (_ya T)

z = (z,y)

i’z = (—y, —x) 2" = (z,-y)

The modulus, or norm, or magnitude, of z = x + iy is

|2| & Vo2 +y2 =1 (18.7)

This modulus is equivalent to the euclidean norm of the 2D vector (z,y).
The argument or angle of z = x 4 iy is

arg(z) = angle(z) = ¢, (18.8)

such that (z,y) = (r cos p, rsin ). It is the angle between the real direc-
tion (1,0) and the vector (x,y) positive in the direction of the /2 ro-
tation from (1,0) to (0,1). The notation arg(z) is common but angle(z)
is clearer. The standard unique definition specifies the angle in (—, 7]

— 7 <arg(z) <m. (18.9)

Thus, arg(z) = atan2(y, z). The function atan2(y,x) was introduced in
the Fortran computer language and is now common in all computer lan-
guages. The atan2(y, z) function is the arctangent function but returns
an angle in (—, 7], in contrast to arctan(y/z) that loses sign information
and returns an angle in [—7/2,7/2].

The complex conjugate of z = x + iy is

22 r—iy, (18.10)

is the reflection of z about the real axis. It is often written z in math-
ematics but the z* notation is more common in applied mathematics,
physics, and engineering where the overbar is commonly used to denote
an average.

18.3 Complex algebra

The complex plane C consists of ordered pairs of real numbers (z,y)
conveniently denoted z = x + iy, similar to our 2D vectors r = zX + vy,
with the following operations.

18.3 Complex algebra 33:

Fig. 18.1 The complex plane C, alsc
known as the Argand plane, interprets
complex numbers z = z + iy as vec
tors (x,y) in R? with the additiona
operation of the complex product suck
that multiplication by ¢ is rotation by
7/2. The magnitude of z is |z| = r =
vVz? +y?, and its argument arg(z) =
¢ with * = rcosp, y = rsing. The
complex conjugate z* = x — iy is the
reflection about the real axis.
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22 — 21

21

Fig. 18.2 Complex subtraction.

2122

0 1

Fig. 18.3 Complex multiplication.

Addition

The sum of two complex numbers z; + z9 is a complex number whose
real part is the sum of the real parts, and imaginary part is the sum of
the imaginary parts,

Z1 + zZ9 = (.Z‘l + Zyl) + (1‘2 + Zyg) é (1‘1 + Ig) + 7 (yl +y2) (1811)

That is (z1,y1) + (z2,y2) = (1 + z2,y1 + y2) so complex numbers add
like 2D cartesian vectors, and complex addition satisfies the triangle
inequality

‘Zl + 22| < |Zl| + |22| (1812)
Subtraction is the addition of the opposite vector zo — 21 = 29 + (—21)

and zo — 21 is the vector from the tip of z; to that of zo, just as for
vectors ro — r1 (Fig. 18.2).

Multiplication

The product zizo of directed line segments z; and z5 is defined such
that the triangle with sides (21, 21 22) is similar to the triangle with sides
(1,22) (Fig. 18.3). Thus, the magnitude |z122| is the product of the
magnitudes

|z122] = |21] |22/, (18.13)

and the angle between z; and 2 29 is the same as that between 1 = (1,0)
and zo; that is, the angle of the product z1z, is the sum of the angles
modulo 27

arg(z129) = (argz; + arg zs) mod 27, (18.14)
since —m < arg z < 7 for uniqueness of the angle. For instance,
arg((—2)(=3)) = arg(6) =0,

but arg(—2) + arg(—3) = 7 + 7 = 0+ 27, which is 0 modulo 2.

This geometric definition of the product corresponds to the usual dis-
tributivity of multiplication with respect to addition but with the addi-
tional rule i2 = —1, yielding

2129 = (w1 +iy1) (w2 +iy2) = (v122 — y1y2) + i (21y2 + T231).

Indeed, rotation by 7/2 is multiplication by i with i2 = —1, i(x + iy) =
—y + ix; thus,

2129 = (w1 +iy1)(x2 + iy2) = w1 (@2 + iy2) + y1(—y2 + iz2)
r1 (cos @1 (22 + ty2) + sin 1 (—ys + ixa))

is the vector 2z = x2 +iys rotated by o1 and scaled by 71 = /2% + yf =
|z1]| since izo = —yo + ixq is 22 rotated by 7 /2.



The complex product is an operation between vectors (z,y) € C that
is not defined for vectors (z,y) € R2. However, the product

2120 = (1 —iy1) (w2 + iy2) = (w122 + Y1y2) + i(T1y2 — T2y1)
has a real part that equals the dot product of the real vectors
(z1,91) - (T2, y2) = T122 + Y192 = Re(2] 22)
and an imaginary part that equals the e3 component of the cross product
(21,91,0) X (22,92,0) = (0,0, 2192 — 2291).

In particular,
=2+ y? =1 =23 (18.15)

and this relation is used to compute complex magnitudes just as the dot
product is used to compute vector magnitudes. For instance,

la +b] = \/(a+b)(a+ b)* = Vaa* + ab* + ba* + bb*

for complex numbers a, b, is the complex equivalent of

la+bl=+(a+b)-(at+b)=Va-a+2a-b+b-b

for real vectors a, b. However, while the dot product of two vectors is
a scalar not a vector, and the cross product of horizontal vectors is a
vertical vector, the product of complex numbers is a complex number.
This yields complex division as the inverse of multiplication.

Division
Given 27 and z3 # 0 we can find a unique z such that zzo = z;. That z
is denoted z;/z2 and equals

2 zm2 (x+ i) (w2 —iy2)

2y 2023 3 +y3

_ <$1l‘2 + yly2> 4 ($2y1 - $1y2> . (18.16)

3+ Y3 3+ y3

Thus, while division of vectors by vectors is not defined (what is north
divided by northwest?!), we can divide complex numbers by complex
numbers and the complex interpretation of ‘north/northwest’ is

i V2i(-1-4) 1—i
—147 _ N(_ 1 _ s - 9
TET (-9 VR
which is “southeast”! Geometrically, it is left as an exercise to show that
the magnitude of a ratio is the ratio of the magnitudes

2l _ sl

|22

22

18.3

Complex algebra 33f
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and the angle of a ratio is the difference of the angles, modulo 27

arg <2) = arg(zl) — arg(ZQ) modulo 27.

Again, the “modulo 27" is because of our definition —7 < arg(z) < m,
for uniqueness of the arg(z) function, so we need to bring back the angle
obtained from addition for z1zs, or subtraction for z;/z2 to that range.
For example, for z; = —2 and 25 = —1,

arg(z1/z9) = arg(2/i) = arg(—2i) = —7/2
arg z) — arg zo = arg(—2) — arg(—i) =7 — (—7/2) = 37/2

and arg(z1/z2) = arg(z1) — arg(z2) — 27 in this example.

All the well-known algebraic formula for real numbers hold for complex
numbers, for instance,

22 —a*=(z—a)(z+a),

2 —a® = (2 —a)(2* + az + d?),

then for any positive integer n, we can show by induction that

2 gt = (2 —a) Z 2Rk, (18.17)
k=0
That useful formula can also be derived by dividing by z"*! or a™*! in
which case it becomes the geometric sum
9 1— qn+1
l4g+¢*+---+¢" = T (18.18)

for ¢ = a/z or ¢ = z/a. This fundamental formula is best remembered
by digesting its one-line proof: Let S,, =14 ¢+ --- + ¢", then ¢S,, =
S, + ¢ — 1. Solving for S,, yields (18.18).

Other basic algebraic formula are

(z4a)? = 2% + 2za + a?,
(z+a)® = 2° 4+ 32%a + 32a® + d®,

and for any positive integer n we have the binomial formula (defining
0l=1)

§ E _— . I . 9

This can also be shown by induction. These classic algebraic formula are
used to prove that dz"/dz = nz"~1 and that exp(z+a) = exp(z) exp(a).
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18.4 Fundamental theorem of algebra

Argand also provided a constructive proof of the fundamental theorem
of algebra that any polynomial of degree n > 1 has always at least
one complex root, z; say. Since that root can be factored out, leaving
a polynomial of degree n — 1, this implies that a polynomial P,(z) of
degree n in z can always be factored as a product of n polynomials of
degree 1,

anz" + a1zt ag=an(z—21) (2 — zn), (18.20)

where the zi,...,z, are the zeroes or roots of the polynomial, some
of which can be repeated. For example, 22 +1 = (z +i)(z — i) and
22422+ 1=(2+1)(z+1).
Argand starts form an arbitrary guess zy then takes a small step Az
such that
P(zo+ Az) = P(20) + Q1 Az + -+,

where P(z) is the polynomial of degree n and )y is a polynomial of
degree n—1 in zg that can be calculated by expanding the powers of z =
20 + Az in P(z) and collecting the Az terms, and the dots - - - indicate
terms of higher order in Az. Argand then chooses Az = —At Q7 P(z)
with At real, positive, and sufficiently small that the higher order terms
are negligible and 0 < 1 — At|Q;|? < 1 such that

P(z + Az) = (1= At|Qq[*) P(z0) + - -

is smaller than P(zp) in magnitude. The process repeats from the new
20 := 20 + Az, thereby converging directly toward a zero of P(z). If
Q1 = 0, then P(zp + Az) = P(2) + Q2 A2% + -+ and Argand picks
Az? = —At?P(29)Q3, and similar to the next order if Q; = Q2 = 0. In
better notation, @1 is dP/dz at zp and Argand proposed integrating the

differential equation
dz dP\"
—=-P —_— 18.21
T --ro (%) (18.21)
with ¢ real, using Euler’s method

dP\"

2(t+ At) = 2(t) — At P(2(t)) | — .

dz z=2z(t)
This approach, with Argand’s higher order modification, was studied by
Hirsch and Smale? as a globally convergent Newton’s method. Newton’s

method picks At = 1/|Q1|?> and converges quadratically near a root
provided @1 = dP/dz # 0.

2Morris Hirsch and Stephen Smale
“On Algorithms for Solving f(z) = 0.
Communications on Pure and Appliec
Mathematics, 32, 281-312 (1979), §6
“A Sure-Fire Algorithm.”
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Exercises

(18.1)

(18.2)

(18.3)

(18.4)

(18.5)

(18.6)

(18.7)

(18.8)

(18.9)

(18.10)

(18.11)

(18.12)

(18.13)

(18.14)

Complete the cube to transform the cubic equa-
tion ax® + bz + cx +d=0into 2> +pz+¢=0
for z =z + b/(3a) with

_ 3ac— b2
~ 3a2

 27a*d — 9abc + 2b
B 27a®

Show that w = 23+ pz + ¢ with p, ¢ real has three
real roots when (18.3) applies.

Show that the substitution z = w—p/(3w) trans-

forms z° 4+ pz + ¢ = 0 into a quadratic equation

for w®.

Show /explain your work to evaluate
1

24-31)", |24 3i|, Im(243i), ——

(2+30)", 12431, Tm(2+30), o

Calculate (144)/(2+3¢). Find its magnitude and
its angle.

arg(2+3i).

Consider two arbitrary complex numbers z1 and
22, not real, not imaginary, not 0. Sketch z1, z2,
21+ 22, 21— 22, 21+27, and z1 — 2] in the complex
plane.

Consider 21 = —14+4107" and 2o = —1—43107'7.
Calculate |21 — 22| and arg(z1) — arg(z2). Are
z1 and z2 close to each other? Are arg(z1) and
arg(zz) close to each other? Show your work.
Prove that (z1+22)" = 27 +23 and (z122)" = 2125
for any complex numbers z; and zs.

Prove that |z1z2] = |z1||z2| but |z1 + 22| <
|z1| + |22| for any complex numbers z; and 2.
When is |z1 + z2| = |z1| + |z2|?

Show that |z1/z2| = |21]/|22| and angle(z1/z2) =
angle(z1) — angle(z2) modulo 27. (Hint: use the
corresponding results for product and z1/z2 =
2123 /|22[%)

Derive the formula (18.16) by solving the 2-by-2
linear system z2z = z1 for (x,y) where z = x+1y.

If a and b are arbitrary complex numbers, prove
that ab® 4+ a*b is real and ab™ — a*b is imaginary.
True or false: (iz)*z = 0 since ¢ z is perpendicular
to z. Explain.

For vectors a and b, the dot product a-b = 0
when the vectors are perpendicular and the cross

(18.15)
(18.16)

(18.17)
(18.18)

(18.19)

(18.20)

(18.21)

(18.22)

product a X b = 0 when they are parallel. Show
that two complex numbers a and b are paral-
lel when ab® = a"b and perpendicular when
ab™ = —a*b.

Prove (18.17) and the binomial formula (18.19).

Take a blank sheet of paper and derive the geo-
metric sum formula in one line.

Calculate 1 + z 4+ 22 4+ --- 4+ 222! for z = ¢ and
z =1+ ¢. Explain your work.

Calculate 1 — 2z 4+ 22 — 23+ - — 232 for 2 = ¢
and z = 1 + 4. Explain your work.
Let

n
anz +---t+a1z+ ao

=(z—21)(bp-12""" + -+ + b1z + bo)

where z is a variable and all ax, b;, z1 are con-
stants. Derive and solve the linear system of
equations yielding the b;’s in terms of z; and the
ar’s.

Prove that if z is a complex root of a polyno-
mial a,z" + - + a1z + ag with real coefficients
aop, . ..,an; then z* is also a root.

Newton’s method to solve f(z) = 0 is to pick a
guess zp then iterate

f(zn)

S )
n

forn =0,1,..., where f'(2) = df(z)/dz. Let 2.
be a solution such that f(z.) = 0. Use Taylor
series to show quadratic convergence, that is

Znt1 — 26 = A(2x) (20 — z*)Q 4

where (---) are terms of higher order in (z, — 2«)
that go to zero faster than (z, — z*)2 as Zp — Zx.
Find A(z.).

Try out Newton’s and Argand’s methods to find
a root of z* + 1 = 0 starting from (a) z0 = 4,
and (b) zo = 0. You will need to pick At and
use Argand’s modified Az for the first step in
(b). Discuss your choices and plot the iterates
20, 21, 22, - - - in the complex plane C.



Elementary Complex
Functions

The algebraic operations defined for complex numbers, addition, sub-
traction, multiplication, and division, allow us to construct polynomial
f(2) = Pu(z) and rational f(z) = P,,(2)/Qm(z) functions of a complex
variable z = x + iy, where P,(z2) and @,,(z) are polynomials of degree
n and m in z, respectively. Using the concept of series, we can take the
limit n — oo to define other “elementary” functions such as the expo-
nential, the logarithm, roots, and trigonometric functions of a complex
variable. These are the elementary complex functions considered in this
chapter.

19.1 Limits and derivatives

The modulus |z| allows for the definition of distance, then, limit, conti-
nuity, and differentiability. The distance between two complex numbers
z1 and 29 is the modulus of their difference, |21 — 22|, that is the euclidean
distance between the complex numbers z; and z3 in the complex plane.
A complex number z; tends to a complex number z when |z; — z| — 0.

Continuity

A function f(z) is continuous at z if

lim f(z1) = £(2), (19.1)

Z1—Z2

which means that f(z1) can be as close as we want to f(z) by taking z;
close enough to z, this is the “e 6” definition of limit:

Ve>0,30 >0 st. |z1—2]<d=|f(x1)— f(2)] <e.

For example, f(z) = agz?+ajz+ag is continuous everywhere since from
the triangle inequality

[f(z1) = f(2)| = laz(f — 2%) + a1 (1 — 2)|

< las||zf — 2°| + la1||z1 — 2| = |21 — 2| (lazl|21 + 2| + |aa]).

Thus, |f(21) — f(2)] = 0 as |z; — 2| — 0. Find ¢ in exercise 19.2.

19.1 Limits and derivatives
19.2 Series

19.3 Transcendentals

19.4 Logs and powers

Exercises

V: for any; 3: there exists.

33¢
34(
34<
34¢€
34¢
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Differentiability

The derivative of a function f(z) at z is

df(z) _ . flz+a) = f(2)
i 192

where a is a complex number and ¢ — 0 means |a| — 0. This limit must
be the same no matter how a — 0.

We can use the geometric sum formula (18.17) or the binomial formula

(18.19) to deduce that

dz"

dz
for any integer n = 0,+1,42, ..., and we can define the antiderivative
of 2™ as 2" /(n + 1) + C for all integer n # —1. All the usual rules of
differentiation—derivative of a sum, product rule, quotient rule, chain
rule, etc.—hold for complex differentiation. The proofs proceed as for
functions of one real variable.

So there is nothing special about complex derivatives, or is there?
Consider the function f(z) = Re(z) = z, the real part of 2. What is
its z-derivative? The differentiation rules are of no use here, so let’s go
back to the limit definition:

dRe(z) — lim Re(z + a) — Re(z) — lim Re(a)

dz a—0 a a—0 @

=nz"" 1, (19.3)

=71 (19.4)

What is that limit? If a is real, then a = Re(a), so the limit is 1, but if
a is imaginary, then Re(a) = 0 and the limit is 0. So there is no limit
that holds for all @ — 0. The limit depends on how a — 0, and we
cannot define the z-derivative of Re(z). Re(z) is continuous everywhere,
but nowhere z-differentiable! We will get back to this fundamental issue
in Chapter 20. Here, (19.3) will suffice, together with series. We begin
with the mother of all series.

19.2 Series

Geometric series

The geometric series is the limit of the geometric sum (18.18) as n — oo.
It follows from (18.18), that the geometric series converges to 1/(1 — q)
if |[¢| < 1, and diverges if |¢| > 1 (Fig. 19.1),

o0
1 .
St =1tqtd o=, iff |g <1 (19.5)
I—gq

n=0

Note that we have two different functions of ¢: on the left-hand side, we
have the series >~ ¢", which only exists when |¢| < 1; on the right-
hand side, the function 1/(1 — ¢), which is defined and differentiable
everywhere except at ¢ = 1. These two expressions, the geometric series
and the function 1/(1 — g), are identical in the disk |¢| < 1, but they are



not at all identical outside of that disk since the series does not make
any sense (i.e. it diverges) outside of it. We leave it as an exercise to

investigate what happens on the unit circle |¢| = 1. Consider ¢ = 1,
qgq=-1,q=1,....
Im(q)
diverges lg =1
Re(q)
converges

Ratio test

The geometric series leads to a useful test for convergence of the general
series -
Zan:a0+a1+a2+--~, (196)
n=0
understood as the limit of the partial sums S, = ag + a1 + -+ + ay,
as n — o0o. Any one of these finite partial sums exists but the infinite
sum does not necessarily converge. For example, take a,, = 1 Vn, then
S, =n-+1but S, - o0 asn — oo.

A necessary condition for convergence is that a,, — 0 as n — oo as
you learned in calculus, but that is not sufficient. A sufficient condition
for convergence is obtained by comparison to a geometric series. This
leads to the ratio rest: the series (19.6) converges if

lim 191l g g (19.7)
n—oo |ay,|
Indeed, if L < 1, then we can pick a ¢ such that L < ¢ < 1 and we can
find a (sufficiently large) N such that |a,41|/|ay| is within e = ¢ — L of
L, in other words such that |a,41|/|an| < ¢ for all n > N, so we can
write

lan| + lant1| + lan 2| + [anis| + - -
~ lay] (1+ lan1] | Janvo| [ani] +>

lan|  lant1] lan]
_ an]
1—-¢q

<lan|(L+qg+¢*+--+) < 0. (19.8)
If L > 1, then we can reverse the proof (i.e. pick ¢ with 1 < ¢ < L and
N such that |ant1|/|an| > ¢ Vn > N) to show that the series diverges. If
L =1, the ratio test does not determine convergence so the series may
or may not converge.

19.2  Series 341

Fig. 19.1 The geometric series (18.18

o 04" converges in the disk |g| < 1
where it equals 1/(1 — ¢). The series
diverges outside the unit disk althougl
the function 1/(1—q) exists for any g #
1.
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Im(z)

Re(2)

Fig. 19.2 A power series (19.9) con-
verges in a disk |z — a| < R and di-
verges outside of that disk. The radius
of convergence R can be 0 or co.

Taylor series

A power series has the form

oo

ch(z—a)”zco+cl(z—a)+62(z—a)2—|—--- . (19.9)

n=0
where the ¢,,’s are complex coefficients and z and a are complex numbers.
It is a series in powers of (z — a). By the ratio test, the power series
converges if

gyl _
lim Cni(z —a)" =|z—a| lim Cntl| _ lz—adl <1, (19.10)
n—oo | cp(z—a)? n—oo | Cp R
where we have defined
. Cn+4+1 1
1 = —. 19.11
P vl Rl (19-11)

The power series converges if |z — a| < R. It diverges if |z —a| > R
(Fig. 19.2). Since |z — a| = R is a circle of radius R centered at a, R is
called the radius of convergence of the power series. R can be 0, oo, or
anything in between.

This geometric convergence inside a disk implies that power series
can be differentiated (and integrated) term by term inside their disk of
convergence. The disk of convergence of the derivative or integral series
is the same as that of the original series. For instance, the geometric
series Y ) 2™ converges in |z| < 1 and its term-by-term derivative
oo ymz""! does also, as shown by the ratio test.

If a power series converges to f(z) say, then its derivatives are the
term-by-term derivatives of the power series

k(s s
f®(z) = di/(z) = Zn(n— D (n—k+1)en(z —a)" k.

dzk
n=~k

Evaluating each of these series at z = a, only the first term n = k
survives and

d*f(2)
dzk

zk‘(k‘—l)-~-1ck:k‘!ck,

zZ=a

yielding all the coefficients of the power series as

_ 1 dE)| @)

ol dzn onl

n

zZ=a

In other words, the convergent power series (19.9) can be written

F(2) = F@) + Fla)(z—a) + D

2
> #(n) (g (19.12)
_ Z f ( )(Z o a)n,
n=0

n!



where n! =n(n —1)---1 is the factorial of n, with 0! = 1 by convenient
definition. The power series (19.12) is the Taylor series of f(z) about
zZ=a.

The equality between f(z) and its Taylor series is only valid if the
series converges. The geometric series

1 oo
I 2 :E n
— +z+ 27+ z

- (19.13)

is the Taylor series of f(z) = 1/(1 — z) about z = 0, but the function
1/(1—2z) exists and is infinitely differentiable everywhere except at z = 1,
while the series > ° 2" only exists in the unit circle |z| < 1. The
convergence of the series about z = 0 is limited by the singularity of
1/(1 — z) at z = 1 since a power series always converges in a disk,
Fig. 19.2.

Several useful Taylor series are more easily derived from the geometric
series (19.5), (19.13) than from the general formula (19.12) (even if you
really like calculating lots of derivatives!). For instance,

1 2 4 S 2n
Tl _|_...:Zz (19.14)
LI + i (19.15)
= — 2z z — = .
+ n=0
2 ( )n n+1
In(1 =,-= 19.16
(I+2)=z-F+ Z n+1 (19.16)

n=0
The last series is obtained by integrating both sides of the previous
equation and matching at z = 0 to determine the constant of integration
since In1 = 0. These series converge only in |z| < 1 while the functions
on the left-hand side exist for (much) larger domains of z.

19.3 Transcendentals

We have defined i = —1 and made geometric sense of it. Now what is
2¢7 §*?1 We can make sense of such complex powers but we first need
to define the exponential function expz and its inverse the (natural)
logarithm, In z.

The complex versions of the Taylor series definition for the exponen-
tial, cosine, and sine functions

22 = 2"
expz:1+z+?+~~zzoa (19.17)
22t o0 a2
coszzl—?—i-ﬂ-nznzzo( ) ) (19.18)
23 2’5 S 22n+1
Sin » = =N 19.19
sinz =z — 30 + 5l (—1) @n+ 1) ( )

19.3 Transcendentals

34
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1They are entire functions.

converge in the entire complex plane! for any z with |2| < oo as is
readily checked from the ratio test. These convergent series serve as the
definition of these functions for complex arguments.

We can verify the usual properties of these functions from the series
expansions. In general, we can integrate and differentiate series term
by term inside the disk of convergence of the power series. Doing so for
exp z shows that it is equal to its derivative

dexpz d [ 2" S
L <Z m) => T = P (19.20)

n=0 n=1

meaning that exp z is the solution of the complex differential equation

d
d—l;} =w with w(0)=1.
Likewise the series (19.18) for cos z and (19.19) for sin z imply
dcosz dsin z
= —si = Cos Z. 19.21
P sin z, P Cos 2 (19.21)

Taking another derivative of both sides shows that w;(z) = cosz and
wa(z) = sin z are solutions of the second order differential equation
d?w

a2

with (w1 (0), w1 (0)) = (1,0) and (w2(0),w5(0)) = (0,1).
Another slight tour de force with the series for exp(z) is to use the
binomial formula (18.19) to obtain

exp(+a) = 3 EE ZZ() a

n=0 n=0 k=0
x© n Skgn—Fk
:E E ——. (19.22)
| _ |
s El(n — k)!

The double sum is over the triangular region 0 <n < oo, 0 < k <nin
n, k space. If we interchange the order of summation, we have to sum
over k=0 — oo and n = k — oo (sketch it!). Changing variables to k
and m = n — k, instead of k and n, the range of m is 0 to co as that of
k, and the double sum reads

o) Zk 0 a™
exp(z +a) = ZZ k'm'_<zkl> (Zm'>
k=0m=0 k=0 m=0
:exp(z) exp(a). (1923)

This is the principal property of the exponential function and we verified
it from its series expansion (19.17) for general complex arguments z and
a. It implies that if we define as before

1 1 1

1
e=exp(l) =141+ 5+ ¢+ op+ oo+ = 271828, (19.24)




then exp(n) = [exp(1)]” = €™ and exp(1) = [exp(1/2)]2. Thus, exp(1/2) =

e'/? etc. so we can still identify exp(z) as the number e to the com-
plex power z and (19.23) is the regular algebraic rule for exponents:
e*T% = e7e®. In particular,

expz =e° = " = e, (19.25)

where e® is the regular exponential function of a real variable 2 but e®
is the exponential of a pure imaginary number. We can make sense of
this from the series (19.17), (19.18) and (19.19) to obtain the very useful
formula

e'” = cosz +isin z,

iz . (19.26)
e " =cosz —isinz,
which yield _ _ _ _
cos z = %, sinz = % (19.27)

that could serve as the complex definitions of cos z and sin z. These hold
for any complex number z. For z real, this is Fuler’s formula usually
written in terms of a real angle ¢,

e = cos p + isin . (19.28)

This is one of the most important formulas in all of mathematics! It
reduces all of trigonometry to algebra among other things. For instance,
eilath) — giogiB implies that

cos(a + ) +isin(a + ) = (cosa + isina)(cos S + isin f)
= (cosarcos B — sinasin 3) (19.29)

+ i(sin acos B + sin  cos «)

Equating real and imaginary parts? yields two trigonometric identities
in one swoop, the angle sum formulas from high school trigonometry.

Polar representation

Introducing polar coordinates such that (x,y) = (rcosp,rsiny), and
using Euler’s formula (19.28), any complex number can be written

2 =x +iy = re'®, (19.30)

where r = |z| > 0 and ¢ = arg(z) + 2k7 is the phase of z, with k =
0,+1,42,..., an integer. The expression z = x + iy is the cartesian or
rectangular form of z, and z = re®? is its polar form.

Replacing ¢ by ¢ £+ 27 does not change z. However, the argument
arg(z) is a function of z and is unique for every z. For instance, we can
define 0 < arg(z) < 2w, or —7 < arg(z) < m. These are just two among
an infinite number of possible definitions. Although computer functions
(Fortran, C, Matlab, etc.) make a specific choice (typically the second
one), that choice may not be suitable in some cases. The proper choice

19.3 Transcendentals 34f

2When a, B are real. More generally
equating parts even and odd in (a+ )
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€T

Fig. 19.3 The disk of convergence of
the Taylor series (19.33) for 1/z is lim-
ited by the singularity at z = 0.

is problem dependent (see exercise 19.35 for example). The phase ¢ can
be continued smoothly as we loop around z = 0, but arg(z) is necessarily
discontinuous. For example, if we define 0 < arg(z) < 2w, then a point
moving about the unit circle at angular velocity w will have a phase
» = wt but arg(z) = wt mod 27, which is discontinuous at wt = 2km.

The cartesian representation x + iy of a complex number z is per-
fect for addition/subtraction, but the polar representation re®® is more
convenient for multiplication and division since

2179 = r1€¥1rpe’¥? = riroet($1+e2) (19.31)
z1 riet

=1 _Heitei-e), (19.32)
29 roetP2 9

19.4 Logs and powers

The power series expansion of functions is remarkably powerful and
closely tied to the theory of functions of a complex variable. Many com-
plex functions beyond exp z can be defined by series. A priori, it doesn’t
seem very general. How, for instance, could we expand f(z) = 1/z into
a series in positive powers of z,

1
—=aptarz+agt - 77
z

We cannot expand 1/z in powers of z but we can expand in powers of
z —a for any a # 0. That Taylor series is obtained easily using the
geometric series, again,

ER - i(—n"%. (19.33)
z a+(z—a) a1+<za) o a

Thus, we can expand 1/z in powers of z — a for any a # 0. That
(geometric) series converges in the disk |z — a| < |a|. This is the disk
of radius |a| centered at a (Fig. 19.3). By taking a sufficiently far away
from 0, that disk where the series converges can be made as big as one
wants but it can never include the origin, which of course is the sole
singular point of the function 1/z. Integrating (19.33) for a = 1 term by

term yields
oo
(Z _ 1)11—0—1

Inz = B 19.34

nz nz:%( N | (19.34)
as the antiderivative of 1/z that vanishes at z = 1. This looks nice;
however, that series only converges for |z — 1] < 1. We need a better
definition that works for a larger domain in the z-plane.

The Taylor series definition of the exponential exp(z) = > 2" /n!
is very good. It converges for all z’s; it led us to Euler’s formula e’ =
cos ¢ + isin ¢ and the key property of the exponential, namely exp(a +
b) = exp(a)exp(b) (where a and b are any compler numbers), from

which we deduced exp(z) = e* with e = exp(l) = 2.71828..., and
e? = ea:+iy — e:ceiy'



Log as inverse of the exponential

Given z we want to define the function In z as the inverse of the expo-
nential. That is, we want to find a complex number w = In z such that
e¥ = z. From the cartesian form w = u + v, where v = Re(w) and
v = Im(w) are real, we obtain

eV = eu-i-iv — eueiv =y = |Z‘eiargz’ (1935)
yielding e* = |z| and e = ¥ %; that is, u = In|z| and v = arg z + 2k,
where |z| > 0 is a positive real number, so In|z| is the usual natural log
of a positive real number, and k = 0,4+1,+2,--- is an integer. We have
found the roots

eV =2 & w=Inl|z| +iarg(z) + 2kn i,

but there is an infinite number of w’s for each z, one for every k. We
can take any one of those solutions as our definition of In z, in particular

wo =Inz = In|z| + iarg(z). (19.36)

This definition is unique since we assume that arg z is uniquely defined
in terms of z. However, different definitions of argz lead to different
definitions of In z.

For example, if 0 < arg(z) < 2w, then In(—3¢) = In3+437/2, but if we
define instead —7 < arg(z) < 7, then In(—3¢) = In3 — iw/2. Note that
we can now take logs of negative numbers, In(—3) = In3 + i arg(—3),
and the log of a product is the sum of the logs, modulo 27,

In(ab) =lna+1Inb mod 2mi (19.37)
since exp In(ab) = ab = exp(Ina + Inb + 2kxé). In particular,
Inz =1In(|z]e"®&%) = In|z| + Ine'®&% = In |2| + i arg 2,

and e"# = z for any z but Ine* = z mod 2mi.

Complex powers

As for functions of real variables, we can now define general complex
powers such as 2 in terms of the complex log and the complex exponen-
tial

b A eblna

a — ¢bnlalgibarg(a) (19.38)

For example, 2° = e'2 = cos(In 2) + isin(In2). Note that b is complex
in general, so e?™19l is not necessarily real. This definition involves
arg(a) and different definitions for arg yield different values for a®, in
general.

We can now define the complex power functions

La _ ealnz _ galn |z iaarg(2) (19.39)

19.4  Logs and powers 341
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and the complex exponential functions
aF = ezlna _ ezln|a|6izarg(a). (1940)

These functions are well-defined once arg(-) is defined. Different defini-
tions for arg(a) imply definitions for a® that do not simply differ by an
additive multiple of 2mi as was the case for In z. For example

(_1)i _ eiln(fl) — e~ arg(—1) _ €7ﬂ72k7r

for some k, so the various possible definitions of (—1)? will differ by a
multiplicative integer power of e ™27,

Roots

The fundamental theorem of algebra §18.4 states that an nth-order
polynomial @, 2" + ayp_12" "' + - +a12 4+ ag with a,, # 0 can always be
factored into a product of first-order polynomials as

2"+ an 12" o dag =an(z —21) - (2 — 2). (19.41)

The complex numbers z1, ..., z, are the roots or zeroes of the poly-
nomial. Some of these roots can be repeated as for the polynomial
222 —4z+2=2(z—1)2%

For example, the equation 222 — 2 = 0 has two real roots z = £1 and

222 —2=2(z—1)(z+1).

The equation 32243 = 0 has no real roots; however, it has two imaginary
roots z = £¢ and

32243 =3(2 —i)(z +1).

In general, we cannot find the roots analytically, we need to use a nu-
merical method such as Newton’s or Argand’s method (§18.4), except
for very special polynomials such as 2" — a.

Roots of ¢ The equation
2" =a,

can be solved analytically for any complex a. For integer n > 0, it must
have n roots. We might be tempted to write the solution as

oy = &1/n — e(lna)/n — e(ln\a\)/neiarg(a)/n’

but this is only one root whose value depends on the definition of arg(a).
The nth root function, a'/”, must have a unique value for a given a but
here we are looking for all the z’s such that 2™ = a. Using the polar
representations z = |z|e?*#(*) and a = |a|e’*#(®) yields

=g o |Z|neinarg(z) _ |a‘eiarg(a).



Now a = b implies that |a| = |b|, but
arg(a) = arg(b) + 2km.

The magnitudes are equal |a| = |b], but the angles are equal only up
to a multiple of 2r. Indeed, ¢™/2 = i = ¢ 7/2_ for example, and
w/2 # =3mw/2 but w/2 = =37 /2 + 2. The equation z" = a thus implies
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that
2" = |al,

where k£ = 0,+1,42,...
arg(z) yields

|| = la]"",

When n is a positive integer, this yields n distinct values for arg(z),
yielding n distinct values for z. The roots are equispaced by angle 27 /n

on the circle of radius |a|'/™ in the complex plane.
For example,
z=1,
P =1 {z=e?3=(-14iV3)/2,

narg(z) = arg(a) + 2km,

2
arg(z) = argn(a) + k:?7T

is any integer. Solving for the real |z| > 0 and

5= ei47r/3 — (71 _ Z\/g)/2 _ 67i27r/3’

the three roots are on the unit circle, equispaced by 27/3 (Fig. 19.4),

and
2 —1=(z-1)(z

Likewise, the five roots of 25 = e™/3 are z = ei™/15¢i2k7/5 for | =
0,+1,42,...; they lie on the unit circle equispaced by 27 /5 (Fig. 19.5).

_ 6i27r/3)(2 _ €7i271-/3).

(19.42)

any
NP

Fig. 19.4 The three roots of 23 = 1.

dhW
NI

Fig. 19.5 The five roots of 25 = ei™/3

Prove that (19.3) also applies to negative intege:
= 1/z" from the limit definition o:

Investigate the existence of df/dz from the limit
definition for f(z) = Im(z) and f(z) = |z|.

Explain why the domain of convergence of &

Exercises
(19.1) Prove that the functions f(z) = Re(z) and (19.4)
f(z) = 2" are continuous everywhere. powers 2z~ "
(19.2) For f(z) = a22> + a1z + ao show that the derivative.
[f(z1) = f(2)] <€ (19.5)
when
|21 — 2| <d = —lar] + V/]a1|? + 4elaz| (19.6)

2|a2\
Does this hold also when az — 07 What d(€) do
you expect for az = 07

(19.3) Prove formula (19.3) from the limit definition of
the derivative (a) using (18.17), (b) using (18.19).

power series is always a disk (possibly infinitely
large), not an ellipse or a square or any othel
shape. (Anything can happen on the boundary
of the disk: weak (algebraic) divergence or con-
vergence, perpetual oscillations, etc.; recall the
geometric series.)
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(19.7)

(19.8)

(19.9)

(19.10)

(19.11)
(19.12)
(19.13)
(19.14)

(19.15)

Show that if a function f(z) = > 7 cn(z —a)"
for all z’s within the (nonzero) disk of conver-
gence of the power series, then the ¢,’s must have
the form provided by formula (19.12).

What is the Taylor series of 1/(1—2z) about z = 07
What is its radius of convergence? Does the se-
ries converge at z = —27 Why not?

What is the Taylor series of the function 1/(1 +
2%) about z = 07 What is its radius of conver-
gence? Use a computer or calculator to test the
convergence of the series inside and outside its
disk of convergence.

What is the Taylor series of 1/z about z = 27
What is its radius of convergence? (Hint: z =
a+(z—a).)

What is the Taylor series of 1/(1 + z)?
z =107

Use series to compute the number e to four digits.
How many terms do you need?

about

Use series to compute exp(), cos(i), and sin(z)
to four digits.

Express cos(2 + 3¢) and sin(2 + 3¢) in terms of
cos, sin and exp of real numbers.

The hyperbolic cosine and sine are defined as

52t > 2n
COShZ_”E*J‘“:Z:(zn)

3 5 S 2n+1
. z z
smhz:z—l—ﬁ—&-a..,:gm

(a) Use the series definition to show that
dcoshz sinh » dsinh z
dz ’ dz
and that cosh z and sinh z are both solutions of
the differential equation

d2f
dz2 =f
with initial conditions (f(0), f’(0)) = (1,0) for
cosh z, and (f(0), f'(0)) = (0,1) for sinhz (here
f =df/dz).
(b) Show that

= cosh z,

e® = cosh z + sinh z,

e % = cosh z — sinh z,

z —z
coshz = % = cos(iz),
sinh s — e’ —e * _ sin(iz)
2 i

(19.16)
(19.17)

(19.18)

(19.19)
(19.20)

(19.21)
(19.22)

(c) Show that

cos z = cos(x + 1y) = cosx coshy — isin x sinhy,

sin z =sin(z + iy) = sinx coshy + ¢sinh y cos x.

(d) Sketch e, e~ %, coshz and sinhz for real x.

Prove that cos?z + sin?z = 1 for any complex
number z.

Prove that cosh? z — sinh? z = 1 for any complex
number z.
Prove that the following well-known identities
hold for complex a and b also:
cos(a + b) = cosacosb — sinasin b,
sin(a + b) = sinacosb + sinbcos a,
(a4 b) = coshacoshb + sinh asinh b,
(a+0b) =

sinh(a + b) = sinh a cosh b + sinh b cosh a.

cosh

Ise = ()" ?

Show that
23 Z6
=1 _—
fi(z) + 3+(2 3 G- 6)+
s (l) o
22" \3), GR
24 Z7
RE =2+t g6
e x 2 Z3k+l
=39 (5), mer

are two linearly independent solutions of Airy’s
equation
dg—f =zf (19.44)
dz2 ~ 7 ’
where (2)k = 2(z+ 1)(2+2)---(z+ k — 1) with
(2)o = 1, is the Pochhammer symbol. Prove that
the series converge in the entire complex plane.
1 B i67i1/2
1—e®  2sin(z/2)
Use Euler’s formula and geometric sums to derive
the identities

Prove the identity

1 sin(n + §)z
- tcosztcos2x+- - +cosnr = ——————,
2 2sin 5z

sinx +sin2zx + -+ +sinnz =

cos iz —cos(n+ 1)z

1
2

2sin sx

The first sum appeared in our quick look at the
heat equation (16.124), and these identities are



(19.23)

(19.24)

(19.25)
(19.26)
(19.27)

(19.28)

important in the study of waves and Fourier se-
ries. Use computer graphing software to plot the
sums for a few increasing n. What happens when
n — oo? (Hint: derive both identities at once as
in (19.29).)

Show that if p is real with |p| < 1 then

1—|—2pcosx+2p2c052az—|—2p3c053x—|—~~~
l—p2

= 19.45

1+ p2 —2pcoszx ( )

Otherwise, the series diverges if [p| > 1. What
happens when p = 17 This is the Poisson kernel
for a disk in 2D, times a 27 factor.

The formula (19.29) leads to the well-known dou-
ble and triple angle formula

cos20 = 2cos’ 0 — 1,
sin 20 = 2sin f cos 0,
cos 30 = 4cos® 6 — 3cos,

sin 30 = sin 6(4 cos® 6 — 1).

(19.46)

These formulas suggest that cosné is a polyno-
mial of degree n in cosf and that sinnf is sin
times a polynomial of degree n — 1 in cosf. The
polynomial for cosnf in powers of cosf is the
Chebyshev polynomial T, (z) of degree n in x such
that

T, (cos @) = cosnd.

Thus,
To(z) =1, Ti(z) =z, To(z) = 22° — 1,
Ts(z) = 42° — 3z, .. ..
Derive explicit formulas for those polynomials for
any n. These Chebyshev polynomials are im-
portant in numerical calculations; your calculator
uses them to evaluate the “elementary” functions

such as e®, cosz, sinz, etc. (Hint: use Euler’s
formula

e = cosnf+isinnd = ()" = (cos O+isin h)"

and the binomial formula.)
Evaluate In(—1) and In¢ without a calculator.
Analyze and evaluate e’ and 3°.

Find all the roots of z° = €™/3. Do your roots
match those in Fig. 19.57

Find all the roots, visualize and locate them in
the complex plane, and factor the corresponding
polynomial (i) 224+1=0, (ii) 22 4+1=0, (iii)
A 41=0,(@1v) 22 =4, (v) 222 +5242=0, and
(vi)22°+1+i=0.

(19.29)

(19.30)

(19.31)

(19.32)

(19.33)

(19.34)

(19.35)
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Investigate the solutions of the equation 2° = 1
when (i) b is a rational number (that is, b = p/¢
with p, g integers), (ii) when b is irrational, e.g
b =7, and (iii) when b is complex, e.g. b=1+1
Make a sketch showing the solutions in the com-
plex plane.

Revisit roots of z® + pz + ¢ obtained from w?® ir

(18.4) through z = w — p/(3w). There are six
w’s, but only three 2z’s?! Explain. Illustrate witk
2% — 2.

If a and b are complex numbers, what is wrong
with saying that if w = e*™® = e%®, ther
|w| = e and arg(w) = b+ 2kn? Isn’t that what
we did in (19.35)7

For z = x + iy = re'¥ with z,y,r, ¢ real, r > (
and —7 < ¢ < 7, show that

VEE Jree
Va2 +y?

2 2 —
- 1/1""7 w+i sgn(y) T+ : ,

where sgn(y) = 1 if y > 0, and sgn(y) = —1 i
y < 0.

Consider w = /z for z = re* with r > 0 fixec
but varying ¢. Sketch u = Re(w) and v = Im(w,
as functions of ¢ from ¢ =0 — 47 for

() VZ 2 Vre®?, (i) vz & Jre T2,

Show that (i) is continuous as a function of ¢
but doubly valued as a function of z, while (ii) is
single valued in z but discontinuous in ¢.

Use Matlab, Python or your favorite complex cal-
culator to evaluate /22 —1 and vz — 1v/z + 1
for z = —144. Since 22 =1 = (z — 1)(z + 1)
shouldn’t these square roots equal each other
Explain.

Show that vw £ \/|w|e’®&®)/2 for w = 22 — 1
with —7 < arg(-) < 7 as computed by Matlab
Python, etc. is discontinuous across z = = witl
|z] < 1 and z = 4y with |y| > 0. However, the
alternative definition

\/22 _14 \/‘22 —1] el1/2i02/2

=vz—1vVz+1,

for o1 = arg(z — 1), 2 = arg(z + 1) is discon-
tinuous across z = z with |z|] < 1 but continuous
across z = 4y with |y| > 0, (z, y real as usual)
In particular, 22 — 1 — z as |z| — oo.

(19.47
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(19.36) The inverse cosine is one solution w to cosw = z. defined as
Use Euler’s formula cosw = (e +e™"™)/2 = z
to derive a quadratic equation for e** and obtain w= —iln (zz /1 22) = sinw = z,

w:—iln(z+\/ﬁ)~ wzln(z+\/z27_1) = coshw = z,

Use a similar approach to derive or verify that
the inverse sine, cosh, and sinh functions can be w =In (Z +Vz22+ 1) = sinhw = z.



Functions of a Complex
Variable

20.1 Visualization of complex functions

A function w = f(z) of a complex variable z = x + iy has complex
values w = u + v, where u, v are real. The real and imaginary parts of
w = f(z) are functions of the real variables x and y

f(z) =u(z,y) +iv(z,y). (20.1)
For example, w = 22 = (z +iy)? is
w=2?=(2? —y?) +1i2xy (20.2)

with a real part v = 22 — y? and an imaginary part v = 2zy.

For real functions of one real variable, y = f(z), we made an zy plot
to visualize the function. In complex calculus, = and y are independent
variables and w = f(z) corresponds to two real functions of two real
variables Re(f(z)) = u(x,y) and Im(f(z)) = v(z,y). One way to visu-
alize f(z) is to make a 3D plot with u as the height above the (z,y)
plane. We can do the same for v(z,y). A prettier idea is to color the
surface u = u(x,y) in the 3D space (z,y,u) by the value of v(z,y) as in
Fig. 20.1.

The left-side graph in Fig. 20.1 shows Re(w) = u = 2% — y? = Re(z?).
It is the upright parabola u = x2 along the real axis y = 0, but v = —?
along the imaginary axis, x = 0. The right-side graph of w? = z shows
the two roots of that quadratic equation, that is, w = ++/2 computed
as z = re'? and w = /7 e*¥/? but for a double cover of the z plane,
that is, ¢ = 0 — 4, not just 2w. This shows that those two roots are
smoothly connected as one circles around the branch point z = 0 where
both roots collide. The standard +/z function is

\/g — |Z| ei(argz)/Q

with —m < arg(z) < w. This selects the root with positive real part
w > 0, that is the upper surface on the w? = z graph.

Such 3D visualizations yield beautiful pictures—and illustrate the con-
cept of a Riemann surface—but are only useful for relatively simple func-
tions. It is usually more manageable to use 2D contour plots of u(x,y)
and v(z,y), as in Fig. 20.2 that shows contour plots of u = Re(z?) and
v = Im(z?).

20.1 Visualization of complex
functions

20.2 Cauchy—Riemann eqns
20.3 Conformal mapping
20.4 Examples

Exercises

35¢
354
35¢&
36:
36¢
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Fig. 20.1 3D visualization of w = 22 and w? = z with u = Re(w) as the height over the (x,y) plane and v = Im(w) as the
color.

20.2 Cauchy—Riemann equations

A function f(z) of a complex variable z = x 4 iy is a special function
f(x + dy) of two real variables (x,y), and consists of two real functions
u(z,y) and v(z,y) of two real variables

f(2) = [z +iy) = ulz,y) +iv(z,y). (20.3)
The example 22 = (z2—y?)+i (2zy) was discussed and illustrated earlier.
Other examples are

e =e" W = ¢e%cosy +ie’siny

for which u = e® cosy and v = e® siny, and

1 1 z Y

z x—l—iy:x2+y2_1x2+y2

that has u = z /(22 + y?) and v = —y/(2? + y?).
Now, if f(z) is z-differentiable, then

() _ o fe+Az) - f()

dz  Aaz50 Az
. fle+Ar+i(y+ Ay)) — flz+1y)
= lim -
Az—0 Az +iAy

has the same value no matter how Az = Az + iAy — 0. Picking
Az = Ax with Ay = 0 gives

af _of
dz oz’
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T 05 0 05 1 T 05 0 05 1
z z

Fig. 20.2 2D visualization of w = 22 with contour plots of u = Re(w) = 22 — 32 on the left and v = Im(w) = 2xy on the right
Note the saddle structures in both u and v.

while picking Az = iAy with Az = 0 yields

df _10f
dz iy’
Thus,
df _of _ _,9f
dz 0z oy’
and since f = u + iv this is
df Ou v ou  Ov
= —+4i—=—i—+ —. 20.
dz 8x+28$ Zay—'_ay (20.5)
Equating the real and imaginary parts of that last equation yields the
Cauchy—Riemann equations

(20.4)

@ _Ov

or 9y’

du_ o (20.6)
oy oz’

relating the partial derivatives of the real and imaginary parts of a dif-
ferentiable function of a complex variable f(z) = u(x,y)+iv(z,y). This
derivation shows that the Cauchy—Riemann equations are necessary con-
ditions on w(z,y) and v(z,y) if f(z) is differentiable in a neighborhood
of z. If df /dz exists, then the Cauchy—Riemann equations (20.6) neces-
sarily hold. They are also sufficient as shown after some examples.

Example 1 The function f(z) = 22 has u = 22 — y? and v = 2zy. Its
z-derivative dz?/dz = 2z exists everywhere and the Cauchy—Riemann
equations (20.6) are satisfied everywhere since

ou_, o
or T oy’
u_ o

dy
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Example 2 The function f(z) =Inz = In|z| + i arg z has

u=Iny/a2?24+y? and v =atan2(y,x).

Its z-derivative dIn z/dz = 1/z exists everywhere except at z = 0. How-
ever, v = argz = atan2(y,x) jumps by +27 as z crosses the negative
real axis x < 0, y = 0, with the standard definition —7 < arg z < w. The
negative real axis is a branch cut for arg z and In z; those functions are
not differentiable on that branch cut. However, that branch cut is a mat-
ter of definition of arg(z) and can be moved, and the Cauchy—Riemann
equations are satisfied for all (z,y) # (0,0),

ou_ v
oxr  a2+y2 Oy’
ou Y v

gy vy dr

Example 3 The function f(z) = 2* = ¢ — iy has u = &, v = —y. The
Cauchy—Riemann equations (20.6) do not hold anywhere for f(z) = z* =
T — 1y since

ou ov
TR TR

ox
Its z-derivative dz*/dz does not exist anywhere. Indeed, from the limit
definition of the derivative,
dz* (z*+a*) —2* a*

. H N H 7 o2
dz il—% a a ilg%) a € (20.7)

where Az = a = |ale’®, so the limit is different for every . If a is real,
then o = 0 and the limit is 1, but if ¢ is imaginary, then o« = /2 and
the limit is —1. If |a| = e, then a — 0 in a logarithmic spiral as
a — oo, but there is no limit in that case since e~2*“ keeps spinning
around the unit circle without ever converging to anything. We cannot
define a unique limit as a — 0, so z* is not differentiable with respect
to z.

Proof of sufficiency The Cauchy-Riemann equations (20.6) are also
sufficient for f(z,y) = u(z,y) +iv(z,y) to be differentiable with respect
to z = = + iy. Functions u(z,y) and v(z,y) that satisfy the Cauchy—
Riemann equations are called comjugate harmonic functions. They are
the real and imaginary parts of a differentiable function of x + iy, f(x +

To prove this, we need to show that the z-derivative of the function
f(z,y) = u(z,y) +iv(z,y), that is,

dz - Alggo Az

b

exists independently of how the limit Az = Axz+iAy — 01is taken. Using
differential notation to simplify the writing, with w = f(z,y) = u + v,
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we have dw = du + idv with dz = dz + idy and

dw du+dv
_— = 20.8
dz dz+idy’ (20.8)
where du = u(z+dz, y+dy) —u(z,y) and dv = v(z+dz, y+dy) —v(z, y).
By the chain rule, 1 I This requires continuity of the deriva-
tives, for example,
0 0 0 0
du=de+ idy,  dv= de+ Sody. - ula,y+Ay) _ dulz,y)
Ox dy Ox dy Alim = .
y—0 oz oz
Substituting those differentials in (20.8) and rearranging terms yields
d 0 .0 d 0 0 d
Lo () () S (20.)
dz or Ozr ) dx +idy oy 0y ) dx + idy

in the sense of limits, that is Az = Az +iAy — 0. For arbitrary u(z,y)
and v(z,y), this limit will depend on how Az — 0. However, if u(z,y)
and v(z,y) satisfy the Cauchy-Riemann equation (20.6), then we can
use them to eliminate v(x,y), and (20.9) becomes

dw _(Ou_ow) de_ (0u ouw) dy
dz  \ox Ody ) dz +idy dy Oz ) dx + idy

20.1
ou Bu dx—&—idy_@_i@ (20.10)
or By de+idy 0z Oy’
and the value of dw/dz is thus independent of how Az — 0. O

Laplace’s equation

Another important consequence of z-differentiability and the Cauchy—
Riemann equations (20.6) is that the real and imaginary parts of a differ-
entiable function f(z) = u(z,y)+iv(z,y) both satisfy Laplace’s equation
(exercise 20.1) , , , ,

0°u  O%u 0*v 0w

57 Ty "5 g (20.11)
Since both the real and imaginary parts of f(z) = u(zx,y) + iv(z,y)
satisfy Laplace’s equation, this is also true for f(z) seen as a function of

(z,y) and
2 32

V2f(m + iy) = (8%2 + 67y2

> flx+1y)=0. (20.12)

Differentiability of a function f(z) of a complex variable z implies the
Cauchy—Riemann and Laplace’s equations. In fact, z-differentiability
of f(z) in a neighborhood of z (that is, f(z) is holomorphic) implies
that f(z) is infinitely differentiable in the neighborhood of z and that
its Taylor series converges in a disk in that neighborhood. This follows
from Cauchy’s formula as will be shown later. A function whose Taylor
series converges in the neighborhood of a point is called analytic in
that neighborhood. Since z-differentiability in a neighborhood implies
analyticity in that neighborhood, the word analytic tends to be used
interchangeably with holomorphic.
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Fig. 20.3 For 22 = (22 — y?) + i 2xy,
the contours of u(z,y) = 22 — y2 =
0,41, £4, £9 (blue) are hyperbolas with
asymptotes y = *x. The contours of
v(z,y) = 2zy = 0,£1,+4,49 (red)
are also hyperbolas but with asymp-
totes x = 0 and y = 0. Solid is pos-
itive, dashed is negative. The u and
v contours intersect everywhere at 90°,
except at z = 0 where dz?/dz = 2z = 0.

20.3 Conformal mapping

The Cauchy-Riemann equations connecting the real and imaginary parts
of a complex differentiable function f(z) = u(z,y) + i v(z,y) have great
geometric implications illustrated in Fig. 20.3 and figures that follow.

Orthogonality

The Cauchy—Riemann equations (20.6) imply orthogonality of the con-
tours of u(x,y) = Re(f(2)) and v(x,y) = Im(f(2)) wherever df(z)/dz
exists but does not vanish. Indeed, consider the gradients Vu and Vv at
a point (z,y). The Cauchy—Riemann equations (20.6) imply that those
two gradients are perpendicular to each other,

G gy PO DD _dudn pode
drdx Oydy Oydx Ox0y

Since gradients are always perpendicular to their respective isocontours,

Vu is perpendicular to the u-contour and Vv to the v-contour through

that point, the orthogonality of Vu and Vv implies orthogonality of the

contours (level curves) of u and v.

Orthogonality of the u and v contours for © = Re(w) and v = Im(w)
with w = f(z) holds wherever dw/dz exists except at critical points
where dw/dz = 0 and Vu = Vv = 0. For the example w = 22 in
Fig. 20.3, the contours are orthogonal everywhere except at z = 0 where
dz?/dz = 22 = 0. The gradients vanish at that point, which is a saddle
point for both functions u and v.

The real and imaginary parts, u(z,y) and v(z, y), of any z-differentiable
complex function f(z) therefore provide orthogonal coordinates in the
(z,y) plane. But the Cauchy-Riemann equations also imply that the
gradients of u and v are not only orthogonal, but also have equal magni-



tudes. This implies that such (u,v) coordinates are not only orthogonal
but also conformal, as discussed hereafter.

20.3  Conformal mapping 35¢

)
w:Z2
— T
z
X

\\_/

2 = dwl/?

Fig. 20.4 w = 22 as a mapping from the z-plane to the w-plane. There are two possible inverse maps z = =++/w since there
are two z’s for every w. The angles between corresponding curves are preserved. For example, the dashed line in the w-plane
intersects the vertical and horizontal lines at m/4 and likewise for its pre-image in the z-plane intersecting the hyperbolas

corresponding to vertical and horizontal lines in the w-plane.

Conformal mapping

We can visualize the function w = f(z) = wu(z,y) + iv(z,y) as a map
from the complex plane z = x + iy to the complex plane w = u + iv.
For example, the map z — w = 22 is illustrated in Fig. 20.4.

In cartesian form, that map is z = v + iy — w = u +iv = (2% —
y?) +i(2xy). The vertical line u = ug in the w-plane is the image of the
hyperbola 22 — 32 = ug in the z-plane. The horizontal line v = vy in the
w-plane is the image of the hyperbola 2xy = vy in the z-plane. Every
point z in the z-plane has a single image w in the w-plane; however, the
latter has two pre-images z and —z in the z-plane. Indeed, the inverse
functions are z = £w'/2, as illustrated in Fig. 20.4.

The curves corresponding to constant u and constant v intersect at
90° in both planes, except at z = w = 0. That is the orthogonality of
u and v contours, but the dotted radial line intersects the blue and red
curves at 45° in both planes, for example. In fact any angle between any
two curves in the z-plane is preserved in the w-plane except at z = w =0
where they are doubled from the z- to the w-plane.

In polar form z = re¥ — w = r2e*?¥. This means that every radial
line from the origin with angle ¢ from the z-axis in the z-plane is mapped
to a radial line from the origin with angle 2 from the u-axis in the w-
plane.
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Fig. 20.5 w = f(z) preserves angles
wherever 0 < |df/dz| < co.

Angle preservation

That is the conformal map property of z-differentiable complex functions
f(z). If f(z) is z-differentiable, then the mapping w = f(z) preserves
all angles at all z’s where df(z)/dz # 0 exists and does not vanish.

To show preservation of angles in general, consider three neighboring
points in the z-plane: z, z + Az, and z + Az (Fig. 20.5). We are
interested in seeing what happens to the angle between the two vectors
Azp and Azy. If Az = |Azy]e®t and Azg = |Azp|e’¥2, then the angle
between those two vectors is & = @3 — 1 and this is the angle of the

ratio
Az - |Az| eilp2—p1) — e
A,Zl |AZl| |A2’1|

The point z is mapped to the point w = f(z). The points z + Az and
z 4+ Azy are mapped to

wy = f(z 4+ Az) = f(2) + /() Az + %f”(g)Azf L
7 (20.14)
wy = f(2+Az) = f(2) + ['()Am + S ["(2)A2 + -,

respectively, where f' = df/dz, f" = d?f/dz?, etc.

In general, a line segment ¢t € [0,1] € R — 2(¢) = 2+t Az; € Cin the
z plane is mapped to a curve w(t) = f(2(¢)) in the w plane. The angle
between those curves is the angle between the tangent to those curves at
their intersection point w. Thus, we are interested in the limit Az; — 0
and Azy — 0, with fixed ratio |Azs|/|Az1| and fixed angles 1, o.

The angle between the tangents to the mapped curves at point w in
the w plane is the limit of the angle between the secant vectors Aw; =
flz+ Az) — f(2) and Aws = f(z+ Azy) — f(z), which is the angle

of the ratio
A’U)Q - |AU)2| eiﬂ

Awl - |Aw1| '

From the Taylor series expansions about z (20.14), this ratio

Muy _ [(2A5+ AR As
Awy  f'(2)Az + Lf(z) A2+ Az

(20.15)

as Az and Az — 0, with |Azs|/|Az | fixed, provided f/(z) # 0. Hence,
in that limit,

Aw2 o |A’LU2| iB AZQ - |A2’2| i

Aw1 - |Aw1| © - AZl a |A21| €

(20.16)

implying that |Aws|/|Awi] — |Azs|/|Az] and 8 — «, so angles are
preserved.
Singular points

The analysis above requires that the Taylor approximations be valid in
a neighborhood of point z, and that f’(z)Az dominates as Az — 0.



Hence, f’(z) must exist and not vanish. If f/(z) exists but f'(z) = 0,
then angles are not preserved. At such points z, we need to go to the
next order in the Taylor expansions to figure out what happens to angles.
That is determined by the first nonzero term in the Taylor expansions.

If f/(z) = 0 but f”(z) # 0, then in the limit Azy, Azs — 0, with
|Aza|/|Az | fixed, (20.15) yields

Awy  |[Aws| ;4 Az\?  |Azl? s,
= e’ | — | = e
Awl |Aw1\ AZl |A2’1 |2

that is, 8 — 2a so the angles are doubled at those z’s. For example,
f(2) = 22 has f/(z) = 2z that exists everywhere but vanishes at z = 0
but f” = 2 # 0 for all z. Thus, the mapping w = 22 preserves all
angles—angles between any two curves in the z-plane will be the same
as the angles between the image curves in the w-plane, ezcept at z = 0
where the angles will be doubled in the w-plane.

If f'(z) = f"(2) =0 but f"(2) # 0, then in the same limit, (20.15)
gives

Awy  [Aws| 44 (A'@)g _ Az s,
A’LUl o |Aw1| € AZl o |A21|3 €
so B — 3a and the angles are tripled at those z’s. For instance, w = 23
has w' = 322, w' = 6z, and w"” = 6, its derivative exists everywhere
but vanishes together with its second derivative at z = 0. Thus w = 23
preserves all angles except at z = 0 where the angles will be tripled in
the w-plane since the third derivative does not vanish.

In general, if f/(z) = f"(z) = --- = f*D(z) = 0 but f™(2) # 0,
then angles at z will be multiplied by n at point w = f(z).

A mapping that preserves all angles is called conformal. Analytic
functions f(z) provide conformal mappings between z and w = f(z) at
all points where f’(z) # 0. Reversing the role of z and w, analytic func-
tions z = g(w) = z(u,v) + iy(u,v) thus provide conformal coordinates
(u,v) for domains in the (z,y)-plane. Figure 20.6 shows conformal co-
ordinates for a Joukowski airfoil obtained by mapping the rectangular
domain (u,v) = [0,1] x [0,27) using a shifted and rotated exponential
map w = u+iv — ( = (. + (1 — (.)e” followed by a Joukowski map
C—2=C+1/C,

w:u—i—iv—)C:Cc—i-(l—Cc)ew—>z:C+%. (20.17)

The angles are preserved everywhere from w = u+iv — ( — z = x + iy
except at ¢ = 1 where dz/d¢ = 1 — ¢(? = 0, corresponding to w = 0,
and the sharp trailing edge of the Joukowski airfoil at z = 2. The other
singular point, ¢ = —1, is inside the u = 0 circle ( = (. + (1 — (.)e™
and is mapped to z = —2, which is inside the Joukowski airfoil as long
as Re(¢.) < 0.

20.3 Conformal mapping 361
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Fig. 20.6 Conformal map of w = u+1iv to ¢ = (¢ + (1 — {c)e™ to a Joukowski airfoil z = z+ iy = (+ 1/ for (c = —0.1+0.14.
Red: v contours. Blue: u contours. Innermost circle (u = 0) in the ¢-plane is centered at ¢ = (. with radius |1 — (.| > 1.

Solving Laplace’s equation by conformal mapping

Another application of conformal mapping is to solve Laplace’s equation
in a given z domain by conformally mapping that domain to another
domain z — Z = f(z) where the corresponding solution of Laplace’s
equation is known, say F(Z) = ®(X,Y) + iV (X,Y). The solution(s) of
Laplace’s equation in the original domain is then simply F(f(z)).

Yy Y
A 7 = 22
/_\ T
®=0 V2o =0 Ve =0
Zar Z 7>
=0 =0 =0 X

Fig. 20.7 Solving Laplace’s equation in the first quadrant with ® = 0 on zy = 0 by mapping it to the upper half plane where
the corresponding solution is trivial.

For example, to find a solution ®(z,y) of Laplace’s equation in the
first quadrant z > 0, y > 0 with ® =0 on z = 0 and on y = 0, we can
map the z = x + iy quadrant to the Z = X +4iY upper half plane with
Z = 22 (Fig. 20.7). The corresponding solution ®(X,Y) in that upper
half plane, that is, a solution of

0? 02
<aX2+aY2)(I)_O
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with ® =0 along Y =0, is simply ® =Y = Im(Z). The solution in the
original quadrant is then ® = Y (x,y) = Im(2?) = 2zy. Other examples
are given in problems 20.11 — 20.14 in §20.2 and Fig. 20.14.

As another example, the complex velocity potential w(z) for incom-
pressible, irrotational flow around the cylinder of radius R centered at
z = 0 in the complex z-plane is (exercise 20.9)

R? Iz
w(z) = Vo (z + z) + i In L (20.18)

where the velocity V' — V%X far from the cylinder, and T is the clock-
wise velocity circulation; that is, I' = % V .dr over any simple clockwise
closed loop C around the cylinder. The complex potential

has a real part ¢(x,y) that is the velocity potential whose gradient is

the velocity field V' = V¢, guaranteeing irrotationality V x V' = 0.

The imaginary part ¥(x,y) is the streamfunction such that the velocity Fig. 20.8 Contours of ¥ — Im(w) ir
V =V X yes, guaranteeing incompressibility V - V' = 0. The contours eqn (20.18).

of the streamfunction ¢ (z,y) are the flow streamlines (Fig. 20.8).

Incompressibility V - V' = 0 and irrotationality V x V' = 0 in two

dimensions with V =V, X + V,;§ = V¢ = V x ¢e3 require that
o0 oY ¢ o

Ve = 9r ~ ay’ Vy = oy~ oz’ (20.19)
and we recognize the Cauchy-Riemann equations (20.6). Thus, finding
a 2D incompressible, irrotational flow V' (z,y) is reduced to finding an
analytic complex function w(z) = ¢(x,y) + itp(x,y) that satisfies the
boundary conditions, and this can be done by conformal mapping of a
known solution to the domain of interest. For 2D steady aerodynamics,
this reduces to mapping a circle of radius R with its flow (20.18) to a
desired airfoil, as illustrated in Fig. 20.6.

The complex potential for flow at angle of attack o around a cylinder
of radius R centered at z = z. in the z plane is simply (20.18) with z
replaced by (z — z.)e~**. Mapping that solution to Z = z + 1/z for
R = |1 — z.| yields flow around the Joukowski airfoil in the Z plane, as
illustrated in Fig. 20.9. A nice introduction to complex variable meth-
ods applied to classical 2D airfoil theory can be found in chapter 4 of

cheson’s Doo. or example. . J. Acheson, Elementary Flu Y-
Acheson’s book, f ple.? 2D. J. Ach El Fluid D
namics, Oxford University Press, 1990

20.4 Conformal mapping examples

Figures such as Figs. 20.3, 20.4, and 20.6, show contours of u(z,y) and
v(z,y) with w = u + v = f(2) in the z = = + iy plane. Hence, those
figures visualize the inverse map (u,v) — (x,y), that is, z = g(w) with
contours of u(x,y) = up and v(x,y) = vy corresponding to vertical lines
and horizontal lines in the (u,v) plane, respectively. Given w = f(z),
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Fig. 20.9 Map of flow around a cylinder to flow around a Joukowski airfoil. The (red) unit circle in the z plane is mapped to
the (red) line segment [—2,2] in the Z = z + 1/z plane. The off-centered circle z = z. + (1 — zc)e*® is mapped to the Joukowski
airfoil, here for z. = —0.1 + 0.1:. Angle of attack o = 7/12.

contours of u and v are defined by implicit equations u(z,y) = uo and
v(z,y) = vg. The same curves are provided in explicit parametric forms
x = x(ug,v),y = y(up,v), and z = z(u, vg),y = y(u, vo), if we work with
the inverse map z = g(w), as in Fig. 20.6 and the following examples.

Quadratic map

The quadratic function

z=w? = (u? —v?) +i2uv,
illustrated in Fig. 20.10, maps the right half w-plane to the entire z-
plane. This map provides conformal, confocal parabolic coordinates (u,v)
for the (z,y)-plane

z =u? — v Yy = 2uv.
A vertical line with u = wug is mapped to the parabola z = u3 — v?,
y = 2xqv, in the z = (x,y) plane, that is,

2 y2

T

2

A horizontal line v = v is mapped to the parabola z = u? —vZ, y = 2uvy

2

= Y v2
=25 — .
4v§

All of those parabolas have (x,y) = (0,0) as their focus. The red and
blue curves intersect at 90° in both planes.
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Radial lines from the origin w = pe’® in the w-plane are mapped to
radials from the origin z = p2e*?? in the z-plane. The angles between
radials at the origin are doubled in the z-plane compared to angles in
the w-plane.

Angles between the radial dashed lines and the red and blue curves
are the same in both planes, except at z = w = 0 where the angles
are doubled from w to z. The definition of the inverse function that
was selected here is 2'/2 = |z|1/2e/(@82)/2 with —7 < arg(z) < 7 and
corresponds to a one-to-one map between the right-half w-plane to the
entire z-plane. The inverse function z!/2? has a branch cut along the
negative real axis, x < 0, y = 0. The argz jumps by 27 across the cut
and z'/2 jumps from positive to negative imaginary, or vice versa. The
definition 0 < arg(z) < 27 would have a branch cut along the positive
real axis in the z-plane and map the upper half w-plane to the entire
z-plane, instead of the right-half w-plane.

w = »1/2 Fig. 20.10 z = w? and w = /z witt
—r<argz <.

Exponential map

The exponential function

maps the strip —co < u < 00, —m < v < 7 to the entire z-plane
(Fig. 20.11). Indeed, e*™2%™ = ¥ is periodic of complex period 2mi
in w, so e maps an infinite number of w’s to the same z. This map
provides conformal log—polar coordinates (u,v) for the (x,y) plane

x = e"cosv, y = e“sinv.

The vertical lines w = ug + v — 2z = e%e® are mapped to circles of
radius |z| = € in the z-plane. The horizontal lines w = u + vy —
z = e%e™ are mapped to radial lines with polar angle arg(z) = vg in
z-plane.
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The radial from the origin w = u + iau — z = e%e!*%, with a real
and fixed, is mapped to a logarithmic spiral in the z-plane since |z| =
e* = e®82)/a The inverse function w = Inz = In|z| 4+ iarg z showed
in this picture corresponds to the definition —7 < argz < 7. All angles
are preserved, except at z = 0, which is the branch point.

Fig. 20.11 z=¢e% <— w=1nz.

Hyperbolic cosine map
The cosh function

e¥ e W euei'u +€7u67iv
z = coshw = =
2 2

= coshucosv + isinhusinv

maps the semi-infinite strip (u,v) € [0,00)x (—m, 7] to the entire z-plane
(Fig. 20.12). Indeed, coshw = cosh(—w) and cosh(w+27i) = cosh(w) so
cosh w is even in w and periodic of period 27¢. This map gives conformal,
confocal elliptic coordinates (u,v) for the (x,y)-,plane

x = coshucoswv, y = sinhusinv

which are the right coordinates to solve Laplace’s equation in an elliptical
geometry. The vertical line segments w = ug + iv with u = ug > 0 and
—m < v <« are mapped to confocal ellipses in the z-plane with

£L'2 y2

3 —— = 1.
cosh”ug  sinh” ug

The semi-infinite horizontal lines w = u + ivg are mapped to confocal
hyperbolic arcs in the z-plane with

1‘2 y2

- 2 =1.
cos?vy  sin®wg

All of those ellipses and hyperbolas have (z,y) = (+1,0) as their foci.
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The inverse map is w = In(z+ 22 — 1) defined with p; o = arg(z£1)

and
\/z2 _12 \/|z2 —1 ler/2gip2/2

as in (19.47) such that v/22 — 1 = %i./]22 — 1] on the top side or bottom

side of (—1,1), respectively, and In(z + v/22 — 1) has the branch cut
z € (—o0,1).

vT z = coshw

Fig. 20.12 z = coshw «— w =In(z 4+ V22 — 1).

Joukowski map

The Joukowski map,

e '

1 .
w=z+—-=re¥+
z

) " ) (20.20)
= <7" + ) cos @ + 14 <7" — ) sin ¢,
T T

sends circles |z| = r = r( fixed to ellipses in the w-plane with (Fig. 20.13)
2 2
u N v _

1)? 1)?
(o+3)  (o-7)
In particular, the unit circle z = €% is mapped to the line segment

w = 2cos . Radials z = re’?0 with ¢q fixed are mapped to hyperbolic
arcs with

u? v?

— =1.
cos? g sin? pq
The Joukowski map is useful in 2D electrostatics and fundamental in
2D aerodynamics. Its real and imaginary parts (Fig. 20.14),

S - .
u=z ={r+4+=)cos
22 + 92 r ¥

Yy 1\ .
V=Y— 5 = |(r——|sln
VT g " v,

(20.21)
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provide solutions to

0
V2u=0 forr>1 with a—:fzo onr=1

and

Vy=0 forr>1 with v=0 onr=1.

Fig. 20.13 The Joukowski map w = z + 1/z maps circles centered at the origin in the z-plane to ellipses in the w plane.
Radials from the origin in z are mapped to hyperbolic arcs in w.

Fig. 20.14 The Joukowski map w = z + 1/z maps the outside of the unit circle |z| > 1 to the entire w plane. The contours of
u(z,y) = Re(w) are the electric field lines (blue, vertical) when a perfect cylindrical conductor of radius 1 is placed in a uniform
electric field. The contours of v(z,y) = Im(w) are the streamlines (red, horizontal) for potential flow around the cylinder of
radius 1.
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Exercises

(20.1)

(20.2)

(20.3)

(20.4)

(20.5)

(20.6)

(20.7)

Deduce (20.11) from the Cauchy-Riemann equa-
tions (20.6). Find u(z,y) and v(z,y) and verify
(20.6) and (20.11) for (i) f(z) = 22, (ii) 2°, (iii)
e*, and (iv) 1/z.

Given u(z,y) find its conjugate harmonic func-
tion w(z,y), if possible, such that u(z,y) +
w(z,y) = f(z) is z-differentiable, for (i) v = y,
(ii) w = 4+ y, (iii) v = coszcoshy, and (iv)
v =In+\/22 + y2.

Is |z| differentiable with respect to z?
What about arg z?

Find u(z,y) and v(z,y) for f(z) = z =
V]zlet82)/2 " Show that f(2) is differentiable
everywhere except across the negative real axis
r < 0, y = 0 with the standard definition
-7 < arg(z) <.

Why?

Consider

f2)=vVz2—12 /|22 —1] ez 28" =1

For the standard definition —7 < arg(z?—1) < ,
show that arg(z®> — 1) jumps by 27 when z
crosses the imaginary axis or the real segment
[—1,1]. Show that f(z) is not differentiable for
such z but is continuous and differentiable for all
other z.

Consider
fR)=vV22—-12Vz-1Vz+1
= \/rira 6i(¢1+§02)/2’

where 712 = |z £ 1| and ¢1,2 = arg(z £ 1). For
the standard definition —7 < arg(-) < m, show
that ¢1 + @2 jumps by £27 across (—1,1) but
by +47 across (—oo, —1). Deduce that f(z) is
not differentiable on [—1, 1] but is continuous and
differentiable for all other z, including z < —1,
y=0.

Consider
z+a
=1
fz)=m e
1 z+a .
=In +i(arg(z + a) — arg(z — a))

zZ—a

where a is an arbitrary positive real number and
—7 < arg(z + a) < 7. Show that f(z) is contin-
uous across the semi-infinite real line (—oo, —a)

(20.8)

(20.9)

(20.10)

(20.11)

but jumps by £27% when z crosses the real seg:
ment (—a,a). Conclude that f(z) is differentiable
everywhere except along the branch cut [—a, a]
Show that the real and imaginary part of f(z
correspond to the bipolar coordinates of chap-
ter 1 and therefore that those functions satisfy
Laplace’s equation everywhere, except for z = 4
for the real part, and the branch cut [—a,a] for
the imaginary part.

Complex numbers z = z + iy correspond to vec-
tors r = (x,y) in R?. The complex form of the
gradient of a real function ¢(z,y) is thus
_ 00 0 _ 09 .0
V¢_X8x +y@y ~ Oz Hay'
Show that if w(z) = ¢(z,y) + i (x,y) is analytic
with ¢(z,y) and ¥(z,y) real, then

V¢ = (Cc%)) .

This is useful in 2D fluid dynamics where w(z
represents a complex potential whose real part
¢ is a velocity potential and imaginary part
is a streamfunction (20.19). Expression (20.22'
yields the velocity directly from the complex po-
tential w(z). For example, if w(z) = 2*, ther
the velocity is (3z%)*; that is, V = V¢ =
3(2? — y?) % — 62y 3.

(20.22

Find the potential ¢(z,y) and the streamfunc-
tion ¥(x,y) for the lifting cylinder flow w(z) =
¢(z,y)+iY(z,y) in (20.18). Show that the cylin-
der z(¢) = Re'® is a streamline for the flow; that
is, ¥(x,y) is constant on the cylinder. Show that
the velocity field V(z,y) — VX as |z] = 7 =
Va2 +y? — oo, but V -7 = 0 on the cylinder
where 7 is the unit outward normal.

The velocity in the Joukowski plane (Fig. 20.9
is the conjugate of dw/dZ = (dw/dz)/(dZ/dz
by the chain rule. Show that dZ/dz = 0 at the
airfoil trailing edge at z = 1. Find the circula-
tion T in (20.18), with z replaced by (z — z.)e™*
and R = |1 — z.|, such that dw/dz also vanishes
at z = 1, so the velocity is regular at the airfoi
trailing edge. This is the Kutta condition.

Show that u = cos(kz)e " and v = sin(kz)e™"*
are solutions of Laplace’s equation for any real &
(i) by direct calculation and (ii) by finding a z
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(20.12)

(20.13)

(20.14)

(20.15)

(20.16)

(20.17)

differentiable function f(z) = u(z,y) + wv(z,y).
These solutions occur in a variety of applications,
e.g. surface gravity waves with the surface at
y =0 and ky < 0.

Show that w = 2z® provides two solutions of
Laplace’s equation V2® = 0 in the polar wedge
r > 0,0 < ¢ < 7/3, one solution to the Dirichlet
problem with ® = 0 on the boundaries ¢ = 0 and
¢ = m/3, and another solution to the Neumann
problem with 0®/0¢ = 0 on ¢ = 0,7/3. Specify
® for both problems in both cartesian coordinates
(z,y) and polar coordinates (r, ).

Generalizing the previous problem, show that
w = z°" with n a nonzero integer. Provide two
solutions to Laplace’s equation in the same polar
wedge r > 0, 0 < ¢ < 7/3, one solution ®,, with
09, /0¢p = 0 for ¢ = 0,7/3 and one solution ¥,,
with ¥,, = 0 for ¢ = 0,7/3. Specify ®,, and
¥, in both cartesian coordinates (x,y) and polar
coordinates (7, ¢).

Generalize the previous problems by finding a so-
lution ® of Laplace’s equation in the wedge r > 0,
0 < ¢ < « that vanishes on the boundaries of the
wedge at ¢ = 0 and ¢ = «, where « is a constant
such that 0 < a < 2w. What is the behavior of
the gradient of ® as r — 0 as a function of «a?
Can you find other nonzero solutions to the same
problem?

Consider the map w = z2. Determine where the
triangle with vertices (i) (1,0), (1,1), (0,1) in
the z-plane is mapped in the w = u + v plane;
and (ii) same but for triangle (0,0), (1,0), (1,1).
Do not simply map the vertices; parametrize and
map each edge and determine what happens to
each angle.

Analyze w = 1/z. Show that contours of u and
v are circles in the z-plane. Determine the maps
of constant (i) z = Re(z), (ii) y = Im(z), (iii)
¢ = arg(z), and (iv) r = |z|. Show that arbitrary
lines z(t) = a + ita, for any complex constant a
with ¢ real, are mapped to circles.

If (u,v) are curvilinear coordinates for the eu-
clidean plane with cartesian coordinates (z,y) €
R?, then the del operator is (16.46)

o .o )
%‘FY*—(V“)

V =%
X 3y

0
7 + (Vo) 0

(20.18)

(20.19)

Show that the 2D Laplacian operator

Vi=Vv.V
H? 9?2 9?2
e 27 . — 27
= |Vu| EWe +2(Vu) - (Vo) e + | V| 907
2, O 9 . O
+(V u)%—&-(v v)%.

Deduce that if the coordinates correspond to a
conformal map, w = f(z) with z = z 4 iy and
62

w = u + v, then
(o,
ou? = ow2 )’

Consider the change of variables from cartesian
(z,y) to (u,v)

Q_d’LU

=|— 20.2
P (20.23)

x = coshucoswv, y = sinhusinv.

Show that the coordinate curves with u fixed
are confocal ellipses. Show that the coordinate
curves with v fixed are confocal hyperbolas with
the same foci as the ellipses. Identify the foci.
Show that these (u,v) coordinates are conformal
and that the Laplacian reads

82

82
2
+ 0y

- Ox?
- 1 ( 2 N s )

~ sinh®u +sin?v \Ou? = 2 )’

The Laplacian in cylindrical coordinates (p, ¢, z)

is derived in (16.110). Translating those results

into polar coordinates * = rcosp, y = rsinp,

the 2D Laplacian in polar coordinates is

19
r2 92’

10

ror

82
2—7
V_GTQ

Show that the Laplacian in log-polar coordinates
82

xr=e"cosv, y=e"sinv is
2
__—2u 8
=e 25 ta3 )
ou Ov

Show that polar coordinates (r, ) are orthogo-
nal but not conformal, but log—polar coordinates
(u,v) are orthogonal and conformal, with r = e
and ¢ = v.

82
2

62

2—7
V_BxQ



Complex Integration

21.1 Complex integrals

What do we mean by f; f(2)dz when f(2) is a complex function of the
complex variable z and the bounds a and b are complex numbers in the
z-plane? In general, we need to specify the path C in the complex plane
to go from a to b and we need to write the integral as fc f(z)dz. Then
if zo = a, 21, 22,..., 2y = b are successive points on the path from a to
b, we can define the integral as usual as

N
A .
/Cf(z) dz = Ailnrgog fn Az, (21.1)

where Az, = z, — z,—1 and f, is an approximation of f(z) on the
segment (z,-1,%,). The first-order Euler approximation selects f, =
f(zn—1) or fn = f(2n) while the second-order trapezoidal rule picks the
average between those two values, that is, f, = 3(f(zn—1)+ f(2n)). The
Riemann sum definition also provides a practical way for estimating the
integral as a sum of finite differences.

Bound If |f(2)] < M along the curve, then

‘ /C F(2)dz

where L = [,|dz| > 0 is the length of the curve C from a to b. Note
also that the integral from a to b along C is minus that from b to a along
the same curve since all the Az, change sign for that reversed curve.
If C is from a to b, we sometimes use —C to denote the same path but
with the opposite orientation, from b to a. If we have a parametrization
for the curve, say z(t) with ¢ real and z(t,) = a, z(t,) = b then the
partition zg, ..., zy can be obtained from a partition of the real ¢ interval
to =tq,-..,tN = tp, and in the limit the integral can be expressed as

< M/ dz| = ML, (21.2)
C

% dz
/Cf(Z)dZ:/tu [ (=) adh (21.3)

which can be separated into real and imaginary parts to end up with a
complex combination of real integrals over the real variable ¢.

Example 1 To compute the integral of 1/z along the path C; that con-
sists of the unit circle counterclockwise from a = 1 to b =i (Fig. 21.1),

21.1 Complex integrals
21.2 Cauchy’s theorem
21.3 Poles and residues
21.4 Cauchy’s formula
21.5 Real examples of

complex integration

Exercises

Ci

371
372
37¢
37

38(
38¢

Fig. 21.1 Counterclockwise contou

from z=1—1.
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Co

Fig. 21.2 Clockwise from z =1 — 1.

we can parametrize the circle as z(p) = e with dz = ie?df for
¢ =0 — 7/2. Then

1 7T/2 1 .
/ “dz :/ et =i,
c, ? 0 ey 2

Example 2 For the path C; which consists of the portion of the unit
circle clockwise from a = 1 to b = i (Fig. 21.2), the parametrization is
again z = e'?; however, now ¢ = 0 — —37/2 and

1 7371’/2 1 .
/ “dr = / L eieag = 3T 44T
Cy ? 0 er? 2 2

Clearly the integral of 1/z from a = 1 to b = ¢ depends on the path.
Note that these two integrals differ by 2mi.

Example 3 However, for the function 22 over the same two paths with

2z =€, 22 = €?? and dz = ie*?dl, we find that

/ 2ds — /77/2 10340 — 1 (ei:sw/z _ 1) _ —i—1 _ B3 — a3
C1 0 3 3 3 )

and

—37/2 ) 1 ) —i—1 b3 _ 43
/ 22dz = / ie??df = (eﬂg’r/2 - 1) == = <
Ca 0 3 3 3

Thus, for 22 it appears that we obtain the expected result f; 2?dz =
(b3 — a®)/3, independent of the path of integration.

21.2 Cauchy’s theorem

The integral of a complex function is independent of the path of inte-
gration if the integral over a closed contour vanishes. With z = = 4 iy
and f(z) = u(z,y) +iv(x,y) the complex integral around a closed curve
C can be written as

§é f(z)dz = &é(u + ) (de +idy) = é(udx —ovdy) +14 yé(vdm + udy).

Hence, the real and imaginary parts of the integral are real line inte-
grals. These line integrals can be turned into area integrals using Green’s
theorem:

9% f(z)dz = %C(udx —udy) + iﬁé(vdx + udy)

ov  Ou ou Ov
[ (- %V qai | (&%) aa
/A( Ox 3y>d H/A<8x 3y)d ’

where A is the interior domain bounded by the closed curve C. But the
Cauchy-Riemann equations (20.6) give
Oou Ov ov  Ou

oo il (21.4)



21.3 Poles and residues 37:

whenever the function f(z) is differentiable in the neighborhood of the
point z = = + ¢y. Thus, both integrals vanish if f(z) is z-differentiable
at all points of A. This is Cauchy’s theorem,

515 f(z)dz =0, (21.5)
C

if df(2)/dz exists everywhere inside and on the closed curve C.

Functions like e?, cos z, sin z, and 2" with n > 0 are entire functions—
functions that are complex differentiable in the entire complex plane.
Hence, the integral of such functions around any closed contour C van-
ishes.

21.3 Poles and residues

Functions such as 1

zZ—a

f(z) =
are differentiable everywhere except at the isolated singular point z = a.
A function f(z) has an isolated singularity at z = a if it is differentiable
in a neighborhood of z = a but f(z) is singular at z = a. The singularity
is called a pole of order n > 0 if
lim(z —a)"f(z2) =C #0,

z—a

that is, if o
f(z) ~ m

near z = a. For example, f(z) = (2 — 1)~ and f(2) = ¢*/(z — 1) have
poles of order 1 (simple poles) at z = 1, while f(2) = (z —i)~2 and
f(2) = (cos z)/(z — i)? have poles of order 2 (double poles) at z = i.

The integral of 1/(z — a)™ around any closed contour that does not
include z = a vanishes, by Cauchy’s theorem. We can figure out the
integral of (z — a)™", with n a positive integer, about any closed curve
C enclosing the pole a by considering a small circle C, centered at a of Ca
radius € > 0 as small as needed to be inside the outer closed curve C.
Now, the function (z — a)~™ is analytic everywhere inside the domain
A bounded by the counterclockwise outer boundary C and the clock-
wise inner circle boundary —C, (emphasized here by the minus sign),
so the interior A is always to the left when traveling on the boundary
(Fig. 21.3).

By Cauchy’s theorem, this implies that the integral over the closed
contour of A, which consists of the sum C + (—C,) of the outer counter-
clockwise curve C and the inner clockwise circle —C,, vanishes,

515 Ldz:o:yﬁ#dzwﬁ 1 4
Ct(—c.) (2 —a)" c(z—a)" _c, (z—a)"

Therefore, ) )
botwnd o
¢ (z—a) c, (z—a)

a

Fig. 21.3 Isolating the singularity at a

Q

Fig. 21.4 Deforming the contour.
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We used this singularity isolation
technique in conjunction with the di-
vergence theorem to evaluate the flux
of #/r2 = r/r3 (the inverse square law
of gravity and electrostatics) through
any closed surface enclosing the origin
at r = 0, as well as in conjunction with
Stokes’ theorem for the circulation of
a line current B = (z x 7)/|z x 7|2 =
@/p = Vi around a loop enclosing the
z-axis at p = 0.

Fig. 21.5 Residues from the poles in-
side the contour.

since ¢ . =~ ica. In other words the integral about the closed contour
C equals the integral about the closed inner circle C,, now with the
same orientation as the outer contour (Fig. 21.4)." Thus, the integral is
invariant under deformation of the loop C as long as such deformation
does not cross the pole at a. The loop can be shrunk to an arbitrary small
circle surrounding the pole without changing the value of the integral.
That remaining integral about the arbitrarily small circle is the residue
integral.

That residue integral can be calculated explicitly with the circle pa-
rameterization z = a+ee’? and dz = ie e!?d, yielding the simple result
that

?g dz :/2” ieeif de _ ie/%ei(l_n)%p: 2mi ifn =1,
Ca (Z — a)n 0 enetny en 0 0 ifn 7& 1.

We can collect all these various results in the following useful formula

that for any integer n = 0,41,42,... and a closed contour C oriented
counterclockwise
d Coe
7[} z 2mi if n 1 and C encloses a, (21.6)
c (z—a)" 0 otherwise.
For n < 0, that is for n = —|n|, this follows directly from Cauchy’s

theorem since (z — a)™" = (z — a)I"! is complex differentiable for all
z. For m > 0 this also follows from Cauchy’s theorem that allows the
deformation of the contour C to a small circle C, around the pole, the
integral residue, which can be calculated explicitly, as done above. If
n is mot an integer, then z = a is a branch point from which a branch
cut emanates to define the function (z — a)® uniquely. The result (21.6)
does not apply for noninteger exponent n; the integral depends on the
choice of branch cut and the exponent.

If the function f(z) has several poles, at a1, as, and ag for example, we
can use the same procedure to isolate all the poles inside the contour, a;
and ay for example (Fig. 21.5). The poles outside the contour C (a3 on
the side figure) do not contribute to the integral, and Cauchy’s theorem
yields

56 f(z)dz= @ f(z)dz+ @ f(2)d=. (21.7)
C Cy Ca

The integral is then the sum of the residue integrals, where the sum is
over all isolated singularities inside the contour. Each of these residue
integrals can be calculated as above. The procedure is called the calculus
of residues. In general, if f(z) is differentiable everywhere inside and on
the simple closed curve C, except at the isolated singularities at z =
ai,...,an, then

N
yé f(z)dz = Z f(z)dz, (21.8)
¢ k=1"Cr

where Cj, is a sufficiently small, simple closed loop that encloses only ay.
The residue integrals gsck f(2)dz can be computed explicitly using (21.6)
together with partial fractions or Taylor series. We call gsck f(z)dz a
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residue integral. That residue integral divided by 27i is called the residue

of f(z) at a, often denoted Res(f,a;) in the literature.? We prefer 2So, ¢ f(z)dz = 2mi Res(f, ax).
to work with residue integrals instead of residues to avoid unnecessary Cr

formula and factors of 273.

Example 1 Simple poles. Consider

1
EFeTE
C

The function f(z) = (2% +1)~! has simple poles at z = =i since 22 +1 =
(z—1)(z+1). The integral can be calculated using partial fractions since

1 11 1
2241 2 \z—4 z+413

515 dz 1 dz 1 dz

e+l 2 Joz—i 2 Joz4id

The integral is reduced to a sum of simple integrals such as (21.6), here
with @ = 4+¢ and n = 1. The integrals are 2m¢ or 0, depending on

whether the poles i and —i are inside C. If Cy is a circle centered at i
sufficiently small to not include —i, the residue at 7 is

1 1 1
%sz:—_ -dz =,
c, 2°+1 2t Jo, 2 —1

and likewise if Co is a circle centered at —i sufficiently small to not
include 1, the residue at —1i is

1 1 1
7§ S dz=—= -dz = —m.
e, 27+ 1 2t Jo, 2+

and

In summary,

1 m if C encloses ¢ but not —1,
yg o) dz = ¢ —7 if C encloses —i but not ¢, (21.9)
¢ 0 if C encloses both +i or neither.

This assumes that C is a simple closed curve (no self-intersections) and is
oriented counterclockwise (otherwise, all the signs would be reversed). If
the contour passes through a singularity, then the integral is not defined.
It may have to be defined as a suitable limit (for instance, as the Cauchy
principal value) (see example (21.38)). A more general approach is to use
Taylor series expansions about the respective pole, instead of continued
fraction expansions. For C; around pole i, for instance, we have

11 11 1 _115":(2—@')’“

241 (z—d) (z+d)  (2-1) 2i+(2—10)  2iz—i L (20)F
where the geometric series (19.5) has been used as a shortcut to the req-
uisite Taylor series. Using (21.6) term by term then yields ¢, f(z)dz =
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w. A similar Taylor series expansion about z = —i yields the other
residue. For simple poles, only the first term of the Taylor series con-
tributes, but that is not the case for higher order poles, as illustrated in
the next examples.

Example 2 Double pole. Consider f(z) = 22/(z — 1)2. That function
is differentiable for all z except at z = 1 where there is a second order
pole since f(z) ~ 1/(z — 1)2, near z = 1. This asymptotic behavior as
z — 1 might suggests that its residue around that pole vanishes if we
apply (21.6) too quickly, but we have to be a bit more careful about
integrating functions that diverge around vanishing circles. That is the
story of calculus; co x 0 requires further analysis. The Taylor series of 22
about z = 1 is easily obtained as 22 = (z—14+1)% = (2—1)24+2(z—1)+1.
Then, the residue integral is, using (21.6) term by term,

22 2 1
—C _dz= 1 — ) de = 4ni.
§é1(2_1)2dz %Cl(—&—z_l—l-(z_l)z)dz i

Example 3 FEssential singularity. Consider

%el/zdz. (21.10)
C

The function e'/# has an infinite order pole—an essential singularity—at
z = 0 but Taylor series for ' with ¢ = 1/z and the simple (21.6) makes
this calculation straightforward,

1 1 1
1/z _ — — ;
yge dz = ;é E_O ppe dz = 5_0 p yé o dz = 2mi, (21.11)

since all integrals vanish except the n = 1 term from (21.6), if C encloses
z = 0; otherwise, the integral is zero by Cauchy’s theorem. Note that
this “Taylor” series for e!/# is in powers of t = 1 /z expanding about
t = 0 that corresponds to z = oo! In terms of z, this is an example of a
Laurent series, a power series that includes negative powers to capture
poles and essential singularities.

Connection with In 2

The integral of 1/z is, of course, directly related to In z, the natural log
of z which can be defined as the antiderivative of 1/z that vanishes at
z = 1; that is,

z dC

¢

We use (¢ as the dummy variable of integration since z is the upper limit
of integration.

But along what path from 1 to 2?7 Here is the 27 multiplicity again.
We saw earlier that the integral of 1/z from a to b depends on how we
go around the origin. If we get one result along one path, we can get
the same result + 27 if we use a path that loops around the origin one

Inz =



more time counterclockwise than the original path. Or —27i if it loops
clockwise, etc. (exercise 21.7). We find that

/ % =In|z| + iarg(z) + 2ikn (21.12)
1

for some specific k that depends on the actual path taken from 1 to z
and our definition of arg(z). The notation [, is not complete for this
integral. The integral is path-dependent and it is necessary to specify
that path in more details; however, all possible paths give the same
answer modulo 2mi for this simple f(z) =1/z.

21.4 Cauchy’s formula
The combination of (21.5) with (21.6) and partial fraction and/or Taylor
series expansions is quite powerful as shown in some examples, but there

is another fundamental result that can be derived from them. This is
Cauchy’s formula,
(2)

crR—a

dz = 27if(a), (21.13)

which holds for any closed counterclockwise contour C that encloses a
provided that df(z)/dz exists everywhere inside and on C.

The proof of this result follows the approach we used to calculate
¢, dz/(z—a) in section 21.3. Using Cauchy’s theorem (21.5), the integral
over C is equal to the integral over a small counterclockwise circle C,
of radius e centered at a. That’s because the function f(z)/(z — a)
is continuously differentiable in the domain between C and the circle
Co: 2z =a+ee’” with ¢ =0 — 27, so

Mdz =

2m
. z—a é %dz = ; fla+ Eeitp) idp = 2mif(a). (21.14)

The final step follows from the fact that the integral has the same value
no matter what ¢ > 0 we pick. Then taking the limit ¢ — 0T, the
function f(a + ee'¥) — f(a) because f(z) is a nice continuous and dif-
ferentiable function everywhere inside C, and in particular at z = a.
Cauchy’s formula applies for any a inside C. To emphasize that, let
us rewrite it with z in place of a, using ¢ as the dummy variable of
integration
omi f(2) = 35 f(©)
mif(z) = O —=dC. (21.15)
cC—%
This provides an integral formula for f(z) at any z inside C in terms of
its values on C. Thus, knowing f(z) on C completely determines f(z)
everywhere inside the contour.

Mean value theorem

Since (21.15) holds for any closed contour C as long as f(z) is differen-
tiable inside and on that contour, we can write it for a circle of radius r

21.4  Cauchy’s formula 37%
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centered at z, ( = z + 7€', where d¢ = ire*¥dy and (21.15) yields

1 27

f(z) fiz+ rew)dga, (21.16)

2n
which states that f(z) is equal to its average over a circle centered at
z. This is true as long as f(z) is differentiable at all points inside the
circle of radius r. This mean value theorem also applies to the real and
imaginary parts of f(z) = u(x,y) + iv(z,y). It implies that u(z,y),
v(z,y) and |f(z)| do not have extrema inside a domain where f(z) is
differentiable. Points where f’(z) = 0 and therefore du/dx = Ou/dy =
Ov/0x = dv/dy = 0 are saddle points, not local maxima or minima.

Generalized Cauchy formula and Taylor series

Cauchy’s formula also implies that if f(z) is differentiable in a neighbor-
hood of a point a, then f(z) is infinitely differentiable in that neighbor-
hood. Furthermore, f(z) can be expanded in a Taylor series about a that
converges inside a disk whose radius is equal to the distance between a
and the nearest singularity of f(z).

» To show that f(z) is infinitely differentiable, we can show that the
derivative of the right-hand side of (21.15) with respect to z exists by
using the limit definition of the derivative and being careful to justify
existence of the integrals and the limit. The final result is the same
as that obtained by differentiating with respect to z under the integral
sign, yielding

2mif'(z) = yg (Cf_(CZ))ng. (21.17)
Doing this repeatedly we obtain
omif(2) = n!;é (Cf(f))nﬂdg, (21.18)

where f(")(z) is the nth derivative of f(z) and n! = n(n —1)---1 is
the factorial of n. Since all the integrals exist, all the derivatives exist.
Formula (21.18) is the generalized Cauchy formula which we can rewrite

in the form 1) 0 (a)
z Y (a

O

» Another derivation of these results that establishes convergence of
the Taylor series expansion at the same time is to use the geometric
series (19.5) and the trick that we used in (19.33) to write

oo

I 1 1 1 _ (z—a)"
(-2 ((-a)—(2—a) C—a1_z_7“ - ,;)(C—a)"“’
‘ (21.20)



where the geometric series converges provided |z —a| < | —a|. Cauchy’s
formula (21.15) then becomes

9= f f B

Ca pn=0

_ Z(z - a)nyg (Cff))ﬂ dc, (21.21)
n=0 a

where C, is a circle centered at a whose radius is as large as desired
provided f(z) is differentiable inside and on that circle. For instance, if
f(2) = 1/z, then the radius of the circle must be less then |a| since f(z)
has a singularity at z = 0 but is nice everywhere else. If f(z) = 1/(z+1),
then the radius must be less than |a + i| which is the distance between
a and —i since f(z) has a singularity at —i. In general, the radius of
the circle must be less than the distance between a and the nearest
singularity of f(z). To justify interchanging the integral and the series
we need to show that each integral exists and that the series of the
integrals converges. If | f(¢)] < M on C, and |z—a|/|¢ —a|] < ¢ < 1 since
C, is a circle of radius r centered at a and z is inside that circle while ¢
is on the circle so ¢ — a = 7€', d¢ = ire’?dy and

55 (Z“)nﬂdg' < 2rMq", (21.22)
Ca

(€—a)
showing that all integrals converge and the series of integrals also con-

verges since g < 1.
The series (21.21) provides a power series expansion for f(z),

27rif(z):Z(z—a)"§Z§: (Cfa"‘*‘l d¢ = ch (z—a)" (21.23)

n=0 a
that converges inside a disk centered at a Wlth radlus equal to the dis-
tance between a and the nearest singularity of f(z). The series can
be differentiated term by term and the derivative series also converges
in the same disk. Hence, all derivatives of f(z) exist in that disk. In
particular we find that

cn(a) = 2mi 1) = 515 (Cf(o dg, (21.24)
Ca

n! —aq)nt!

which is the generalized Cauchy formula (21.18), (21.19), and the series
(21.21) is none other than the familiar Taylor series

an > £(n)(q
1) = J(@) + P@G -+ T map g =3
n=0 !

(21.25)

Finally, Cauchy’s theorem tells us that the integral on the right of

(21.24) has the same value on any closed contour (counterclockwise)

enclosing a but no other singularities of f(z), so the formula holds for

any such closed contour as written in (21.18). However, convergence of

the Taylor series only occurs inside a disk centered at a and of radius
equal to the distance between a and the nearest singularity of f(z).

21.4  Cauchy’s formula 37¢
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—9 —1/2

Fig. 21.6 Unit circle z = e*?, poles and
residues for (21.27).

21.5 Real examples of complex integration

One application of complex, or contour, integration is to turn difficult
real integrals into simple complex integrals. We consider a few basic
examples.

Example 1 Find the average of the function

3

10) = 5+ 4cosf’

Its minimum is 1/3 and maximum is 3. It is periodic of period 27 so its

average is
1 27

— [ f(6)de.

2 0

To compute that integral we think integral over the unit circle in the

complex plane! Indeed, the unit circle with |z| = 1 has the simple
parametrization
i0 . 0 dz
z=¢€" =dz=1e"d) & db = —. (21.26)
iz
Furthermore ) ]
0 el +e®  2+1/z
cosf = =
2 2

so we obtain (Fig. 21.6)

/Qﬂ?’dg_yg 3 &
o Stdcost  Jb+2(z41/z) iz

3 dz 3 211
z4+2

2 Jlo=1 (2 +5)(2+2) 2

) —=2m. (21.27)

We turned the integral of a real periodic function f(6) over its period
from 6 = 0 to 2 into a complex z integral over the unit circle z = €.
This is a general idea that applies for the integral of any periodic function
over its period. That led us to the integral over a closed curve of a simple
rational function (that is not always the case; it depends on the actual
£(6)).

In this example, our complex function (222 +5z+2)~! has two simple
poles, at —1/2 and —2, and the denominator factors as

222 +524+2=2(z+1/2)(z +2).

Since —2 is outside the unit circle, it does not contribute to the inte-
gral, but the simple pole at —1/2 does. So the integrand has the form
9(2)/(z — a) with @ = —1/2 inside our domain and g(z) = 1/(z + 2),
is a good analytic function inside the unit circle. So one application of
Cauchy’s formula, et voild. The function 3/(5 + 4 cos 6) which oscillates
between 1/3 and 3 has an average of 1.
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An extended version of this example is to calculate

2—0p0 [T 3cosnb
= : ae, 91.28
“ 0 /0 5+ 4cosf ( )

where n is an integer. These integrals give the Fourier coefficients of
f(0) = 3/(5 + 4cosf). In general, an even function f(68) = f(-0),
periodic of period 27 can be expanded in a Fourier cosine series

f(0) = ag + ajcosb + ag cos20 + azcos30 + - - - . (21.29)

This Fourier expansion is useful in many applications: partial differential
equations, numerical calculations, signal processing, etc. The coefficient
ap is the average of f(#). The other coefficients for n # 0 are given by

anzg/ f(0) cosnb db,
m™Jo

as follows from (21.29) and orthogonality of the cosines

™

cosmbcosnfddd = ———— 5, n-
A (2 - 5m,0) '

For f(8) = 3/(5+ 4 cosf), the Fourier coefficients are (21.28). To calcu-
late those a,,’s, we turn the integral into 1/2 of the integral from —w — 7
since cosnf = cos(—nf) and write (21.28) as

2—bno [T 3™
n — ’ da, 21.
“ 2r /ﬂ5+4cos¢9 (21.30)

using e’ = cos nf + i sinnf and since sinnf is odd, the integral of that
term is 0. This preparation of the integral is well worth it as it avoids
having to deal with an nth-order pole at z = 0 when the substitution
z = €' is used. Proceeding as in example 1, we find that

2~ bno 327 —1\"
o= . P =260 — ), (2131
@ 27 }Z|€|—1 222 +5z+2 2= ’0)< 2 > ( )

such that the Fourier series

3 1 cos9+c0520 (:0530Jr
5+4cosf 2 22 23

(21.32)

converges exponentially.

Example 2
< dz
— - (21.33)
oo 14z
This integral is easily done with the fundamental theorem of calculus
since 1/(1 4+ 2?) = d(arctanz)/dx, but we use contour integration to
demonstrate the method. The integral is equal to the integral of 1/(1 +
22) over the real line z = z with = —co — oo. That complex function
has two simple poles at z = +i since 22 + 1 = (z +4)(z — ).
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Fig. 21.7 Closing the contour and cal-
culating the residue for (21.33).

Cr

So we turn this into a contour integration by considering the closed
path C consisting of the real interval z = z with + = —R — R together
with the semi-circle Cg : z = Re'® with § = 0 — 7 (Fig. 21.7). Since
z = i is the only simple pole inside our closed contour C, Cauchy’s
formula gives

d )~ 1
yg 2Z :%Mdz:%z‘( ) =T.
czt+1 c Z—1 2+i) .,

To get the integral we want, we need to take R — oo and figure out the
Cr integral. The latter goes to zero as R — oo since |dz| = Rdf and
R?-1<|224+ 1| < R?>+1on z = Re®. Thus,

/ dz </ |dz| </”Rd0 _ TR,
CR22+1 - CR‘Z2+1| 0R2—17R2—1 '

Example 3 We use the same technique for

*  dx dz
= s 21.34
/_001+x4 Al+z4 (21.34)

This integrand has four simple poles at the simple roots of z* + 1 = 0.
Those roots are zj, = ¢'2k=D7/4 for k = 1,2, 3,4; they are on the unit
circle, equispaced by angle /2.

We use the same closed contour C consisting of the real interval
[—R, R] and the semi-circle Cg, as in the previous example, but now
there are two simple poles inside that contour (Fig. 21.8). We need to
isolate both singularities leading to

4.9

Note that 2* + 1 = (22 —4)(2%2 + i) = (2% — 2%)(2? — 23), where
22 = i and 22 = —i. Then for C; that includes only z;, we write

24+ 1= (2 —21)(2 + 21)(2? + i) and Cauchy’s formula gives

56 dz - 1 0
Y =2 | = .
e, 2t +1 221(22 — 22) 221
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Cr
Co G
R R
o o
23 24 Fig. 21.8 Contour and residues fo
(21.34) with z; = €™/* and 2z =
_e—im/4,

Likewise for Co that includes only zo, we write 2z +1 = (2 — 22)(2 +
22)(2% — 27) and Cauchy’s formula yields

§£ dz _omi 1 o
e 1 T\ 2@ =) T 2w

Adding both residues and recalling z; = e"™/* and zo = —e~""/* gives
% dz 6—i7r/4 +ei7r/4 T T
= =mcos —- = —.
c2t+1 2 4 V2

As before we need to take R — oo and figure out the Cr part. That
part goes to zero as R — oo since

/ dz </ |dz| - T RdO 7R
CRZ4+1 - CR‘Z4+1| 0 R471_R471

We could extend the same method to

| (21.35)
—dz. 21.35
oo 1+ a8

We would use the same closed contour again, but now there would be
four simple poles inside it and therefore four separate contributions.

Example 4

/Z § fi?)? - /R <z2d+21>2 - /R (z—z‘)gfwz‘)” e

We use the same closed contour once more, but now we have a double pole
inside the contour at z = i. We can figure out the contribution from that
double pole by using the generalized form of Cauchy’s formula (21.18).
The integral over Cr can be shown to vanish as R — oo and

> dx . d N—2
[m A+a02 = 2mi <dz(z+z) > B

3 (21.37)
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Fig. 21.9 Closing the contour for
(21.39).

Example 5

/ Y g = (21.38)
X

—0o0

This is a trickier problem. Our impulse is to consider [ (sinz)/zdz but

that integrand is a good function! Indeed, (sinz)/z = 1—22/3!+2%/5! —

- is analytic in the entire plane; its Taylor series converges in the entire

plane. There are no poles for sin z/z and no opportunity to evaluate the
integral through residues. So we consider instead

iz oo iz [es} e
s = / e e — / cosw fisinz 4 (21.39)

R 2 oo T oo T

with a simple pole at z = 0, but that is another problem since the pole
is on the contour now! We added an integral of (cosz)/x that has a
nonintegrable singularity at x = 0. It needs to be interpreted as the
Cauchy principal value, that is, for a < 0 < b,

/b@dmzeg%{r( _ef(xx)dx—l—/bf(;)dx>.

For f(z) = cosz and b = —a, that is 0 since cosx is even but x is odd.

Thus, we have to modify our favorite contour a bit to avoid the pole
by going over or below it. If we go below and close along the upper half
circle Cr as before, then we’ll have a pole inside our contour. If we go
over it, we won’t have any pole inside the closed contour. We get the
same result either way (luckily!), but the algebra is a bit simpler if we
leave the pole out.

Cy
Co
a 1\ G
—R —€ € R

So we consider the closed contour C = C; + Co + C3 + Cy4, where Cy
is the real axis from —R to —e, Cy is the semi-circle from —e to € in
the top half-plane, C3 is the real axis from € to R, and C4 is our good
old semi-circle of radius R (Fig. 21.9). The integrand e'#/z is analytic
everywhere except at z = 0 where it has a simple pole, but since that
pole is outside our closed contour, Cauchy’s theorem gives gSC =0or

/Cl +C3 A2 /(34
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The integral over the semi-circle Cy : z = ee'?, dz = iee’?db, is
et T e
— —dz:i/ e df - mi as e—0.
Ccy * 0

As before we’d like to show that the fc4 — 0 as R — oco. This is trickier
than the previous cases we’ve encountered. On the semi-circle z = Re®
and dz = iRe?d#, as we have used multiple times already, so

ez’z . i6 T :

—dz = 2/ etfedh = z/ giftcostg=Rsin0qp (21.40)

Cy % 0 0

This is a scary integral, but we want the limit as R — co. The integrand
has two factors, e#¢°¢ that oscillates rapidly as R — oo but whose
norm is always 1 and e~ "¢ which is real and exponentially small for
all in 0 < 6 < 7, except at 0 and m where it is exactly 1. Sketch
e fsinf 45, 0 < 9 < 7 and it will be clear that the integral should go
to zero as R — oo. To show this rigorously, let’s consider its modulus
(norm) as we did in the previous cases. Then since (i) the modulus of
a sum is less or equal to the sum of the moduli (triangle inequality),
(ii) the modulus of a product is the product of the moduli, and (iii)
le?ftcosf| = 1 when R and @ are real (which they are)

g
0 < / 61R6080€7R51n0d0
0

< / e fsinfqg, (21.41)
0

We still cannot calculate that last integral but we don’t need to. We
just need to show that it is smaller than something that goes to zero as
R — o0, so our integral will be squeezed to zero.

The plot of sinf for 0 < 6 < « illustrates that it is symmetric with
respect to m/2 and that 20/7 < sinf when 0 < § < 7/2 (Fig. 21.10), or
changing the signs —26/m > —sin 6 and since e” increases monotonically
with z,

Fig. 21.10 Jordan’s lemma (21.42).

efRsinG —2R0O /7

<e
in 0 < 6 < x/2. This yields Jordan’s lemma

T G . /2 )
/ ezRe sda‘ < / 67R51n9d9 _ 2/ 67Rsm9d9
0 0 0

/2 1— —-R
< 2/ e 2RO/Tgg = p S (21.42)
o R

$0 [o, = 0 as R — oo and collecting our results we obtain (21.38).
4

The exercises contain several other important integrals evaluated us-
ing contour integration. More examples and results can be found in
books devoted to complex analysis such as the following:

e R.V. Churchill and J. W. Brown, Complex Variables and Applications,
McGraw Hill, 2009;

e M. J. Ablowitz and A. S. Fokas, Complex Variables—Introduction and
Applications, Cambridge University Press, 2003; and

e L. V. Alfhors, Complex Analysis, McGraw Hill, 1979.
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Exercises

Closed paths are simple and oriented counterclockwise un-
less specified otherwise.

(21.1)

(21.2)

(21.3)

(21.4)

(21.5)

(21.6)

(21.7)

(21.8)

(21.9)

(21.10)

Calculate the integral of f(z) = z 4+ 2/z along
the path C that goes once around the circle
|z| = R > 0. How does your result depend on
R?

Calculate the integral of f(z) = az+b/z+c¢/(z+
1), where a, b, and ¢ are complex constants,
around (i) the circle of radius R > 0 centered at
z = 0, (ii) the circle of radius 2 centered at z = 0,
and (iii) the triangle —1/2, —2 44, —1 — 24.
Calculate the integral of f(z) = 1/(2%—4) around
(i) the unit circle, (ii) the parallelogram 0, 2 — 4,
4, 2 +i. (Hint: use partial fractions.)

Calculate the integral of f(z) = 1/(z* — 1) along
the circle of radius 1 centered at 1.

Calculate the integral of sin(1/(3z)) over the
square 1, 7, —1, —i. (Hint: use the Taylor se-
ries for sin z.)

Calculate the integral of 1/z from z = 1 to
z = 2¢"™/4 (i) along the path 1 — 2 along the real
line then 2 — 2¢°™/* along the circle of radius 2,
and (ii) along 1 — 2 on the real line, followed by
2 — 2¢"™/* along the circle of radius 2, clockwise.

If a is an arbitrary complex number, show that
the integral of 1/z along the straight line from 1
to a is equal to the integral of 1/z from 1 to |a|
along the real line + the integral of 1/z along a
circular path of radius |a| from |a| to a. Draw a
sketch of the three paths from 1 to a. Calculate
the integral using both a clockwise and a coun-
terclockwise circular arc from z = |a| to z = a.
What happens if a is real but negative?

Does the integral of 1/2% from z = a to z = b
(with a and b complex) depend on the path? Ex-
plain.

Does the integral of z* = conj(z) depend on the
path? Calculate fab z"dz (i) along the straight
line from a to b, and (ii) along the real direction
from Re(a) to Re(b) then up in the imaginary di-
rection from Im(a) to Im(b). Sketch the paths
and compare the answers.

The expansion (19.33) with a = 1 gives 1/z =
Yoo o(1 —2)". Using this expansion together

(21.11)
(21.12)

(21.13)

(21.14)

(21.15)

(21.16)

(21.17)

with (21.6) we find that

)
lz]=1 #

Z¢ (1-2)"dz=0.
n—0 |z|=1
This does not match ¢

=1 dz/z = 2mi. Why
not?
Why can we take (z —a)™ outside of the integrals
in (21.21)?
Verify the estimate (21.22). Why does that esti-
mate imply that the series of integrals converges?

Consider the integral of f(z)/(z — a)? about a
small circle C, of radius € centered at a: z =
a+ e, 0 < ¢ < 2r. Study the limit of the
p-integral as € — 07. Does your limit agree with
the generalized Cauchy formula (21.18), (21.24)?

Derive (21.19) by deforming the contour C to a
small circle C, about a, expanding f(z) in a Tay-
lor series about a (assuming that it exists) and
using (21.6) term by term. In applications, this is
a practical and more general approach that works
for essential singularities as well.

Use Cauchy’s generalized formula (21.19) to show
Liouville’s theorem that if an entire function
f(2) (that is, differentiable in the entire complex
plane) is bounded for all z € C, then it must be
a constant.

Let f(2) = 22 + 1, f'(2) = df(2)/dz, and g(z) =
f(2)/f(z). (a) Calculate all possible values of
$ g(z) dz where the integral is over |z| = R. (b)
Find the Taylor series g(z) = ao+aiz+azz”+---
and its radius of convergence. (c) Find the Lau-
rent series g(z) = bo+b1 /z+bz/z2+~ -+ that con-
verges outside a disk of what radius? (d) Show
how to answer (a) using (b) and (c).

Let Po(z) = anz™ + -+ 4+ ao be a polynomial
of degree n in z, with a, # 0, and derivative
P (2) = dP,(z)/dz. Show that

1
2wt Jo

where C is a circle |z| = R of sufficiently large
radius R. Showing this without using the ze-
roes of P,(z) by expanding in a Laurent series,
P!(2)/Pu(2) =n/z+ ca/2* + -, yields a proof
of the fundamental theorem of algebra.

(2
P, (z

;dz:m



(21.18)

(21.19)

(21.20)

(21.21)

(21.22)
(21.23)

(21.24)

(21.25)

(21.26)

Let f(z) be a meromorphic function, that is, a
differentiable function except for isolated poles.
Use residues to show (the argument principle)

1 f(2)

2ri Jo f(2)

where ng are the number of zeroes and n, the
number of poles, both counted with multiplici-
ties, inside C. Residues break up the integral as
a sum of integrals over small contours surround-
ing a single pole a of order n, where f(z) =
g9(2)/(z — a)™ with g(a) # 0, or around a sin-
gle zero b of order npy where f(z) = (z — b)"*h(z)
with h(b) # 0, and g(z) and h(z) are analytic
inside and on their residue contour.

dz =no — ny,

Calculate the integrals of cos(z)/z" and sin(z) /2"
over the unit circle, where n is a positive integer.

Sketch f(z) = 1/(a + bsinz).  Calculate
fo% f(z)dz where a and b are real numbers with
|a] > |b|. Why does |a| > |b] matter?

Sketch f(z) = 1/(1 + cos® ) and g(z) = 1/(1 +
sin ). Calculate fO% f(z)dz. Why is it equal to
fozw g(z)d=x?

Sketch f(0) = ef'°**? and g() = ef**"? where R
is a positive constant. Calculate fOQTr efteosd4g,

A 27
Calculate ¢, = o eficost

an integer.
Calculate [*°_dx/(1+2°+z*). Can you provide

an an priori upper bound for this integral based
on integrals calculated earlier?

Show that

O

2 2
0 ¥t a

cosnf df, where n is

the Fourier transform of the Lorentzian, where a
and k are real. Show that F'(k) = F(|k|) and
use that to calculate F(k) without trouble as
Given the Poisson integral ffooo e dr = VT,
calculated in an earlier chapter with a classic trick
(z* — 2% + y° then (z,y) to polar), show that

o
/ e—zQ/azezk:zdl, _ ﬁ |a| 6—162112/47

— 00

(21.27)

(21.28)

(21.29)

(21.30)

(21.31)
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where a and k are arbitrary real numbers. 2Thzif
is the Fourier transform of the Gaussian e =% /%

and it is also a Gaussian in k, but if a is large ther
the Gaussian in z is wide, while that in k is very
narrow, and vice versa if a is small. (Hint: com-
plete the square, then integrate over the rectangle

~R— R — R+ika®/2 - —R+ika*/2 — —R

Justify.)
o0 e(lm
d
/,oo Ter

Calculate
for 0 < a < 1 using the rectangular contow
—-R—-R— R+ 2m— —R+ 21 — —R.

Show that
/

using the straight line z =
lar arc z = R — Re®?/3
z = Re?™/3 0.

Show how to use contour integration to calculate

/
The Fresnel integrals come up in optics and quan-
tum mechanics. They are the integrals of cos z*

and sinz? from 0 — co. Calculate both at once
by showing that

/ ¢ dz = vr e/,
o 2

Consider the closed path that goes from 0 to F
on the real axis, then on the circle of radius R tc
Re'™* (or the vertical line R — R + iR), ther
back along the diagonal z = re’™* with r real.

dx
14 a3

27
3v3

0 — R, the circu-
and the straight line

dx
1425

Show that the Glauert integrals of aerodynamics

27
/ cosnd a0 — =
o cosf —cosby

where n is an integer, 0y is real, and the inte-
gral has to be interpreted as the Cauchy princi
pal value (that is, with omitting a 6y * € inter-
val around the singularity, then taking the limif
e — 0, as in Fig. 21.9).

sin nfg
sinfgy ’
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